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Abstract

We develop tools to characterise the dynamics of open quantum systems. We start by in-
troducing the concept of action quantum speed limits (QSLs). Unlike conventional geometric
methods, these QSLs intricately depend on the instantaneous speed, offering bounds on the min-
imal time needed to connect states. The instantaneous speed along fixed trajectories is shown
to be an important and optimisable degree of freedom, as exemplified through the thermalising
qubit case. Beyond discussing the feasibility of geometric QSLs, we also critically examine their
interpretation in terms of different metric choices. It is revealed that these open-system QSL times
provide indications of optimality concerning geodesic paths, rather than being strict minimal time
indicators.

Distinguishability, based on distance metrics employed in deriving QSLs (in particular the
Fisher information), is also the key concept in the field of metrology. We consider the use of open
system dynamics as a model to explore parameter estimation. We investigate how the presence
of correlation between measurement results affects the Fisher information. These correlations
are introduced through a sequential measurement scheme, where the same probe is measured
multiple times in succession without allowing for equilibration. We prove that, for there to be any
advantage in precision as a result of these correlations, there must be information encoded into the
system-environment interaction term related to the parameter that we are trying to estimate. To
emphasise this, we consider the specific case of temperature estimation where the thermalisation
rate of the probe contains additional information about the temperature. The sequential scheme
can be viewed as a form of collisional quantum thermometry, which further allows additional
freedoms in the protocol, e.g. by introducing stochasticity in the waiting time between collisions.
We establish that incorporating randomness in this manner leads to a significant expansion of the
parameter range for achieving advantages over typical equilibrium approaches to thermometry.
Intriguingly, we demonstrate that in certain settings optimal measurements can be performed
locally, highlighting the limited role of genuine quantum correlations in this advantage.

Finally, we delve into the statistics of the work done on a quantum system via a two-point
measurement scheme. The Shannon entropy of the work distribution is shown to possess a general
upper bound tied to initial diagonal entropy and a distinct quantum term associated with the
relative entropy of coherence. This approach is shown to capture signatures of underlying physics
across diverse scenarios. In particular, through an in-depth exploration of the Aubry-André-Harper
model, we illustrate how the entropy of the work distribution provides a useful tool for characterising
the localisation transition. We further explore the use of the entropy of the work distribution as a
tool for identifying the mobility edge in a generalised Aubry-André-Harper model.

Collectively, these results provide a toolbox to assess the optimality, either in terms of the
dynamical paths taken, utility for metrological tasks, or ability to spotlight relevant physical prop-
erties of the model, for the dynamics of complex quantum systems.
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Chapter 1

Introduction

Quantum mechanics, at its most fundamental level, deals with the evolution of vectors in a
Hilbert space. These vectors evolve in time via unitary evolution. This evolution is completely
time reversible and can be achieved by applying the conjugate transpose of the unitary. At the
quantum level there is no arrow of time, no straightforward way to distinguish between the past and
the future. Yet, for humans, we remember the past but can only predict the future, there is a clear
asymmetry there. Human beings are nite creatures, we interact with the world via our senses.
When our senses are not su cient or not accurate enough, we build measurement devices. For
example, we have thermal imaging devices that can detect wavelengths of light outside the visible
range and allow us to see at night. We have precise thermometers that allow us to distinguish
between temperatures that are far too ne for our own senses to di erentiate. We have also
built measurement devices that can measure quantities our own senses are incapable of detecting
such as a magnetometer for measuring magnetic eld strength or a Geiger counter for detecting
the products of radioactive decay. Devices like these give us access to tiny length scales where
guantum e ects dominate. One crucial component of all measuring devices, humans included, is
that information is lost in the measurement process. We are not Laplace's demon, and neither
is the measurement device, when we interact with a system we, in turn, change the system and
become part of a larger, interconnected system. It is interactions and correlations between tiny
systems that eventually lead to all the phenomena of everyday life [5].

The concept of open quantum systems is where we can rst start to see these properties
appear and the rst hints of time asymmetry start to emerge. Open quantum systems lean into
the fact that our measurements only give us partial information about our system and there are
multiple con gurations of the system that could have resulted in that outcome. The theory of open
guantum systems allows us to assign a probability to each of these con gurations. This formalism
combines the concept of superposition of quantum states with classical probabilities that arise from
incomplete information. Understanding the transition between quantum and classical physics has
been a topic of interest for a long time but only in recent years has signi cant progress been made
with quantum thermodynamics [6] investigating the appearance of an arrow of time from time
reversible unitary dynamics. Additionally, Quantum Darwinism [7] aims to explain how quantum



states, which are impossible to duplicate [8], can become classical states that all observers agree
about.

All these results rely on the concept of open quantum systems. A common theme through-
out this thesis will be understanding this connection between superposition and probability, and
quantifying their e ects on state manipulation, parameter estimation and thermodynamic quan-
tities. In Chapter 2 we look at the concept of the distance between pure quantum states and
show that it is related to the distance between classical probability distributions. This observation
allows us to generalise the notion of distance to open quantum systems. We use these distance
measures to put fundamental limits on the time that it takes to evolve from one quantum state to
another. These distance measures also play a crucial role in quantum metrological settings, where
the distinguishability between quantum states allows us to rigorously determine the ability for a
guantum system to act as a precise quantum sensor. We explore this in the context of an open
system acting as a probe in Chapter 3. At the end of the day, measurement results will always
be classical bits of information because humans need to understand them. Still, quantum systems
provide us with new tools to gain additional precision in our measurements over classical systems.
Finally, Chapter 4 considers alternative tools to characterise a quantum evolution. We look at the
thermodynamic quantity of work and see that the entropy of the work distribution can be split
into a classical and a quantum component. The quantum component proves to be a useful tool
for capturing key features of quantum systems including phase transitions and avoided crossings.

One other common theme seen throughout the thesis is the interplay between theory, simula-
tion, and experiment. It is often easy, as a theorist to get caught up in proving the latest theorem
and lemma or deriving a new, marginally tighter lower bound without stopping to think of the
implications in practice. This is a place where simulations can be e ective, simulations allow us to
test our theories and quantify the size of e ects. Simulations also have some pitfalls, in real world
experiments there can often be limitations in experimental equipment or the addition of noise
that is not always present in simulations. These are common concerns that we try to navigate
throughout the thesis.

While throughout the thesis we will introduce important concepts and techniques within the
particular contexts that they are needed, nevertheless there are a few overarching tools that will be
recurring related to the simulations of quantum dynamics and which we introduce in the remainder
of this Chapter.

1.1 Closed quantum systems

A quantum system is completely described by its state vector, which we will denote using Dirac
notion asj i. State vectors are unit vectors in a complex Hilbert spaée,, i.e. hj i =1,
whereh j i is the inner product orH that maps the ordered pair of vectof§ i;j ig to C[9].



The time evolution of quantum states in Hilbert space is described by the Schrédinger equation,
i~g' Mi=Hj (ti; (1.1)
dt J - J ] .

whereH is the time-independent Hamiltonian of the system ands the reduced Planck constant.
To calculate the state vector at any time we can simply integrate Eq. (1.1) to give

it to)

i ()i =exp O (o) (1.2)

This means that we can express the time evolution of the state using the operator,

U(t;tg) exp M: (1.3)

We can immediately see that) is unitary sinceH is Hermitian. It is possible to change the
Hamiltonian by applying, for example, an external magnetic eld. In this case the Hamiltonian can
be time dependent and the solution to the Schrdodinger equation is a time-ordered exponential [10]

. Z
Utt))= T exp — "dsH(9) : (1.4)

to

Properties of a quantum system that can be measured are known as observables. Observables are
Hermitian operators that perform a linear map dih . An observableA, can be decomposed as

X

A= g Pj (1.5)

j
whereP; is an orthogonal projection onto the span of the eigenvectors with eigenvalu&Vhen
the observableA, is measured, the outcomg is obtained with a probability given by

p(a)= h jpjj i: (1.6)

During this measurement, the system is projected onto the eigenspace afid the system state
after obtaining measurement resudf is

Pij i,
g—:
p(ay)

j il (1.7)



The average value of the measurement result can be written as

X
EA) = ap(a) (1.8)
X
= ahijpji
i
= h jAj i h Ai:

Sometimes it is useful to describe a quantum system as an ensemble of orthogonal staies,
with respective probabilitieg;, such as the state of the system after a measurement has been
performed but before the measurement is read. It is most convenient to represent this ensemble

as a density matrix, X

= pjjhjj: (1.9)
j
By de nition, the density matrix is Hermitian and has a trace of 1. Using Eq. (1.1) it is simple to
derive an equivalent equation for the density matrix
d X d. . ... d ,
g - R gl it hgr gt hl (1.10)

=  pHjjhjj+j jh jjH
=[H; ]:

This is known as the Von-Neumann equation. When the ensemble contains more than one state
vector, the corresponding density matrix is referred to as bemged States that are not mixed are
referred to as pure. The average value or expectation value of a measurement on the observable,
A, can be written in density matrix formulation as

M =Tr[A (1.11)

1.1.1 Kraus Operators

Another scenario where the density matrix formulation is necessary is when we have two quantum
systems coupled together. We will call one of thé&nwith Hilbert spaceH s, and the other, the
environment,E, with Hilbert spaceH g. Let us assume that the system and environment start in
a pure product state,

j hjs j OhOjg : (1.12)

wherejOi can be any pure state ol ¢ and we can construct an orthonormal basistdi, fj jig g,
such thatjOi is an eigenvector. The evolution of the system and environment is described by a



unitary evolutionUsg
j seh sgj= Use(j h jg j OhOjg) Ue: (1.13)

We can rewrite this in terms of the environment ba§igiz g

| 0 1
’ X
j seh sgj= Is j khkjg Usg(j h jg j OhOjg) UL @ Is j jhjjgA (1.14)

k j

X
= (Is hkjg)Use (Is j Oig)(Is hOjg) Ude (Is j jhije)i h s j khjje

K
X X

Kkj h jg ij j khjjg;
k j
wherels and | g are the identity operators acting oM s and H g respectively. We have de ned
the so-called Kraus operator o s [11],

Ki=(Is hkig)Use (Is | Oig): (1.15)

Kraus operators are not unique as they can be de ned for any orthogonal basi$ganThe Kraus
operators satisfy the following property,

X
KiKk=" (Is h0ig) U (Is j kig)(Is hkig)Use (Is j Oig) (1.16)
K j 11

X
=(Is hOjg)Uée Is jkhkjg  Usg (Is j Oig)
k

=(Is h0jg)UdgUse (Is j Oig)

:|S

If we want to measure an observable, A, that acts only ldr; we can do that by measuring the
observableA |Ig onH g

PAi = h sgj (A 1g)j sEl (1.17)
=Tr[(A lg)j seh sgj]
X X h - - y . - .
= ‘ T AKkj h jgK{ ] khjjg
x X h i
= Tr AKgj h jSKJ-y Tr jkhjjg
ka2l o 13
X
=Tr 4A@" Kjj h jgKIAS
j
=Tr[ A s]



where we have de ned X
s = Kij h jg ij; (1.18)
j
which is often called the reduced state 8f The reduced state can also be found by taking the
partial trace over the degrees of freedom of the environment,

s=-|>'(fE[i seh sgjl (1.19)
=  (Is hjjg)Use (i h jg j OhOjg)Ude (Is j jig)
j
E( hjg):

The mapE() is known as a completely positive trace preserving (CPTP) map. This tells us that
even when the system-environment state is initially in a pure product state, the state of the system
after interaction can only be expressed using a density matrix.

We can see, by analysing Eq. (1.14) that performing a projective measuremetd éam the
basisfj j ig will leaveS in the reduced state

Mjj h jijy
= - " 1.20
s p(i) (1.20)
where

h i
pG)=Tr Mjj h jgMm/ (1.21)

hijsEjj ig

We can think of this as a more general kind of measuremenHog, known as a positive operator-
valued measure (POVM). A POVM, most generally, can be de ned as a set of positive, Hermitian
operators that sum to unity. We can de ne the probability of measurikg on any state

p(j)=Tr[ Ej s]: (1.22)

Neumark's theorem [12] shows that any POVM éhg can be realised as a projective measurement
on separate Hilbert spacH g in exact analogy with Eq. (1.14).

1.1.2 Quantum master equations

The Hamiltonian that generates)sg can be broken up into three parts,

H(t): Hs lg+lsg HE+H|(t); (123)



Hs is the system HamiltonianH g is the environment Hamiltonian andl;, describes the system-
environment interaction. It can be incredibly di cult to model the evolution of the reduced system
state, s, because, in principle, it requires keeping track of the entire system-environment state at
all times. However, we can apply a number of approximations in order to signi cantly simplify this
problem. The rst assumption we make is that there is weak coupling between the system and the
environment. This implies that the e ect of the system on the environment is small. Therefore,
the combined system environment state can be approximated as a product state

se s(t) E: (1.24)

This is often referred to as the Born approximation. The next approximation we apply is the Markov
approximation. The Markov approximation is valid when the environmental correlations decay
before the reduced state of the system has changed signi cantly in the interaction picture. The
nal approximation required is the rotating wave approximation. The rotating wave approximation
holds when the timescale of the system Hamiltoniddg, is much shorter than that of the
interaction Hamiltonian,H,. The exact mathematical details of these approximations can be
found in Ref. [10]. The result of these approximations allow us to write the map describing the
system evolution in the form

B, Et,()= By+t,(): (1.25)

This is known as the Markov semi-group property [10]. The semi-group property allows us to
express the maji () in exponential form

E()=exp(Lt)() (1.26)

giving a di erential equation for the evolution of the reduced state $f
d
g s =L{s®): 1.27)
This allows us to expandl in terms of E in the limit [10]
.1
L(s)=lm =(E(s) s)) (1.28)

Any operator onH s can be expressed in a basis of orthonormal opera@ren H s that satisfy
the relations,

h i
Tr Cinj = (1.29)

N :
A=" CTr CA : (1.30)



We can expand the Kraus operators, and subsequegily this basis, leading to the representation,

2

B(s)= G ()Ci sC (1.31)
ijj =1
with N h |
cj()=  Tr GK{ Tr
k

h i
KyC/ (1.32)

By choosingCy 2 = plﬁl s we can sub Eq. (1.31) into Eq. (1.28) to get a closed form for[10]

. N)? 1 1n o
L( s)= i[Hs; s]+ aj C; Sij > ijCi; s (1.33)
i =1

where

Cij():

aj = Ii!mo (1.34)

Then since the matriXc; ) is positive,(a; ) is too, and can therefore be diagonalised to give the
standard form of the Lindblad master equation,

| W 1" 0
L( s)= i[Hs; s]+ i Lj sk > L s (1.35)
j=1

which will be a recurring tool, particularly in Chapters 2 and 3.



Chapter 2

Action Quantum Speed Limits

Time has always proved to be a tricky concept in physics. Its intrinsic directionality, commonly
quanti ed through the notion of entropy production, allows us to uniquely de ne a before
and an after, and therefore time dictates the evolution of a system, i.e. its transformation
between di erent con gurations (or states). Despite its contentious nature, time still appears as
a coordinate in all of our most fundamental theories, including quantum mechanics. The theory
of quantum computation, for one, considers time a key resource to optimize, since it relates to
the number of elementary computational operations that can be performed [13]. A basic question
naturally arises: Is there a lower bound on the time it can take to transform between a given initial
and nal target states? This is the questions that we will explore in this Chapter. Sections 2.1 to
2.3.1 represent a summary and expansion on known results in the eld, while the remainder of the
Chapter contains original results adapted from Ref. [1], mainly derived by me with the guidance
of collaborators.

2.1 Introduction

In thermodynamics a slow, continuous expansion of a gas will result in a di erent nal state to a
series of fast expansions with a waiting time in between, even if the total process time and total
expansion are the same [14]. When dealing with continuous phase transitions, the Kibble-Zurek
mechanism tells us that the density of topological defect formation depends on the instantaneous
speed at which the control parameter is varied across the phase transition [15, 16]. In quantum
control it is common for the size of the control pulse to tend at both end points, this is
useful for practical reasons, but also helps to minimise the e ects of noise and timing errors [17].
The common theme among all these processes is, they depend on the instantaneous speed of
the process. Quantum speed limits (QSLs) place a fundamental limit on the minimal time that
a system can evolve from one quantum state to another. They have been applied to all the
above problems [18 20] but as we will see, most quantum speed limits depend only on the path
taken between the initial and nal states and are insensitive to the instantaneous speed along
that path. We derive a new family of QSLs that are sensitive to this degree of freedom which we
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call action QSLs [1]. This is explicitly shown in a paradigmatic example of a qubit thermalizing
with an environment modelled using a generalized amplitude-damping channel (GADC). Due to
their construction, nding the best way to traverse a path is naturally suited to be tackled with
quantum optimal control theory [21].

The chapter is organized as follows. First, we will give a brief background and history of the
inspiration for QSLs and detail their original derivations. Secondly, we will introduce the framework
of quantum information geometry and show how it can be applied to the space of density matrices.
We will then use this framework to explore the concept of QSLs in open quantum systems. Then,
we will present the results of the publication [1] in which we introduce action QSLs as an alternative
to the geometric approach and establish that they provide consistent bounds when the path is
optimally traversed. We will show how it is possible to use optimal control techniques to nd
the optimal solution to these action QSLs. Finally, we will detail how these results relate to the
broader eld of QSLs and to other elds such as quantum thermodynamics.

2.1.1 Uncertainty Relations

Putting bounds or limitations on complex physical processes is a common thread of investigation
in all areas of science. In quantum mechanics, these bounds appear not just at a practical level,
but at a fundamental level. In his seminal paper [22] Heisenberg used the theory of the Compton
e ect to argue that there is an uncertainty principle for position and momentum observables

X p& ~ (2.1)

Heisenberg also proposed a heuristic argument based on classical canonical variables that there
should be a similar principle for energy and time operators

E t&~ (2.2)

Soon after, Robertson derived a more solid bound related to non-commuting observables [23].
Robertson used that fact that the variance of any Hermitian operatrcan be written as a
symmetric inner product, 02 = h0% h Qi?=h j(O h Oi)(O h Oi)j i. Then by applying
the Cauchy-Schwarz inequality,

tu; uihv;vi jh u;vij?; (2.3)

to two Hermitian operatorsA and B we get

A2 B? jh AB + AMBi + BhAi + hAihBiij 2: (2.4)
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Then we do the same with ! B andB ! A, take the square root and add each together to
get

2 A B jh AB + AtBi + BhAi + hAIhBiij + jh BA BhAi AMBi h BihAij (2.5)
ih AB  BAij = jHA;Blij;

where the second step is a consequence of the triangle inequality. This inequality is much more
powerful than the original uncertainty principles as it allows us to obtain uncertainty relations
between any two observables. The variances in Eq. (2.5) are best thought of as statistical prop-
erties of measurements performed on an ensemble of identically prepared states rather than a
simultaneous measurement of both observables [24]. We can now derive an exact version of the
position-momentum uncertainty principle from the fact that their canonical commutation relation
is given by[x;p] = i~,

X p E: (2.6)
As powerful as Eq (2.5) is, not every quantity of interest can be associated with a speci ¢ operator.
In particular, time has always been a controversial issue in quantum mechanics [25]. Many modern
gquantum mechanics textbooks tell us that time and space are treated dierently in quantum
mechanics, space is an operator and time is a parameter [26]. But this misunderstanding stems
from the failure to distinguish between the position variable of a particle, and the space coordinate
as it appears in relativity or classical mechanics [27 29]. Indeed, this caused some problems with
de ning the position operator in relativistic quantum mechanics [30]. So, we might want to de ne
in analogy to the position operator, a time operator. We want an operdt@nd a corresponding
canonical momentum that satisfy,

[ JHI=0; [t;H]=i~ (2.7)

because this would give us the relation

%t't = LHH; ti = 1: (2.8)
If we want the spectrum of the time operator to be continuous and span the entire real axis, then
the spectrum of the Hamiltonian must also span the entire real axis, but this is not the case for
many physically relevant systems [29]. This just means that in such systems there is no time
operator or there is only a cyclic or discrete approximation of the time operator. This fact has
sparked a recent resurgence in the eld of quantum clocks [31]. In fact, it is likely impossible to

create a perfect clock at nite power [32].
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2.1.2 Mandelstam-Tamm Bound

The rst major progress in understanding how to correctly interpret the energy time uncertainty
principle came from the work of Mandelstam and Tamm [33] (MT). They note that one common
interpretation of the energy time uncertainty relation derives from the relationship between energy
and frequency for monochromatic light. This energy cannot be identi ed with the observable
associated with energy in non-relativistic quantum mechanics [33], the Hamiltonian. In order to
derive an uncertainty relation based on the Hamiltonian they simply considered the Robertson

uncertainty bound (2.5) withA = H, the Hamiltonian, andB = j ¢h oj, the projector onto
the initial state. The expectation values are calculated i = h (jOj (i. By applying the
von-Neumann equation,
. doO
H;0]= i~— 2.
[H:0]= i~ (2.9)
on the right-hand side, we get,
9—— ~ dmBi
: o~ .
H mBi h Bi > Tdi (2.10)
using the fact thatB? = B. We can then rearrange and integrate both sides to obtain,
Z
dt H ~arccogh | oij (2.11)

0

Then by assuming a time-independent Hamiltonian we nd that the minimum evolution time
required for a quantum system to unitarily evolve from an initial pure stptg to an orthogonal
nal state j ;i is given by,
oSt = 5 H (2.12)

This formulation is essentially a reordering of the energy-time uncertainty relation wherés
replaced by the time interval. Mandelstam and Tamm relate this bound to the broadening of
spectral lines by de ning a minimum half-life time of a given state [33]. This re-interpretation
of the energy-time uncertainty relation has been termed the quantum speed limit (QSL) time.
This equation puts a fundamental limit on a number of quantum processes such as the rate of
information transfer [34], the rate of entropy production [35], the rate of information processing [36]
and the fastest optimal control protocols [37].

It is easy to see from equation (2.11) that the results can be generalised to non-orthogonal
states [38,39] and time-dependent Hamiltonians [40]. In this scenario the minimum evolution time
is bounded by

~La(j oi;j i
QSsL = A(J ?E J ) : (213)
R
whereLa(j oi ;] 1)=arccosjh o ij isthe Bures angle for pure statesancE = , dt His

the time averaged variance of the Hamiltonian. Anandan and Aharonov [40] showed, importantly,
that Eq. (2.13) can be understood from a purely geometric perspective as a consequence of the
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properties of the Fubini-Study metric on the Riemannian manifold of quantum states. In particular,
they showed that in this metric, the geodesic length is given by the Bures angle and the path length
of any unitary dynamics is given by E =~. Therefore Eq. (2.13) simply follows from the fact
that the geodesic length is always smaller than the actual path length.

2.1.3 Margolus-Levitin Bound

In quantum computation one measure of speed is the number of distinct, i.e. orthogonal, states

that a system passes through in a given time. Margolus and Levitin [41] (ML) were able to put

a bound on this speed which is remarkably similar to the MT bound. They started by expanding

the initial state,j oi = |, ¢y jEni, in the energy basis of the Hamiltonidd = |, E, JEnhEn],

we also re-normalise so th&y = 0. Then, by applying the Schrédinger equation to this initial

state we can write the time-evolved state as
J o= Ch €Xp

n

'f”t jEni : (2.14)

By considering Pthe real part of the overlap between the initial state and the time-evolved state,
St h of ti = ,jcj?exp( iEqt==), and applying the inequalitygosx) 1 2= (x+sin(x)),
which holds forx 0,

X
Re(S) = jenj® cosEnt=-) (2.15)
n
X
oz 1 2 @win @
n
=1 g@'w gIm(St):

When the initial and nal state are orthogonal we ha®& = 0, which implies that bothRe(S ) =0
andIm(S ) = 0. From this we can rearrange to get the ML bound

ML — - .

OSL T 20 Eo | (2.16)
The crucial di erence here is that the bound depends on the mean en#rbiy of the initial state
instead of the variance H. Extending the ML bound, even to just non-orthogonal pure states,

has proven to be a real challenge. Giovannettial. [42, 43] proposed an extension to the ML
bound in the form

Of &0

(2.17)

with = jS j2. They were able to derive implicit upper and lower bounds dn) and showed
numerically that these bounds were approximately equal. Hoérnedal, Niklas and Sonnerborn [44]
showed analytically that the ( ) derived by this upper and lower bound is exact and is always
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saturable. The function can be de ned as

.1+ 2 1 7
()=min 2 arccos 22 (2.18)
z2 z
The minimum value o can be de ned implicitly by
2! S
2 1 z 2z 1
= : 2.19
arccos 1 22 1 3 2 ( )
Recently a dual version of the ML bound was also derived [45], it takes the form,
S 2.20
O —T (2.20)

Understanding and developing on the MT and ML bounds has been the focus of sustained work. A
number of papers have focused on expanding the geometric interpretation of these results [46 50]
and extending them to mixed states [51,52]. The MT and ML bounds have also been used to
investigate the speed of quantum control [53 55], the e ect of correlations on evolution time [56
58], and many other quantum phenomena [59 63].

2.1.4 Saturating QSL Bounds

Having fundamental bounds on the evolution time of your system is important, but it is equally
important to understand if and when those bounds can be achieved. For the MT bound let us
start by writing the Hamiltonian in the energy basks = P « EkJEKhEk]j, we can write any pure
state in this basis so we have, ol = (cjEni andj ¢ = e Ext==jEi, we can now
calculate the overlap

jstjz=j>p of tij? (2.21)
joxi%jaij%e (kD

k;l
X

joki%jaj®cosEx  Et=~:

k;l

The nal line follows from the fact thatjS;j? is real. Levitin and To oli [64] showed that the MT
bound can be derived in an analogous way to the ML bound by applying a trigonometric inequality,

2 .
cosx 1 S(2xsinx x?); (2.22)
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with equality forx 2f ; 0; g. So, applying this to Eq. (2.21) we get

4 X 5 5 .
— jadfjaj®(Ex - E(t=")sin(Ex  Ep)t=~ (2.23)

iSi? 1
k;l
11X o, '
+5 dad’jei* (B ENA(t=)?
k;l

If we look at the rst term in the brackets we see that it is simptyd(yjiij) and since we know
that jStj2 is non-negative then its derivative must be zero whenej\%z?(i:j2 = 0. Next we calculate
the variance of the Hamiltonian,

I'a

X X
H2= 2 h Hi’=  j&j°E? jcki2Ex (2.24)
k k
1X 1X X
=2 juj’EE+ = joj’E? joki%jaj’EKE] (2.25)
2 k 2 | |k;I |
11X X 01X X
=5 joki’Ex  Ex joj’E| + 5 joj’El E jokj®Ex (2.26)
k | | k
11X,
=5 lad’jei*(Bx E)* (2.27)

k;l

So now we can sub this into Eqg. (2.23) and by choosing a timsuch thatjS j2 =0 we get

2 H ?

(2.28)

We can see that by rearranging this we can exactly recover the MT bound in Eg. (2.12). Now, in
order to saturate this inequality, for every term in Eqg. (2.21) we have to either saturate Eq. (2.22)
or have one oficj? or jgj? equal to zero. Therefore, ifcj> 6 0 and jgj?> 6 0 we need

(Ex ENt==2f ; 0; g. So, this means that our initial state must be a superposition of
only two energy levels. In principle, we could have additional energy levels that are degenerate,
but we know that any linear combination of degenerate eigenstates is also an eigenstate with the
same eigenvalue. In order to saturate the MT bound we also rj&d)j2 = 0, so subbing this
superposition into Eq. (2.21) we get

0=jc j* j ¢ jFjerj? + jer (2.29)
jc ?=jej? (2.30)
c =e ' c: (2.31)
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Then using the fact thatjc j+ jc,j> = 1 we can write the initial state as
. . (O P
j O = % JE i+e' JE4i : (2.32)

Therefore, in order to saturate the MT bound our initial state must be in an equal superposition of
two energy ei%enstates. Alternatively, we could think of some initial state and an orthogonal

nal state ? , then the Hamiltonian that saturates the MT bound must have the eigenstates
of the form,
-1 ... L, 1 . LE
JE|=§F§1|+e' ; ;jE+I={9—§JI e' 7 (2.33)

As mentioned earlier, Anandan and Aharonov [40] proved that the evolution path that saturates
the MT bound can be thought of as a geodesic path on a Riemannian manifold. This means that
the path between two orthogonal states is also a geodesic path for all the intermediate states.
This, combined with that fact that if we have two arbitrary pure quantum stat¢sj andj' i, we

can always decompogei as,

ji=cos ji+sine 7 ; (2.34)

tells us that in order to saturate the MT bound (2.13) between any two pure stgteisandj' i the
Hamiltonian must have eigenvectors of the form in Eq. (2.33). This was also proved by Brbdy
al. [48] using a slightly di erent method.

The inequalitycosk) 1 2= (x +sin(x)) used to de ne the ML bound also happens to
obtain equality forx = 0 or x = . Levitin and To oli [64] used this fact to show that, in
exactly the same way as for the MT bound, the ML bound is also saturated when the initial
state is of the form in Eq. (2.32). Therefore, although the MT and ML bounds are not always
equal, they are both saturated using the Hamiltonian de ned in Eq. (2.33). Interestingly, this only
applies for orthogonal states since the generalised ML bound, Eq. (2.17), is not a geodesic bound,
therefore, intermediate states do not necessarily share the same optimal path. Similarly, the dual
ML bound in Eq. (2.20) is also not saturable at the same time as either the MT or ML bound for
non-orthogonal states.

2.1.5 Open System QSLs

Extending the notion of QSLs to open quantum systems has not been straightforward. A number
of di erent methods have been tried. Perhaps the most common approach has been to take
inspiration from the derivation of the ML bound by taking a distance measure between quantum
states and applying an inequality, such as the triangle or Cauchy-Schwarz, to its time derivative [65
76]. This approach generally provides simpler bounds but often at the cost of not being saturable
for most initial and nal states.

Another approach has been to take inspiration from the work of Anandan and Aharonov [40] on
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the MT bound and derive a geometric speed limit on the space of open quantum systems [77 85].
One problem that this approach runs into is that there are in nitely many possible Riemannian
metrics that can be de ned on the space of open quantum systems [78,86,87]. Additionally, these
speed limits are not simultaneously saturable in general. This has led to a lot of confusion in the
eld over how to choose what speed limit to use.

There has also been a lot of interest in deriving speed limit like bounds for speci ¢ kinds of
systems such as ultracold gases [88], continuous variable systems [89], thermal states [90] and
macroscopic systems [91]. Other papers have made use of these QSLs to shed light on concepts
such as non-Markovianity [92,93], irreversibility [94], optimal transport [95], quantum batteries [96]
and quantum control [55,97,98]. More detail on all this and more can be found in the following
reviews on the subject [99, 100].

2.2 Quantum information geometry

We now outline some of the technical details that underpin the derivation of geometric approaches
to de ning QSLs. Information geometry provides us with the tools to establish metrics from which
families of QSLs follow.

In classical information theory, a real-valued random varialle ! R is a function that
maps from a space of possible outcomes? , to the real line. Each of these possible outcomes
occurs with probabilityp(! ). We can calculate the correlation between two real-valued random
variablesX andY as,

X
Cop(X;Y )= (X(1) E(XNY() E(Y)p(); (2.35)
12

where B(X) = P 1o X(1)p(!) is the expectation value of the random variabke. This is
usually referred to as the covariance fandY. We get the standard de nition of covariance by
settingp(! ) =15 j, wherej j is the number of elements in. The covariance oKX with itself
Cow(X;X )= 3(X) is equal to the variance oX .

We can also de ne the inner product in the space of real-valued random variables as ,

M Bip, = X AC)B()P(!): (2.36)
12

It is easy to see then that,

Cop(X; Y )= KX (1) Ep(X))i(Y(1) Ep(Y)ip: (2.37)

So, whenA and B have zero expectation value, (2.36) can be thought of as a measure of the
correlation between the two variables [101]. If we consider the set of probability distribuons
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parametrized by a single real numberthen we can de ne the logarithmic derivative,

dlogp (! ). dp ().
%(I)J”: p 1(!) pd(l)“": (2:39)

The Fisher information is de ned as the variance of the logarithmic derivative, but the expectation
of the logarithmic derivative is zero so we can also write it as,
dlogp (') dlogp (!)

F = : 2.
d ’ d p (2.39)

The Fisher information is an important quantity in classical information theory and perhaps most
famously appears in the Cramér-Rao bound [102, 103].

If we allowA, B and p to be the diagonal elements of the commuting Hermitian matricés
Y and respectively. Then the inner product in Eq. (2.36) is equalfig X Y ]. In order to deal
with the geometry of quantum states, we want to generalisgY 2 M, (C) to the set of complex
n n matrices, and to a positive, semi-de nite Hermitian operator of trace 1. In this scenario
the order of the matrices in the trace is important. We de ne the inner product,

YT = Tri(K (X))YY]; (2.40)

whereK (Y) is a positive (super)operator. This is the most general form of inner product on this
space [87] that satis es

haX;bYi = abhX;Y i (2.41)
hX; X i 0: (2.42)

Let T be a completely positive, trace preserving (CPTP) map. An inner product is monotone if
YT hT(X)T(Y)ir() (2.43)
for all T. Petz [87] showed that this is equivalent to the condition,
K1 T T (2.44)

Petz was also able to show that if we impose a symmetry conditibd;Y i = hyY;XVi ,
then there is a one to one correspondence between operator monotone fundtidhat satisfy
f (t) = tf (t 1) and monotone inner products [87] i.e. Eq. (2.43) given by,

K

R¥f(L R HR¥Z (2.45)

whereR (X) = X andL (X) = X . For any two Hermitian matricesA and B for which
A B 0, i.e. is positive semi-de nite, an operator monotone functibrsatis esf (A) f(B)
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Given the relationship in Eq. (2.44) it makes sense to analyse the dual inner product [101]
given by
hA;Bi(P) = TrlAY(K %(B))]: (2.46)

If we associateA = K (X) andB = K (Y) we can see that
hA;Bi(®) = hX;Y i (2.47)

The set of all Hermitian, positive-de niten n matrices of trace 1M ,,, is a smooth manifold,
so we can make it a Riemannian manifold by equipping its tangent space with a positive-de nite
inner productg. For any set of smooth local coordinates dh,, given bym real-valued functions
( L ™), we can calculate the metric tensor components,

@ e
@' @
This de nes a Riemannian metric oM . If we de ne this inner product to be the dual inner

product bA; B i®® dened in Eqg. (2.46), this metric has a number of interesting properties.
Consider the set of qyantum states parameterized by a single real number The distance
b—Epy

Gj =9 (2.48)

D
between and . is  9:9 . When® and commute we get
d 1d
Kd — = ——; 2.49
iC d d ( )
Eo)

for anyf, giving the classical Fisher informationg-; 4~ . = F . Letuslook at some specic

examples of operator monotone functions nof(t) = (1 + t)=2 givesusK .s = (R + L )=2

In order to calculate the inner product we de ¢ .J($-) = L which givesd- = 3(L  + L ).

This operator,L , is known as the symmetric logarithmic derivative (SLD) and is an important
guantity in quantum metrology as we will see in Chapter 3. When we sub this into the inner
product we get

(D) h

o

d d 1
=Tr de;sl g T é(L + L)L =Tr

L 2 (2.50)

Q_‘Q_

S

which is the quantum Fisher informatioR ( ). So, for this reason the metric de ned b .s =
1=2(R + L ) is usually called the SLD metric, the quantum Fisher information metric, or the
Bures metric. We can de ne some other important metrics using the same method, for example
fp(t)= ot d givingk p, = ¢RY L d which is usually referred to as the Bogoliubov metric
or the Kubo-Mori metric.

Finally, if we consider the case of the Bures metric with pure states and unitary evolution we
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havei~% ' = Hj i andL = 2H giving

d d ® 2_ dj hj 2 . o .
— =—Tr ———H = —T H]=
=2h jd i+2hjd ihd j i; (2.51)
wherejd i = cch This metric is known as the Fubini-study metric and can also be derived as an

extension of the classical Fisher information metric to complex projective Hilbert spaces [104]. As
discussed above this is the metric that Anandan and Aharonov [40] used to derive the MT bound
for time-dependent Hamiltonians and non-orthogonal pure states (2.13).

2.3 Open System Quantum Speed Limits

The rst attempt at generalising QSLs to open systems can be traced back to the work of Braun-
stein and Caves [47]. They used the fact that the in nitesimal form of the Bures distance [105],

q_
Le( 1; 2)°=2 1 Fe( 1, 2) ; (2.52)
h dp——p—'2
with Fg( 1; 2)= Tr 1 2 1 ,can be expressed [106] in terms of the SLD inner product
in Eq. (2.50) .
1 oy 1Mo
Lg(; +d)2:ZmI;d i =TT dK () (2.53)

S

While there is no explicit, basis-independent, way to exptésé(A), we can express it in a specic
basis. For example, when written in the diagonal basis of the density matex ; pj jj hjj we
get [47]

X hjAjki .., .
K .1(A)=2 jjhkj: (2.54)
® Pt
If we now assume unitary dynamics described by the von-Neumann equation [100]

i~ =M 1=[H hHis I=[H; ] (2.55)

We can combine the above equations to obtain,

dig 2_ 1 X (o p)?.. a2 1 X ., HZ
ot —pj'k WJWJHJKIJ ﬁj'k (p + pihj H jkij©= ——; (2.56)

where the inequality(p PK)? (o + pk)? follows from the fact thatp; is positive for alli.
Then by taking the square root of both sides and integrating we get the following inequality,

ZLB(o? ) Z
dLg

Ul

dt H: (2.57)

0 0
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It is easy to see that this bound can never be saturated by a mixed state since the inequality in
Eg. (2.56) is only saturated whepip; =0 for alli & j and this is only true for pure states [47].
We can see that the nal time does not appear explicitly in the above inequality so in order to
get a bound on the time we must use the trick of multiplying both sides bgnd rearranging we
obtain a QSL like inequality,

E

Le( o: ) (2.58)

where E is the time averaged variance of the HamiltoniarE = 1 RO dt H. So now we have
derived a QSL for mixed states and time-dependent Hamiltonians. This trick of forcing in time by
multiplying both sides is a very common technique used when deriving QSLs. This has led to some
confusion regarding how to meaningfully interpret these bounds. By introducing action QSLs, such
that time enters the picture more naturally, we demonstrate that some of these interpretive issues
can be alleviated. Furthermore, through the following analysis we argue that there is no reason to
expect that these QSL bounds place any meaningful limit on the actual minimum time, except in
the limit of constant instantaneous speed (such as in the MT bound), but rather they provide a
useful tool to characterise the dynamics.

There were three main papers that provided breakthroughs in extending QSLs to arbitrary
system evolutions, described by CPTP maps. Taddeial. [77] directly extended the work of
Braunstein and Caves [47]. They showed that for any distance medsjig( 1; 2)] that depends
on ; and » solely via the Bures delityFg the following inequality holds,

* 2 z S ; S
JOL(Fe)=dRep  -lrelor DI jdt 2T K =t
F

dt at 0 4
(2.59)
whereF( {) is the quantum Fisher information with respect to In contrast to the Braunstein
and Caves [47] result this bound can be saturated for mixed quantum states.
Another approach was followed by del Cameial. [65]. They used the relative purity as their
distance measure,

B!

T o ]:

P(o; )= T 2 (2.60)

Applying the Cauchy-Schwarz inequality to the time derivative of this measure gives the following
bound,

q q
T(LY 0)2ITr ¢ T(LY 0)2)]

IR( 0; )] T2 T2 ; (2.61)

where LY is the Hermitian adjoint of the Lindbladian [107,108]. Then, if we parameterize
P( o; )=cos ,with 2 [0; =2], integrating from initial to nal state gives us a QSL,

jcos 1Tr 2 42Tr 2
J g 7j0 g 0 . (2.62)
Tr[(LY 0)?)] 2 Tr[(LY 0)?)]
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the clear advantage of this bound is that it depends only on the Lindbladian and the initial state,
although, this comes at the disadvantage of only being saturable for very speci ¢ combinations
of initial states and Lindbladians. They also derive equivalent bounds for time-dependent Lind-
bladians, and generic, CPTP evolutions, but at the cost of losing the time-independence of the
right-hand side of the equation.

Not long after the above two papers were published De ner and Lutz [66] developed another
form of open system QSL. They speci cally looked at the Bures angle for a pure initial §tafie

q _ —
La=arccos hyoj j oi : (2.63)

They were able to obtain a number of QSL bounds of the form

Lsi?lLaC o (2.64)

where X =1 Ro k {kx and kAky corresponds to the trace, Iﬂilbert-§chmidt and operator norms
which are specic cases of the Schattgmnorm, kAk, = (Tr ~ AYA p)%, forp=1;2and1
respectively. The structure of the Schattginorm means that the operator norm bound is always
the tightest. These bounds are some of the simpler open system QSLs but once again come at
the cost of not being saturable in general [92].

2.3.1 Generalized Geometric Quantum Speed Limits

All of the above speed limits have their strengths and weaknesses, and much like in the case of
the MT and ML bounds there is no single tightest QSL for all evolutions. Piesl. [78] shed
some light on this problem by proving that there are, in fact, in nitely many saturable QSLs for
open quantum system dynamics. In order to prove this, they made use of the Riemannian metrics
described in Section 2.2,

1 d.d ® 1_ d d
Gt "4 dodt g C 4" @t d (2.69)
wheref denotes the symmetric, operator monotone that de nes the speci ¢ metric. The arbitrary
factor of 1=4 is chosen so that the geodesic distance corresponds to well-known distance measures
in speci c metrics. Our manifold is the set of all Hermitian, positive-de nite, n matrices of
trace 1,M ,. For any set of smooth local coordinates &h,,, given bym real-valued functions
( L;::; ™) we can write the above inner product as

pod.d _X o didk

a'at 9 dt ot (2.65)
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with gjf;k = ¢f %; 4 . Morozova and Chentzov [86]were also able to derive an explicit form

of the inner product in terms of the spectral decomposition of =~ ; pj jj hjj

2 3
d d 1,X (d;j)? X .
f 2.2 - =4 ]} +2 . 25 . 267
O wa a4 p T2 Gt (Py s P)id i (2.67)
j j<k
whered j = hjj g—tjli andc (x;y) = W depends on Morozova-Chentzov functidn, for the

metric gf . It is easy to see from this formulation that there is a classical component, given by the
Fisher information that is metric independent and a coherent quantum component that depends
on f. We can think of the rst of these two contributions as classical because, if we consider
a classical IJ)rocess where the eigenvectors of our state stay xed, andgpntyhange witht, we
have‘é—t = ddltjjj hjj. This tells us thatd j; =0 forj 6 I, and therefore, the second term in
Eq. (2.67) is zero for such a process.

The derivation of these geometric QSL, in essence, relies on the simple and elegant consider-
ation that the geodesic distance between any two points of a Riemannian metric is the shortest
possible length connecting them. The path length is calculated by integrating the inner product
along the curve , giving the inequality,

Z q z

xn j k
LiCo ) g'(d;d )= dt g 29
0

Gk ot dt Co N (2.68)
whereL; ( o; ) is the geodesic distance betweeg and  in the Riemannian metrigf . It is
important to stress that Eq. (2.68) expresses a hierarchy among all possible paths connecting the
two states o and for a xed metric gf, with equality obtained if and only if corresponds to

a geodesic in that metric. In order to translate this inequality into a QSL for the evolution time
as in Eq. (2.13), one usually introduces the path-average speed,

Vi = }‘f( o ) (2.69)

from which it straightforwardly follows that

v (2.70)

f
This, essentially, equates to multiplying both sides by the evolution timeso this inequality is

still really only telling us about the ratio between the path length and the geodesic length. The fact
that there are in nitely many symmetric, operator monotone functiorfs, implies that there are

in nitely many QSLs for open quantum systems. Additionally, each of these QSLs can be saturated
by following the geodesic in the corresponding metric. Unfortunately, a closed form of the geodesic
distance,L¢ ( o; ), is only known for two of these metrics, for all other metrics we must rely
on loose bounds or numerical calculations. Although, it is possible to derive QSLs with known
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geodesic distances for other kinds of metrics that are not Riemannian and completely positive, as
we will see below. As already mentioned, for pure states and unitary evolution, the Fubini-Study
metric is the unique contractive Riemannian metric and leads to the MT bound. Furthermore,
in this case the speed is related to a physical resource of the system, namely the (square root of
the) energy variance of the initial state. Whenever open quantum systems and mixed states are
considered, however, the non-uniquenessgbfnaturally brings forward an important question:

is there a particular metric which gives rise to a QSL which is the tightest possible, therefore
representing the ultimate lower bound on the evolution time?

The answer to the above question is actually very subtle. In Ref. [78] it was argued that,
for any given path between two xed initial and nal states ¢; , the hierarchy of the MCP
metrics re ects into the possibility to nd, at least in principle, the geodesic which gives rise to
the tightest geometric QSL bound to the evolution. The latter is given by,

QsL = ¢ ; (2.71)

where the metricgs is the metric such that its geodesic; ( o; ) is the closest to the actual
given path , i.e.
f such thatirf1f £ = (2.72)

with = 1

Although it is possible to de ne and calculate the quantity; , it is essentially meaningless.

An implicit idea in the de nition of a hierarchy of QSL bounds is that only the tightest bound is
valid since, it would seem on the surface, that saturating any of the other bounds would violate
the tightest bound, but this is simply not true. Changing the path results in the path lengths
changing di erently in all metrics and the hierarchy rearranging itself. Once all the quantities
entering the bound Eg. (2.71) are uniquely determined, i.e. once a pathand start and end
points are xed, nothing more can be done to approach the QSL bound. Equivalently said, if
a given path connecting two quantum states is not already optimal, in the sense that does not
already coincide with a geodesic path according to some contractive Riemannian metric, then
the geometric QSL bound is never saturable and will only provide an estimate of how far from
optimal the evolution time is with respect to gsi .

Thus, if we are free to choose the path connecting a given initial and target state, then the
QSL bound for every metrig’ can be saturated simply by moving along a path which coincides
to the geodesic for that metric A priori, the choice of one metric over another may be dictated
by the physics of the problem at hand, e.g. the average initial energy as in the ML bound or the
initial energy variance as for the MT bound. Regardless though, the corresponding QSL bound
can, in principle, be achieved. One possible middle ground would be to x the dynamics, e.g. a
speci ed master equation, but allow the initial and nal states to change. In this scenario there
is no single metrigy” which represents the tightest QSL for every possible choice of the path's
boundary conditions.
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2.3.2 Generalized amplitude damping channel

Let us provide an explicit demonstration of this for a simple paradigmatic example consisting of a
qubit undergoing a generalized amplitude damping channel (GADC) modelled using the techniques
outlined in Chapter 1. This ubiquitous situation describes a two-level quantum system undergoing
equilibration with a large thermal bath, such that its evolution is described in terms of the following
master equation (in interaction picture)

t=L(0= t 4+ =t o+ + + ot 5 + (2.73)

where = %In — denotes the inverse temperature of the bath in units of the qubit's energy.
While we will consider the dynamics (GADC) and the nal state (i.e. the thermal state) xed,

we will vary the initial state o, thus resulting in a di erent path on the Bloch sphere for each
starting con guration. We will focus on three important metrics for which their geodesics can be
calculated and compute the respective QSL bound, Eq. (2.70). The rst is the quantum Fisher
information (QFI) metric (2.50) [46,47,109]. The geodesic distance in this metric is given by the
Bures angle, q

pP=r-.

Ls(; )=arccos Tr (2.74)

The resulting QSL reads [77]
Ls( 07 )

— 2.75
1 0 dt Ft( t) ( )

s:

The second metric we will consider is the one related to the Wigner-Yanase (WY) skew information
metric [78]. The corresponding operator monotone functionfig(t) = (1=4)(' t + 1)2. The
geodesic distance in this metric is given by,

pP— .

Lw(; )=arccos Tr (2.76)

This geodesic distance was derived by Gibilisco and Isola [110,111] and is a quantum generalisation
of the Bhattacharya angle. This metric is known as the WY metric because for unitary dynamics
with time dependent Hamiltoniatd; we have [78,111],

Z q___
= pél dt 1( t;H); (2.77)
0

wl o )
wherel (;A)= (1=2)Tr P’;A ]2 is the WY skew information of the self-adjoint matrif.
Finally, we will consider the metric based on the trace distance (TD) [72] which stems from a
direct application of the triangle inequality [73] rather than being one of the Riemannian metrics
de ned in section 2.2. The distance is given by the trace norm,

q__
Li(; )=ko ki=Tr (o )2: (2.78)
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The geodesic paths are also known for all three of these metrics. In the follop(t)gis any
function satisfyingp(0)=0 and p( )=1 that is monotonically increasing on that interval. The
geodesic path for the QFI metric was derived by Uhlmann [112] and is given by,

o= e+ p)!o)(p(V)! Y+ p)! )]

k(D! +(1 D)l ok2 (2.79)

where! ¢ is a puri cation of g TD I o! E,’ Therefore if ¢ has a spectral decompositiony =
p_

P
i pijpihpij then we dene,! o= ;" pijpih ij, wherej ;i is another orthonormal basis of the
Hilbert space, with! de ned in terms of! ¢ as

L= 0T (o0 0 )P e (2.80)
Similarly for the WY metric the geodesic path was derived by Gibilisco [111] and is given by,

@ p)” o poP 7
™ @ pt)’ o+p)P — 2

(2.81)

Finally, the TD geodesic path is simply a straight line between the initial and nal states,

t=@  pt) ot pt) : (2.82)

Fig. 2.1(a) shows the result of the evaluation of the three QSL bounds as a function of the
parameter, , which determines the initial state that, without any loss of generality, is taken to be
pure o )=j o )ih o( )j, withj o( )i=cos( )j0i +sin( )jli. While for any given xed path
(i.e. in this case, xed ), one QSL is clearly tighter than the other, thus con rming Eq. (2.71),
it is evident that none of them provides the tightest QSL for every paramete? [0; ]. The
tightest bound for any given initial state is the one corresponding to the metric whose geodesic
happens to be closest to the GADC dynamics for that particular choice.ofVe nally notice
that for =0; =2 all the bounds saturate because the GADC traces a geodesic path for all the
considered metrics.

When we have a two-dimensional system,= P ,11 -0 i Jjhij wherefjiig is an arbitrary
orthogonal basis, it can be parameterised by the Bloch sphere coordinates

U= o1+ 10 (2.83)
v=i( o1 10
W= o0 11:
The geodesic paths corresponding to each of the three metrics described above are shown in the

Bloch sphere in Figs. 2.1(b), (c), (d) for di erent values of. The basis is chosen to be the
energy basis. Figure 2.1(b) corresponds to the case of0 where we initially start in the excited
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Figure 2.1:(a) Plot of the ratio, ; = , between the quantum speed limit time and the evolution
time for three di erent choices of metri¢ = w;s;t (Wigner-Yanase, quantum Fisher information

and trace distance, respectively), as a function of the initial state parametaith =0:5. The

path corresponds to the GAD(b),(c),(d) Bloch sphere representation of the three geodesic
paths of a two-level system undergoing the GADC, Eqg. (2.73), witk 0:5. The straight, blue

line corresponds to the TD geodesic path. The QFI geodesic corresponds to the solid, green curve.
The remaining solid, purple line is the WY geodesic. Finally, the path followed by the GADC is
shown in dashed, red. Initial states {b),(c),(d) correspond to =0; =6;1:0256respectively
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state. Here all the geodesics coincide with the actual path that the GADC takes, and this makes
sense since we see the QSL saturate at 0 in Fig. 2.1(a). As we discussed below Eq. (2.67)
the metric can be split up into a classical and quantum component, both of which are strictly
positive. Therefore, if the initial state and nal states commute with each other, such as is the
case for =0; =2, then the geodesic path between those states will also commute at all times.
This means that the quantum contribution to the metric is zero along the geodesic and all the
Morozova and Chentzov [86] metrics share the same geodesic path. The geodesic path of the TD
metric has the property that it is just a linear combination of the initial and nal state, therefore

if the initial and nal state commute then the geodesic also commutes. Fer =6 in Fig 2.1(c)

none of the QSLs are saturated and it is not easy to tell which of the three will be the tightest.
Finally, in Fig 2.1(d) we choose 1 so that our initial state has the same Bloch sphere
component as the thermal state. When this is the case, the GADC dynamics corresponds with
the straight-line geodesic of the TD metric.

2.3.3 Qubit metrics

To understand why the metrics have the geodesics they do, we can take a closer look at the form
of their metrics. We make the transformation to spherical coordinates in the Bloch sphere which
are de ned implicitly as

u=rsin cos (2.84)
vV =rsin sin

W = TrCOS:
In this basis we can calculate the eigenvalues,
1 1
Eo= (1 r); Ei= S(L+r); (2.85)
2 2
and the corresponding eigenvectors,

N cos,
. JE1i = o 2 (2.86)
sin 5

. sin 5
jEoi = o2
e cos,
With this basis we can now calculate the metric tensor for the Morozova and Chentzov [86] metrics
as de ned in Eqg. (2.67). In this coordinate frame, the rst term, common to all of these metrics
is,

X (djj)z_ dl’2 .

: (2.87)
;B 1 r?

Then the second term is going to depend on the speci ¢ metric that we are using, in particular,

it depends on the Morozova-Chentzov functidn that goes intoc (x;y) = m We can
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Figure 2.2: Representation of the three geodesic paths of a two-level system undergoing the GADC,
Eq. (2.73), with =0:5 on the surface of a 2-sphere representing the QFI metric. The blue line
corresponds to the TD geodesic path. The QFI geodesic corresponds to the solid, green curve.
The remaining solid, purple line is the WY geodesic. Finally, the path followed by the GADC is
shown in dashed, red. Initial states {@),(b),(c) correspond to =0; =6; 1:0256 respectively.

calculate the second term exactly and it gives us,

r’(d,?+sin®d ?)

¢ (py s p)id jij° = (2.88)
j<k 2f 1L (1+7)
so then combining these two terms together we get the line element,
0 1
2 2(d 24+ ain2 d 2
dSZZ}@ dr +r(dh + sin d )A; (2.89)

2
4 1 r f%(1+r)

The rst interesting thing we can do with this metric is restrict ourselves to pure states, for this
we haver =1 anddr =0 leaving us with,

ds? = d2+sin?d ? : (2.90)

8f [0]
This is just the metric of a 2-sphere. Additionally, the coordinates are exactly the spherical
coordinates in the Bloch sphere, this tells us that for pure states that the geodesics are the great
circles of the Bloch sphere and since any two pure states can be represented in a two-dimensional
subspace we now know the geodesic path between any two pure states. This is another way to
prove the result for saturating the ML bound from Sec. 2.1.4. So, all the Morozova and Chentzov
metrics agree about the geodesic path for pure states con rming the fact that there is only one
unique, contractive, Riemannian metric over the pure states (up to a constant factor).

Now we can look at this in more detail for speci ¢ metrics. The QFI metric is de ned by the
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Figure 2.3: Representation of the three geodesic paths of a two-level system undergoing the GADC,
Eqg. (2.73), with =0:5 on the surface of a 2-sphere representing the WY metric. The blue line
corresponds to the TD geodesic path. The QFI geodesic corresponds to the solid, green curve.
The remaining solid, purple line is the WY geodesic. Finally, the path followed by the GADC is
shown in dashed, red. Initial states {@),(b),(c) correspond to =0; =6; 1:0256 respectively.

Morozova-Chentzov functiof (t) = (1 + t)=2, subbing this into Eq. (2.89) we get
) !
d= 1 97 L2 2aginz g 2 (2.91)

T4 1 r2

then by making the substitutiom =sin we end up with
ds =% d2+sin? d?2+sin?d ? ; (2.92)

which is the metric of a 3-sphere of radids2 embedded in 4-dimensional Euclidean space using
the hyper-spherical coordinates,

Xo = rsin sin sin (2.93)
X1 = rsin sin cos
X2 = rsin cos

X3 = I COS :

Then we know that the geodesics in the QFI metric are just the great circles of this sphere.
More speci cally if we look at the parameters we see thatsinr = 2 f 0; = 2g, whereas for
a full 3-sphere this would run all the way to. This means that the space of two-dimensional
quantum states equipped with the QFI metric is isomorphic to a 3-dimensional hemisphere in
4-dimensional Euclidean space. The maximally mixed state is at the north pole and pure states
are on the rim of the hemisphere, i.e.= 0; = 2 respectively.

For the example of the GADC in Sec. 2.3, we chose initial and nal states with0 and all
the intermediate states also have= 0 so this simpli es our metric to the metric of a 2-sphere
embedded in the 3-dimensional Euclidean space. This means that it is now possible to visualise
the paths as we do in Fig 2.2. We can see that all of our pure initial states lie on the boundary of
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the hemisphere. The QFI geodesic takes the geodesic path of the sphere which is just the great
circle.

We can also perform a similar analysis on the WY metric which has the Morozova-Chentzov
function, f (t) = (1 =4)(' t + 1) 2, this leaves us with the metric

1 dr2 r2(d 2+sin2d 2
2= = + 5 2.94
ds 4 1 r2 Fi—4FP13y72 (299
then by making the substitutiom = 1=2sin we end up with
ds?=d 2+sin® d?+sin®d ? : (2.95)

So once again we end up with a 3-sphere, this time of radilend 2 f 0; =4g, we can think

of this as the top1=4 of the 3-sphere. By once again restricting to= 0 and looking at the
GADC map, we plot di erent geodesics paths in this metric in Fig 2.2. This time the WY geodesic
corresponds to the great circle of the sphere. Although there is no general equation for the geodesic
in every Morozova-Chentzov metric it may be possible to solve this geodesic equation and nd
a general solution for two-dimensional sub-spaces. This would be particularly useful because it
would give us the geodesic path and distance between any two pure states in each metric.

For the trace distance QSL the equivalent of this line element is given by

ds? = — (2.96)
du? + dv? + dw? ;

which is exactly the metric of the Bloch sphere. This explains why the trace distance geodesics
are straight lines in Bloch sphere plots.

2.4 Action Quantum Speed Limits

The previous section highlights that when open quantum systems are considered, there is no single
contractive, Riemannian metric for which the corresponding geometric QSL bound is the tightest
unless the path and endpoints are xed. Fixing a path is therefore a necessary requirement in order
to have a well-de ned unique and tightest QSL bound Eq. (2.71) such that Eqg. (2.72) holds. If
every parameter of the problem is xed, however, unless a given dynamics already coincides with
a geodesic path according to some metric (e.g. in the case of a GADC channel watlD;
in the above example), then the geometric QSL time provides a quantitative indication of how
far the traversed path is from the optimal path, according to the speci c metric in question.
Nevertheless, despite what the name might suggest, the geometric quantum speed limit time is
completely insensitive to the actual instantaneous speed.

This simple observation represents the starting point for introducing our new family of QSLs.

31



The instantaneous speed at which a given path is travelled is an important degree of freedom.
Indeed, the varying speed of evolution provides a vital tool in many physical settings, for example
every thermodynamic cycle of any driven engine is crucially dependent on the speed at which the
protocol is performed [14] and high- delity control can be achieved by varying the speed with
which some time-dependent ramp is applied such that the dynamics slows down when energy gaps
close, which applies to understanding the dynamics across quantum phase transitions in light of
the Kibble-Zurek mechanism [19,113]. The generation of defects during such a ramp will depend
on how the system traverses the impulse regime, this information is not properly captured by
considering only the average speed of the system over the entire ramp. The instantaneous speed
around the start and end points is also vital for quantum control because no physical clock can
perfectly characterize time [114].

We incorporate the instantaneous speed into the formulation of quantum speed limits by
borrowing inspiration from recent developments in thermgdynamic geometg [14,115 121]. This
can be achieved by applying the Cauchy-Schwarz inequalita®dt , f2dt [, fhdt]? to the
path length™; ( o; ). Specically, by settingh=1, one has

z 0 z i L2
b4 . U W .
dt Oik ddijddik % C"Zl%J Oik %% (2.97)
0 k=1 t at 0 jk =1 t at
which leads to the following result,
.2
a= Lf(;’f’ v, (2.98)

wherea; = RO dt P j'\l/l<=1 ik %—g%—f is known as the action or energy functional. Eq. (2.98) is the
anticipated new family of QSLs which, in light of the above quantity and its interpretation, we
nameaction quantum speed limits

Most geometric QSLs display some peculiar behaviour when the target state is only approached
asymptotically in the long-time limit such as in the case of the GADC or the damped Jaynes-
Cummings model [92]. This is because the geometric QSLs depend on the average speed over
the entire trajectory. Since the time to reach this nal steady state is arbitrarily long, but the
distance between the initial and the steady state is bounded, this leads to the QSL time scaling
linearly with the evolution time in the long-time limit. This is not very physical since the system
state is asymptotically close to the steady state and its instantaneous speed is essentially zero,
yet the QSL bound is still getting larger. In order to x this problem Mirkit. al. [92] highlight
that there is another way to de ne the QSL time that does not seem to have this problem. For
any geometric bound the path length must be longer than the geodesic length. Therefore, there
must exist some point along the actual evolution path where the distance travelled is equal to the
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Figure 2.4: A comparison between the geometric and action QSL times for the GADC with master
equation given by Eq. (2.73), witi = 0 and the initial state of = 0. Results are qualitatively
identical for all values o and .

geodesic distance between the initial and nal state, i.e.

Z \lﬂ 0
min d ] d k
t f .
Ok gt g (2.99)

Li( o )= dt
0

While this does solve the issue of linear scaling in the QSL time with the driving time for most
processes, we will still see this linear scaling when the actual evolution path is geodesic path
since min is just equal to the geometric QSL in this scenario. There are also a number of other
conceptual problems with de ning the QSL time like this, such as it not necessarily being symmetric
if the process is played backwards. Action QSLs can address all of these problems without any of
the extra conceptual baggage. In Fig. 2.4 we can see a comparison between the geometric QSLs
and the action QSLs, we have chosen an initial state of 0 so that all of the metrics agree on
the geodesic path. Clearly, the geometric QSL (angln) displays this linear scaling in the long
time limit but the action QSL attens out instead. This can be understood from the fact that the
action is the integral of the square of the instantaneous speed, which gets asymptotically smaller
as the system approaches the steady state.

Itis crucial to pointqo%t that, for any given path, Eq. (2.98) is saturated when is a geodesic
and the speed along it, j"l"(:l Oik ‘L—t'dd—tk is constant. This means that, if a given path is already
optimal in the sense that it coincides with a geodesic and thus saturates the geometric QSL, then
the action QSL will also be saturated provided this path is traversed at a constant speed in the
corresponding metric. Conversely, when a given path is not optimal, then Eq. (2.98) becomes
more delicately dependent on this instantaneous speed, as we show explicitly below. This also
explains why the action QSL can be so far from saturated in Fig 2.4 even though the path is a
geodesic; the instantaneous speed is far from constant.
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Another important consideration stems from the following inequality:

|
.32 - )2 $ 2
a_ Le( :f ) Lf(z(?,’f)z) S (2.100)

This result highlights the fact that the geometric QSL is a special instance, corresponding to the
upper bound, of the action QSL. This physically indicates that, for every non-optimal path, any
time-dependent pro le for the speed will lead to a QSL bound which is going to be less than or
equal to the geometric ideal QSL value. This is however an especially important property, as it
implies that di erent strategies aimed at optimizing the speed for any given non-optimal path
will re ect in the value of the action-QSL time which progressively approaches the bound given
in Eq. (2.100). Due to the very structure of it involving the actiam , nding the optimal way

to traverse a path is naturally suited to be solved by techniques borrowed from optimal control
theory [21,122 129].

Since there is no square root inside the integral in the action this means that we can split the
integral up into its constituent components. The most obvious partition we can make would be
the one in Eg. (2.67). Using this we can identify the classical and quantum contributions to the
speed limit time. This could be used to compare di erent paths and gain a greater understanding
of what is contributing to the QSL. The concept of splitting the denominator in the speed limit up
has been employed before [81] but it can be expanded to many more scenarios with action QSLs.

2.5 Optimizing the Instantaneous Speed

As we have mentioned above a number of times, the standard geometric QSLs are insensitive
to the instantaneous speed along the path. This means that there are a number of solutions
that minimise the path length between any two points on our Riemannian metric. In Riemannian
geometry, in order to get around this problem it is standard to use the Euler-Lagrange equation
to derive a geodesic equation. The solutions to the Euler-Lagrange equation are the stationary
points of the action, therefore the solution to this equation will be the geodesic that minimises
the action and that is the geodesic that satis es the standard geodesic equations,

@k didl_
@t g Y (2.101)
where L
5 = 59" (@ + @u @) (2.102)

are the Christo el symbols. For action QSLs, minimising the action is equivalent to saturating the
QSL.

This is all well and good for when we have full control over the system evolution but often
there are constraints on the evolutions that are possible. We could try to incorporate these into
the geodesic equations, such as when we restricted to pure states in Eq. (2.90) and derived the
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Figure 2.5:(a) The solid blue line shows the (square of the) geometric TD speed limit for the
generalised amplitude damping channel with= 0:5 (arbitrarily chosen). This QSL time is
independent ofp(t) as long asp(t) > 0. The purple points represent the value of the TD action
QSL for our initial guess of constani(t). The red points are the value of the TD action speed
limit after optimising over all admissiblp(t) with the desired start and end points. These points
lie on the blue line demonstrating that we can use optimal control to saturate equation (2.100).
(b) Shows the optimal functiorp(t) for various values of as compared to our initial guesgc)

and (d) Are as for panels (a) and (b) except applied to the QFI speed linjg) and (f) Are as

for panels (a) and (b) except applied to the WY speed limit.

MT bound, but this is not so simple in general. An alternative approach is to make use of optimal
control techniques. We will constrain our evolution to a xed path and a xed driving time with
freedom to change the instantaneous speed along the path. An example of this would be the path
followed by the GADC used in Section 2.3. To explicitly account for the time-dependence along

the path, we express this channel using the Kraus operators,
!

p !
_P_ 1 p(t) O _p- 0 0
Ko(t)= "¢ 0 1 Ki(t)= "¢ p o0 0 ; (2.103)
! p__!
_P— 1 0 _ _P—— 0 " p(t) .
Ke(t)="1 c 0 P 50 Ka(t)= 1 ¢ o 0 ; (2.104)

wherec= %(l+tanh ) and with being the inverse temperature of the bath. The path is xed
by the value of , while p(t) describes how that path is traversed and must satigf@) = 0 and

p()=1.
To identify the optimal time-dependent pro lep(t) for the dynamics we can make use of
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Pontryagin's optimum principle [21,122,130]. The cost functional that we want to minimise is
the action along our path,
_? Moodid, f Y -

a = . dtjk_1 gjkaH . dtL ( (t); (t);p(t): (2.105)
In analogy with classical Lagrangian mechanics we can de ne the control Lagrarigién(t); (t); p(t))
of the dynamics.p(t) is simply the time derivative of the ramp pro le and can be thought of as
the external control parameter. The di erence between this method and just solving the Euler
Lagrange equations is that we are not simply minimising the action but nding the protqab)
that minimises the action subject to xed initial and nal states and xed total evolution time.
We then take the Legendre transform of the control Lagrangian to get the control Hamiltonian,
which is analogous to the Hamiltonian in classical Hamiltonian mechanics. It is metric dependent
and has no relation to the Hamiltonian that appears in the Schrodinger equation. We can now
apply Pontryagin's optimum principle which states that the control protogo(t) that minimises
our action is given by,

H(p (t)) = sup H(p(t)): (2.106)
p(t)2A

HereA represents the set of all admissible pro les. The advantage of transforming to the Hamil-
tonian is that it allows us to nd the optimal pro le by a point-wise optimisation rather than an
optimisation of the action over the full function space pft).

It is important to stress that to optimise the dynamics we must saturate the Cauchy-Schwarz
inequality, which corresponds to nding the ramp pro le that results in a constant speed in the
metric. As we demonstrate by explicit example for non-geodesic paths, achieving a constant speed
in the metric generally requires a non-trivial temporal ramp pro le. In this case, the set of all
admissible pro lesA corresponds to all pro les that map our pure initial state to the thermal
state, i.e. z

. dip(t)=p( ) p0)=1: (2.107)
In order to perform the optimisation, we use a modi ed gradient descent algorithm,
Z
n 1 @_l n
oy @01 2.108
P p @ . @ ( )

We add the nal term in order to guarantee that Eq. (2.107) is always satis ed.

In Fig. 2.5 we display the result of the numerical implementation of optimal control strategies
on p(t) and their impact on the associated QSL. First, it is immediately evident from Fig. 2.5(a)
that di erent pro les of p(t) (shown as dotted curves) lead to vastly di erent values of the action-
QSL bound. We initially start by guessing that the optimal pro le is a linear rapf) = t= ,
then we apply our modi ed gradient descent algorithm until we maximise the control Hamiltonian.
We can see that, except for some speci c initial states in the TD metric, the linear ramp (lower,
purple dots) is clearly a non-optimal solution, as it results in a value markedly below the tightest
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theoretical bound given by the geometric QSL (blue solid curve), Eq. (2.100). A fully optimized
p(t) (red dots) demonstrates that we can saturate Eq. (2.100). In contrast, however, evaluating
Eqg. (2.70) using these two ramp pro les gives the same result (the solid blue curve in Fig. 2.5)
thus con rming that geometric QSLs are insensitive to the instantaneous speed. In Fig. 2.5(b) we
show the optimal pro lesp(t) which result in a constant metric speed, for di erent values qf

i.e. for di erent xed paths. A completely analogous treatment can be implemented for any other
metric, e.g. for the QFI and WY action introduced above. The optimal protocolsgy) will of
course be dierent given choice and path as determined byThis is shown in Fig. (2.5)(c)-(f)

for the QFI and for the WY metrics, thus demonstrating the general validity of our approach.

2.6 Impact on the Interpretation of QSLs

The results of this chapter signi cantly clarify the interpretation of QSLs. Traditionally, they have
been interpreted as putting a fundamental lower limit on the evolution of a system between an
initial and a nal state, but this is only one way to interpret them and often obscures precisely
what the determination of a QSL is actually revealing. Almost all QSLs take the form

- flo )
QL= — oy (2.109)

where is the total system evolution timef is a distance-like function that depends exclusively
on the initial and nal state of the system and is a function that depends on the path,, taken
between the initial and nal states, i.e. depends op for 0 't . In order to understand
what it would mean to achieve or saturate any QSL bound it is important to x any two of
the three quantities in this inequality. Allowing more than one quantity to vary would lead to
signi cant ambiguity in the interpretation, for example if we keep only the distance xed in the
MT bound, Eq. (2.13), then the minimum time is not meaningful because we can always increase
the variance of our Hamiltonian and reduce the minimum time. The most common way to interpret
the quantum speed limit is to x bothf ( o; ) andg( ). It is important to note that we are

not xing the path, , itself only the real number output ofy( ). It is usually assumed that
the initial and nal states are xed, although this is not necessary for this interpretation to hold,
only thatf ( o; ) is xed. In this interpretation, the QSL is a statement that is the minimum
possible time for a system to evolve between two states a distant€ ,o; ), apart subject to

the constraint thatg( ) is xed for the evolution path. If a QSL is always saturable this means
that there always exists such a path that saturates Eq. (2.109). This interpretation is most
insightful when the quantityg( ) corresponds to an important property of our system that we
need to keep xed. Another approach would be to x the evolution time agd ) and allow only

the distance between states to vary. The QSL bound can then be interpreted as the maximum
possible distance a system could have evolved from an initial state for a speci ¢ valug of.

This interpretation might be used when we want to maximise distinguishability between two states
such as for measurement purposes [131] or when we want to minimise the e ect of noise on
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our system evolution [132]. The nal interpretation involves xing the evolution time and the
distance between the initial and nal states. In this case the QSL bound tells us the minimum
possible value o§( ) for any evolution path between states a distancé ( o; ) away from
each other with an evolution time. This interpretation is most relevant when we want to keep
a xed evolution time and minimising the value @f ) is important to us.

All of these interpretations highlight the fact that it is important that the quantitg( ) is
physically meaningful, but it is the nal interpretation that emphasises this the most. We can
understand the path that saturates the QSL as the path that minimiggs) so it is vital that we
choose a QSL bound that corresponds to a quangty ) that we want to minimise. This provided
a signi cant portion of the motivation for introducing action QSLs.

Experiments and theoretical work relating to QSLs have often focused on reducing the QSL
time such as by adding non-Markovianity [66,133] but, as the above analysis highlights, it is more
important that we look for processes that saturate the QSL bound because it will always be possible
to lower the QSL time by increasing( ). There has been a number of papers comparing optimal
control times to quantum speed limit times [37,134,135] but not a lot of experimental realisations
of such scenarios. One recent paper investigated the experimental performance of the ML and
MT bounds for the motion of an atom in an optimal trap [45]. They found regimes where either
bound could be tighter, suggesting that neither bound fully captures the physics of the problem.
The MT bound has been shown to be practically relevant, at least in theory, in calculating the
charging time for a quantum battery with a constant interaction strength [136,137]. As far as we
know, there has yet to be any demonstration of an open system QSL linked to an experimentally
relevant optimisation.

A family of bounds that is similar in idea to QSLs is Lieb-Robinson bounds [138]. Lieb-
Robinson bounds put a fundamental limit on the maximum velocity that correlations can spread
through many-body quantum systems. Despite this similarity, no clear relation has been shown
between the two bounds [100]. This highlights the fact that QSLs often neglect some practical
considerations in systems such as the need for local interactions. While it is possible to apply the
restriction of local interactions to QSLs [139] it is often more fruitful to apply techniques such as
optimal control or Lieb-Robinson bounds in these scenarios.

Although we have only considered qubit systems in this analysis, the QSLs considered apply
to systems of any dimension. One interesting property of geometric QSLs is that the optimal path
between any two states is always contained within the span of the initial and nal states [78]. In
particular, this means that the Hilbert space needed to describe the optimal evolution between any
two pure states is always two dimensional. We proved this for the MT bound in Eq. (2.34) but
this applies more generally for all bounds considered in this Chapter so the Bloch sphere picture
is not as restrictive as it may initially seem.

For action QSLs, the relationship between the action and classical Lagrangian mechanics
means that it is natural to incorporate certain kinds of constraints, speci cally those that can
be formulated as a Lagrange multiplier problem where we restrict to a submanifold of states that
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connect our initial and nal states. It is an open question as to whether it is possible to incorporate
constraints that restrict the kinds of system Hamiltonians or interactions that our system is subject
to such as the local interactions considered in Lieb-Robinson bounds.

2.7 Conclusions and Outlook

In this chapter we introduced the notion of a quantum speed limit and showed how Riemannian
geometry can be used to extend the concept to open quantum systems. If one has the freedom to
choose any path connecting two states, then any and all of the in nite families of geometric QSL
are saturable. While the existence of a unique and tightest lower bound for the evolution time
is guaranteed once a path and dynamics are completely specied, these constraints necessarily
leave no room for optimization if the dynamics does not already coincide with a geodesic path.
Therefore, care must be taken in interpreting open system geometric QSL times: they provide
a quantitative indication of how far a given path is from the geodesic rather than necessarily
indicating an achievable minimal time. We also highlighted that these geometric QSL times are
insensitive to how this path is traversed and are therefore agnostic to the instantaneous speed.
Nevertheless, this speed is an important and tunable degree of freedom. We have introduced a
novel family of QSLs, termed action quantum speed limits, that explicitly depend on both the path
and the instantaneous speed for a given metric. Our derivation relied on the same geometrical rep-
resentation of quantum states and followed from the application of the Cauchy-Schwartz inequality
to the path length. We established that the bound provided by the geometric QSL coincides with
a special instance of the action QSL, speci cally when the instantaneous speed of the latter is
fully optimized along the path. We explicitly demonstrated this using optimal control techniques
applied to a qubit undergoing a dynamics described in terms of a generalized amplitude damping
channel for three choices of metric, the trace-distance, quantum Fisher information, and Wigner-
Yanase skew information. While our formulation applies to arbitrary nite-dimensional systems, we
expect that solving the optimal control problem becomes computationally more demanding for in-
creasing system size. Our results provide a means to quantitatively assess the optimality of a given
dynamical process from a purely geometric perspective. In addition, we have highlighted that the
geometric formulation of quantum speed limits can be combined with optimal control techniques
to characterise a particular dynamics; such an approach could be employed to nd achievable
minimal times for a given process [20,55,98]. Our results may also be relevant to recent proposals
employing optimal control in dynamical quantum estimation schemes [127 129,140]. Furthermore,
our framework can naturally be extended to recently proposed resource speed limits [75,141].
The Morozova-Chentzov-Petz metrics have proved to be useful in slow-driving quantum ther-
modynamics [120,126,142], this opens the door for a connection between action QSLs and quan-
tum thermodynamics. It has been shown that when the Hamiltonian is changed in a sequence of
guenches followed by full thermalisation of the system the dissipated work can be calculated up
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to rst order as 7

. X didk
We dene = ¢gN, where ¢q is the equilibration time andN is the total number of quenches.

Unfortunately, the geodesic distance is not known for the Bogoliubov megfibut it can be lower
bounded by the geodesic distance in the WY metric (2.76). We can use this to get an action QSL

style bound,

Lo( 0; )2 ol T arccosTr P 5P — 2
. B e h\‘Ndissi

The same rst order approximation for the dissipated work can be derived [120] by considering
the master equation,

(2.111)

1= eq(t 1) (2.112)

where = e Ht=Tr e "t isthe Gibbs equilibrium state. One further research direction would
be to see if other master equations can also give rise to speed limit like approximations.
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Chapter 3

Correlated Quantum Metrology

Measurement is an essential part of every area of physics from detecting gravitational waves
to calibrating lab equipment. Metrology is the study of estimating unknown parameters of a
system through measurement. In Chapter 2 we saw that the quantum Fisher information is a
measure of the in nitesimal distance between quantum states. We used that fact to calculate
the average speed of a quantum state along its trajectory. The Fisher information is also a
central quantity in the eld of metrology, here the Fisher information is used as a measure of
statistical distinguishability. The Cramér-Rao bound puts an upper limit on accuracy with which
an unknown parameter can be estimated in terms of the statistical distinguishability. Performing
measurements on a quantum system adds several interesting subtleties to the metrology process.
When we perform a quantum measurement the result of the measurement in uences the state of
the system after the measurement. This means that the result of any subsequent measurement can
be correlated with the results of the previous measurements. Additionally, using quantum systems
allows for freedom in the measurement basis and more general measurements in the form of positive
operator-valued measures (POVMSs). In this chapter we once again make use of the generalised
amplitude damping channel (GADC) as an example system to demonstrate and characterise the
e ects of temperature on open system dynamics. The Chapter is split into two main parts, in
Secs 3.1 and 3.2 we introduce the necessary mathematical material to understand our sequential
measurement metrology scheme presented from Sec. 3.3 to Sec 3.5. In Secs 3.6.1 and 3.6.2 we
recapitulate the collisional thermometry scheme presented in Refs [143,144] before expanding their
analysis to include the presence of stochasticity at the level of the waiting time between collisions,
as well as connecting these results to the sequential measurement scheme presented earlier. The
main results, and the calculations that generated them, were predominantly done by me with the
assistance of collaborators.

3.1 Introduction

The goal when performing a measurement is to determine the value of an unknown parameter.
Often it is not possible to exactly determine the value of this parameter either due to statistical
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noise or more fundamental considerations such as Heisenberg's uncertainty principle as discussed
in the Chapter 2. The Cramér-Rao bound [102, 103] allows us to put a fundamental limit on
the variance of any unbiased estimator of the parameterin terms of the Fisher information
associated with those measurements,

1

Fin( ); 1)

whereF.y () is the Fisher information associated with the outcomed\bfmeasurements. When
the outcomes of thesdl measurements are independent and identically distributed (iid), the Fisher
information reduces td-1.n ( ) = NF1( ). This would be the case, for example,Nf probes were
allowed to fully thermalise with a large bath and then each was measured.

There are many ways to approach metrology, in this chapter we consider two distinct but
closely related approaches, with a particular focus on the estimation of the temperature of a
gquantum system. Firstly, a sequential measurement setup, this involves having a probe system
that can be coupled to an environment and performing measurements on the system at discrete
time intervals. The advantages of this approach over standard, probe-based thermometry include
that we only need a single probe that is reused in each measurement as opposed to a fresh probe
for each measurement. We are also performing measurements on a small system as opposed
to a full energy measurement on the environment. Crucially, the sequential measurement setup
generates correlations between the measurements and allows the exploitation of these correlations
in order to increase the Fisher information. One potential drawback is that it often does not take
advantage of the quantum nature of the problem and when it does, the Fisher information can
become impractical to calculate.

Another approach we consider is a collisional metrology approach where the measurement is
no longer performed on the system itself, but on an auxiliary system that has previously interacted
with the system itself. This approach allows for specic kinds of POVMs to be applied easily.

It also allows for entanglement to be built up between a number of auxiliary units before the
measurement is performed. The main drawback is that it requires a large degree of control over
a collisional bath which may not be realistic in practice. Collision models have been used in a
wide range of topics in quantum physics; for an in-depth review see Ref. [145]. This framework
has been extended to correlated input states and di erent kinds of interactions [144], as well
as possible estimation schemes for post-processing [146]. We extend this collisional approach to
allow for stochasticity in the waiting times between the collisions. We show that introducing this
stochasticity leads to a broadening range of parameters in which a meaningful advantage can be
gained.

We will apply both approaches to the problem of thermometry. Accurately determining the
temperature of a physical system is a ubiquitous task. For quantum systems, measuring the tem-
perature becomes a signi cantly more involved job, in part due to the inherent fragility of quantum
states, and more pointedly, because temperature itself is not a quantum observable. Recently, sig-
ni cant advances in thermometry schemes for quantum systems have been proposed [147 152]
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(see Ref. [153] for an extensive review). The thermometric precision of a probe in equilibrium with
the sample is limited by the thermal Cramér-Rao bound, which is inversely proportional to the
heat capacity,C, of the thermometer:( T=T)2 kg=NC. However, quantum systems have the
additional freedom to exploit resources such as entanglement [154, 155] and coherence [156 158]
to gain an advantage over their classical counterpart [54, 159 166]. By making use of these
resources, along with correlations between measurement results, it is possible to surpass the ther-
mal Cramér-Rao bound. Interestingly, we establish that the greatest advantage can be gained
using purely classical correlations and, therefore, the demonstrated advantage can be gained by
performing simple single-qubit measurements.

The remainder of the Chapter is organized as follows. In the rest of the introduction, we de ne
the Fisher information and its quantum generalisation and show how they bound the precision of
parameter estimation. In Secs. 3.2 and 3.3 we introduce the sequential measurement scheme and
investigate the e ects it has on the Fisher information in the presence of di erent kinds of correla-
tions. We prove in Sec 3.4 that under certain conditions the Fisher information of the sequential
measurement scheme can be related to a coarse-grained measurement on the environment. We
also discuss possible benchmarks of the scheme. In Sec 3.5 we use the sequential measurement
scheme to estimate the temperature of a thermal bath. Sec. 3.6 gives an outline of the various
topics and techniques employed in collisional quantum thermometry. These techniques are then
examined more closely to determine the exact role of correlations and the free parameters. In
Sec. 3.6.3 we introduce stochasticity at the level of the waiting time between collisions. We anal-
yse how this stochasticity a ects the precision of the measurements and the form of the optimal
measurements. We also discuss how our results extend to di erent forms of measurements. Some
of the following results are based on the work in Ref. [2]. Finally, our conclusions and some further
discussions are presented in Sec. 3.7.

3.1.1 Estimation theory

In Sec. 2.2 we considered a real-valued random variable ! R with a space of possible
outcomes,! 2 . Each of these outcomes occurs with probabilpg! ). We can generalise
this concept to a collection oN random variables<;.y = X7q;:::; XN which can in principle be
correlated. These random variables then have an associated probability distribptiony ). This
probability distribution is parameterized by a vector of real numbers ( 1;::: k). An estimator
T is then a function that maps a set of measurement outcorheg, = f! 1;:::;! y g to an estimate
for the parameter vector;”. An estimatorT is said to be unbiased HT (X1.,ny) ip =0. Where
the inner product is de ned in the same way as in Sec. 2.2 as

M Bip, = X A()B()p(!): (3.2)
12
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We can also de ne the notion of a covariance matrix for the estimatorT

i =h i) (G ip: (3.3)
In complete analogy with Eq@.(2.39) we can de ne the Fisher information matrix as
* +
@ @
Finli = —=1lo lin);—= 1o Iy : 3.4
[F1n i @, gp (! n) @, gp (' 1n) (3.4

p

It is then possible to prove the multi-parameter Cramér-Rao bound [103,167]
(Fun) b O (3.5)

meaning the di erence in the two matrices is positive semi-de nité,.; denotes the matrix
inverse of the Fisher information matrix.

3.1.2 Quantum estimation theory

A number of things change when we go from classical probability distributipnsto quantum
density matrices . We can have not just classical correlations between our systems, but also
guantum correlations, such as entanglement. This allows for the Fisher information of a quantum
system to scale with the number of subsystems squared, as opposed to linearly when no quantum
correlations are present. We also have additional choices with respect to our measurements. As
we discussed in the Chapter 1, the most general evolution of a quantum state that is initially
uncorrelated with its environment is described by a completely positive trace-preserving (CPTP)
map, n o x
E(s)=tre U(s gV = K;sK; (3.6)

|
wherefK g are the Kraus operators and satisgli KiyKi = |. For quantum systems, the most
general measurement that we can perform is a positive operator-valued measure (PC&/M),
de ned as a set of positive-de nite Hermitian matricé€, g that satisfy the condition |, E; = I,
where! 2 is the set of possible measurement outcomes. When the result of the measurement
is!, corresponding taM, , the resulting state of the system after the measurement is given by,

M sM/

_ (3.7)
T M, sM/

-
s =

whereM M, = E, . This means that the outcome of a POVM is not necessarily a pure quantum
state but is instead a mixture. From this de nition d¥1, we can see that it is not unique because
we can always multiply it by a unitary matrix on the left and satisy UYUM, = MM, = E;.
Despite this arbitrariness the probability of obtaining the measurement resuitom the POVM
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only depends ofk, ,
p(t)=Tr[ sE]: (3.8)

Finally, we must generalise the classical Fisher information to apply to quantum systems. As
we saw in Sec. 2.2, there are in nitely many ways that the classical Fisher information can be
generalised. The problem for quantum speed limits is that we are dealing with a ratio of two
guantities, the path length, and the geodesic length, that both depend on the generalisation of
the Fisher information. Luckily, for metrology, the quantum Cramér-Rao bound only has the Fisher
information in the denominator, therefore the generalisation of the Fisher information that leads
to the tightest bound is the smallest one. This happens to always be the one generated by the
symmetric logarithmic derivative inner product, which we will call the quantum Fisher information
from now on. We can now de ne the quantum Cramér-Rao bound as

2 (Fmn) b oo (3.9)
whereF 1.y is the quantum Fisher information matrix,
1
[Finlij = ETV( fLi;Lj0); (3.10)

andL; is the symmetric logarithmic derivative de ned implicitly as

@
@

The quantum Fisher information can also be de ned as the classical Fisher information maximised

- %(L L) (3.11)

over all possible POVMs. From this point onwards, for simplicity we will just consider the case
of single parameter estimation. More information on multiparameter concepts can be found in
Ref. [168].

3.2 The Fisher information of correlated processes

Accurately determining the parameter will require multiple measurements to be performed and
this can be achieved in a number of ways. As mentioned in the introduction, when the outcomes
of our measurements are iid, the Fisher information scale&ag = NF1. An example of an iid
scheme would be to prepare multiple probes in the same initial stge Each of these probes
then interact with the environment in an identical manner. This will be iid in the limit where the
weak coupling, Eg. (1.25), and Markovian approximations hold, such as when the environment is
very large and the environment correlation timescale is short compared to the system evolution
timescale in the interaction picture. We could relax the identically distributed condition by having
probes prepared in di erent initial states, or by performing a di erent interaction on each probe.
The Fisher information in this case still takes the compact forff;n = iN=1 Fi. When we remove

the independence requirement and allow correlation this equality no longer holds. Additionally, we
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cannot say anything about their relative sizes in full generality, i.e.

X
Fin 7 Fi: (3.12)
i=1
Obviously the Cramér-Rao bound,Eq. (3.1), still holds and it is not possible to achieve higher
estimation precision by considering the individual measurement distributions separately but it can
be a useful benchmark to compare the Fisher information of a correlated process to that of an
equivalent independent process to determine if the correlations provide additional precision.

An alternative approach that allows for correlations to be generated is to employ a sequential
measurement scheme, where the probe is reused after each measurement [169 173], i.e. after
each measurement is performed tkameprobe is allowed to interact with the environment again.
This means that the probe state at the start of each interaction cycle will depend on the result
of the previous measurements, therefore the results of the measurements are correlated with each
other. We once again assume that the system and environment can be approximated as being in
a product state, for example, via the weak coupling approximation, or in a collision model setup.
If this assumption fails to hold, the evolution of the system between measurements will no longer
be described by a CPTP map. We de ne the map (% that represents one iteration of the
sequential measurement process with a speci ¢ measurement outcome,

0 1

(%= FE @MA . (3.13)
' ™ M %M

where the superscript ofE' denotes that the map applied can depend on the result of the
measurement. This means that the state of the system aftfermeasurements with measurement

|

s =y () (3.14)

The probability of obtaining outcome \+1 on the next measurement is then

p( N+1j! aN)=Tr ™Eiy, (3.15)
withE,, = M !yi M1, . It follows that the Fisher information of this measurement can be calculated
as

. X 1 @ _ 2
F( n+1] N =1 1n)= S EIETY) @p(! NEEE LIEEND B (3.16)

'N+12 N+

The average Fisher information on th@N + 1) th measurement can be calculated by averaging
over all measurement outcomeésy for the rst N measurements,

X
F(O N+1] 1N)= p(' tn)F( N+2] N = ! an): (3.17)

Pin2 1N
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We can calculategp(! 1.n) by combining the fact that

. P(A;B)
AjB) = ; 3.18
p(AjB) = PEs (3.18)
with Eqg. (3.15) and to get,
P(! 1n) = PU NI v )PP N 1) (3.19)
Ny 1
= p(tiad! )
i=1
Ny 1 D
= T " Er

i=1
Subbing this property into the Fisher information results in the following the additivity rela-
tion [174]
F(AjB)= F(A;B) F(B): (3.20)

By applying this property iteratively in exact analogy to Eq. (3.19) we get

X
Fin  FC on)=F(C )+ F(Cij i 1) (3.21)
i=2
For a general POVM, Eq. (3.21) is clearly a complicated object but we will see that under certain
conditions this formula can signi cantly reduce in complexity.

3.2.1 Markov order

If we look at the individual terms in Eq. (3.21F ( kj 1:x 1), we could imagine a scenario where
the Fisher information does not depend on the result of all previous measurements, but say only
M ¢ previous measurements. We can de My by

Me=minf st.p( «j k 1k 1)=P( kj 1k 1)9; (3.22)

i.e. the number of previous measurements that need to be considered to fully determine the
probability distribution of the kth measurement [175]. Then the Markov order of the entire
process can be de ned as the largdgt: M = maxy M k. This value can then be thought

of as the memory depth of the system. We can then use this property to separate the terms in
Eqg. (3.21) giving,

Nx M
Fin = Fum + FM +kikM +k 15 (3.23)
k=1
where we have de ned
Fivjjiiej 1= FCirjl juisj ) (3.24)
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Then if the process is a stationary process, i.e. it satis es
P( km) = P( k+>m+) (3.25)
for any integerk; m;l withm>k, k> M andl 0 we can further simplify [175] Eq. (3.23) to
Fin = Fum +(N M)Fysgjim (3.26)
In the limit of a large number of measurements the Fisher information can be approximated as
Fin NFyszjom s (3.27)

or, more precisely, the Fisher information rate tends to

. Fin
Fy+ajam = lim N (3.28)

This will be, in principle, signi cantly easier to calculate than the entire Fisher information.

3.3 Sequential measurement metrology

If we perform a POVM on our system but ignore the measurement result we must average over
the state of our system for all measurement outcomes

X X , X
o= p) = pMLsMl -

! ! W ! M SM?’Z (329)

We see that the result of performing a POVM and ignoring the measurement result is a CPTP
map. We can apply a similar treatment to the sequential measurement process,

X
| pCti) () (3.30)

()

E' M MY

which results in another CPTP map. The quantum equivalent of a stationary process is a steady
state or xed point, , of a CPTP map that satis es,

()= (3.31)

The steady state of can in principle be di erent fromE. In this scenario the steady state of
would represent a stroboscopic steady state [143] that is reached periodically after both the

measurement map ané have been applied. If we assume that the map, is the same for each

iteration and the initial state of the process is the steady state gfthe Fisher information will

48



satisfy Eq. (3.26). In general, the process of applying the map,N times will have a Markov
order of N. However, in many cases the correlations between measurements decay exponentially
and therefore, a xed Markov order becomes a great approximation. Such an example would when
the map , is a mixing map [176], i.e. it satis es

" (9! N1 (3.32)

for all initial states, 2, with a unique steady state . In such cases it is also possible to show that
in the largeN limit, both the measurement results, and the correlations between them satisfy the
central limit theorem and become approximately Gaussian [172]. This provides another method
of estimating the unknown parameter when the exact probability distribution is too di cult to
calculate. From here on, we will restrict our analysis to mixing maps which converge to a unique
steady state in larg®\ limit. Mixing maps have the property that they have a single non-degenerate
eigenvalue, of unit value, corresponding to the steady state [176]. It could be fruitful to examine
other families of CPTP maps with multiple xed points, particularly if the behaviour of these xed
points exhibit a strong dependence on the unknown parameter.

A particularly elegant and useful instance of xed Markov order occurs when the POVM is a
projective measurement onto some bafikig. In this case, the Markov order il =1 since the
projection erases all information about the previous state, giving us

Fin = Fa+ (N 1)Fyq; (3.33)

with v

Fo1=  &Foi=k: (3.34)
k

In exact analogy with Eqg. (3.16) we have

X 1 @

2
Faj1=k = . PIR) @P(k‘ik) ; (3.35)

and
P(k9k) = Kk° EX (jkhkj) KO : (3.36)

Since we know that our initial state is a steady state of the maphis implies thatgy in Eq. (3.34)
satis es the steady state equation,

X
&=  GoP(kjk9: (3.37)
KO

Projective measurements have the additional bene t of leaving the system and environment in
a product state after the measurement is performed. This allows us to describe the evolution
between measurements via a CPTP map even when strong quantum correleations are generated
between the system and environment. Allowing the nmapo depend on the result of the previous
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measurement lets us incorporate feedback control [177,178] into our setup which can allow us
to achieve larger amounts of precision. In our sequential measurement setup, the simplest and
most realistic way to incorporate measurement feedback would be to have a di erent waiting time
between measurements based on the result of the previous measurement.

3.4 Comparison to other strategies

As we proved in Eqg. (3.12), correlations between measurement results does not necessatrily provide
a boost to the achievable precision as quanti ed through the Fisher information. In the context
of our sequential measurement setup, this implies

F1 7 Fu (3.38)

A trivial example of a scenario where the addition of correlations has a negative e ect is to
perform two projective measurements in the energy basis on the same closed quantum system. The
probability distribution of both of the measurements would be identical and therefbrez F»,

but the result of the second measurement is always exactly the same as the rst and therefore
contains no additional information about the unknown parameter, iF.,> = Fi.

3.4.1 Comparison to F;

The most natural way to identify if the correlations are having a positive or negative e ect on
the Fisher information would be to comparé,; to F;. Unfortunately, this comparison is not
always fair because information abo#t is not always easily obtainable. One important reason
for this is that the steady state of will, in general, not be equal to the steady state of the
map E by itself and can have a complicated dependence on the unknown parametdfven
estimating gx from a series of measurements,.y is not straightforward. This is because even
though the Fisher informatiorf,; depends only on the result of the previous measurement, the
probability p(! n+1]j! 1:n) depends on all previous measurements. Constructing an estimator for
ok from this data could be di cult, this is made even more challenging whgndepends on the
unknown parameter as we will discuss later on in Sec. 3.6.2. This problem and possible solutions
have been discussed recently in [179]. Even when we can create a reliable estimajgr Faris

still not a reasonable comparison 1,1, because there is no useful way to reliably generaie
worth of Fisher information. The only way to reliably generate the steady state afiould be to
perform the map many times and forget all the measurement results but this is obviously not a
useful strategy.

There are certain edge cases whdfe is a useful benchmark, speci cally when the steady
state of is easy to prepare without explicit knowledge of To make this clear we can consider a
speci ¢ example, the case of a partial swap interaction between two syst&randB. The unitary
that generates the partial swap between subsystekrsndB isgivenbyUs = i 1 a2lag +aS
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whereS is the full swap operator betweed, andHg, S( a B)S=( B A). The action
of this unitary on subsystem is given by,

E( A)=TrelUs( A 8)UE] (3.39)

=(1 a)a+a’sp ’f'l'fB[ip 1 a(S(a 8) (a BN

For sequential projective measurements we know that the initial state will always be a pure state
in the basisf kg, therefore, the nal term in the above equation becomes

X p
Trelx]=  paTreli 1 a2(S(k® k° j nhnj) (k° k° j nhnj)S] (3.40)
X

p___
= pii 1 a(k°n k®n  nk® n Kk%:
n

The only contribution of this term toP (kjk9 is,

X p
WjTre[liki = pai 1 a@2( n k% Kkjni kK% k°n Kk k® mijki) (3.41)

X p__
= pai 1 a2 nk®rkjni  k°n Mijki) yko=0:

n
The nal term has no contribution, meaning that,
P(kjk% = HE(K® kO)jki = (1 @2 yxo+ a®hkj gjki: (3.42)
Knowledge ofP (kjk9 is su cient to evaluate the steady state equation Eq. (3.37),
akoP (kjk9 (3.43)
X

Go (I @) gxo+ a®hkj gjki
kO

(1l ad)+ a?hkj gjki:

Ok

Rearranging and solving this gives us the steady state,
&k = hkj gjki: (3.44)
We can even calculate the Fisher information assuming taas independent of

X ook (K@ sjki)? 2

Fo:
2j1 o Oko ) (1 a2 gxo+ a2hkj gjki

Fi Fa (3.45)
This tells us that, for the partial swap, the addition of correlations is not advantageous when the
interaction strength,a, is independent of . When the interaction strength depends onthis will

generate additional terms in the Fisher information that can be positive or negative.
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This is a very speci c example where the steady state has a nice, closed form, and can be
prepared reliably without knowledge of in general this is not possible. When the mé&phas a
unique steady state, it could be reasonable to compigg to the quantum Fisher information of
that steady state as was done in, e.g. Refs. [2,143,144].

3.4.2 Comparison to Fijg

Perhaps a fairer, more meaningful comparison Fgj; would be to prepareN dierent probes

in the same state and perform one iteration of the m&pon each probe [173], followed by a
measurement. If we choose the initial state to be an element of the measurement Pasishe
Fisher information of each probésig, will be exactly equal td=p1-. Then, it is clear from the

form of Eq. (3.34) that we can always choose the initial stajiei,, for which this Fisher information

is largest which means thajg  Fy1. An obvious drawback of this setup is that it requires the
preparation ofN probes in a speci c initial state, and the best initial state might depend on the
unknown parameter of interest making choosing the optimal initial state problematic. Another
strategy would be to reset a single probe to the initial state after every measurement, but this could
take a long time, especially when the initial state is a pure state. Furthermore, this comparison
sheds no light on whether the correlations between the measurements have a positive or negative
e ect on the achievable precision. In contrast, the sequential measurement setup needs only
one probe and with the relevance of the initial state being signi cantly diminished since all the
information about it is erased after the rst measurement.

3.4.3 Comparison to coarse-grained measurements

Another interesting comparison is to a coarse-grained measurement on the environment with the
same number of outcomes as the dimension of our probe system. In Ref. [180] the authors proved
that when the environment is in a thermal state, the maximal information about the temperature
of the environment that can be obtained fromdadimensional probe is always less than or equal to
the information gained from the optimal coarse-grained measurement wittutcomes. We can
prove a more general result by considering the setup from Eq (3.6) of a general system-environment
evolution withU and s independent of and s = ; sjjsihsjj. When this is not the case, it is
possible to violate the following bound. The addition of an auxiliary system such as was considered
in Ref. [180], has no e ect on the following proof as long as the auxiliary system also has no
dependence. Our rst step is to derive the m&X g) = E( s),
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E( s)= -)EVE[U( s E))Lgy] (3.46)
= (s hbjUC sijsihsij  e)WI(Is | bi)

si(ls hbpU(sii Te)(ls  eXhsj 1e)U(Is j bi)
H]

sills hbjpu(sji  1e)] el(rgj 1e)U¥(Is | bi)]
H]
X

Lij el
iij

EX e);

wherefj biig is an arbitrary basis oHg andLjj = p§(|8 h bj)U(jsji  Ig). Itis clear the
Lij is independent of as long asU is independent of . The quantum Fisher information
of E( s) is given by the Fisher information of the probabilitigs(E( s);Ei) = Tr[ E( s)Ei]
maximised over all possible POVME£;g. WherefE;g is a set of Hermitian, positive semi-
de nite matrices that sum to the identity. Let us now look at the quantum Fisher information of
E(s)= EY g)= P ij Lij eLyj . We will label the optimal POVM a$Fig,

p(E( s);Fi)= pi(EX g);Fi) , (3.47)

3

X y
T EY e)Fi =Tr4  Ljx el Fi®

K
X h " % h i
= Tl elpFio = T el Filj
Koo 1%
X y
=Tr4 @ LY FiLjx AS:

JH3

We can now de ne a new set of matricés; = P ik Lj%k FiLjx , it is important to note thatf G;g
has the same number of elements &5;g. Now we need to prove thatGig is a valid POVM

on Hg . SinceF; is Hermitian, G; clearly is too. A matrix is positive semi-de nite if and only
if it can be decomposed into a produét; = Mini. SincefFijg is a POVM we know that it
can be decomposed. Therefore we can w@e= "~ j, LY M!MiLjx = Ky Kij with
Kijk = MiLjk . This meansG; is the sum of positive semi-de nite matrices and is therefore also
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positive semi-de nite. The last thing to show is thdtG;g sums to the identity,

X
Gi
i ik

LYy FiLjx (3.48)
|
y X . X y
)j&k i jik
s(hsij  1e)U¥(Is | Bi)(Is hbj)U(sci  1g)

j;k
X
sc(hskj 1e)UV(ls johjU(jski  1E)
k j
sc(hekj  1e)UYU(sd  1g)

X

= Sk| E=Ig
k
This implies that the quantum Fisher information &( s), F (E( s)) is upper bounded by the
optimal coarse-grained measurement op with the same number of outcomes as the dimension
on s which we will denote by ( g;G;). Finally, we know thatFj;- = F(E"O(jk(hk‘]);jkhkj)
which implies
X X

Foj1=  koFpji=k
kO
X

goF EX° KO KO (3.50)
KO

&F( g;Gi)=F( e;G): (8.51)
kO

This gives us a nal chain of inequalities whéh and s in Eq. (3.6) are independent of
For Fia F(E:Gy) (3.52)

wherefG; g is the optimal coarse-grained measurement with the same dimensionsasThis

result is also interesting when the environment has a smaller dimension than the system, such as
might be the case in a collision model setup. In this scenario, the Fisher information we can obtain
from measuring the system is bounded by the quantum Fisher information of the environment,
therefore larger probes are not necessarily more informative.

3.5 Sequential measurement thermometry

While Eq. (3.52) bounds how large the Fisher information of a sequential measurement process
can be when the interaction between probe and environmenhé@ependentof the parameter of
interest, , there are many relevant scenarios whéJeexplicitly depends on. Such examples
include when is a property of the system Hamiltonian, such as the Rabi oscillation frequency [171]
or, as we will focus on in this Chapater, thermometry where the thermalisation rate of the system
depends on the temperature of the environment [143,173]. In these cases, it is possible for
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the sequential measurement process to achieve a higher sensitivity over the alternative methods
discussed in the previous section.

We choose to focus on the problem of measuring the temperature of a bath that is coupled to
our probe system. The natural benchmark for any thermometry protocol is the quantum Fisher
information of a probe in thermal equilibrium. We are assuming that we do not have access to
measuring the bath itself so we will compare the sequential measurement scheme to a number of
thermal probes of the same dimension as the system. Once the probes have fully thermalised they
are in a state commonly referred to as the Gibbs state,

e Hs

th = m; (3.53)

where = k% is the inverse temperature. The optimal measurement basis for such a system is
simply the energy basis which allows us to de ne the thermal Fisher information,
C _ M3 h Hsi?,

C

Fih = ——s; —s_ S
h= kT2 kT2

(3.54)
whereC is the heat capacity of the probeils is the probe Hamiltonian. From here on out we
will use units ofkg = 1. We consider the optimaN -level probes for estimating temperature in
the Gibbs state, derived by Correst. al. [4], that consist of a non-degenerate ground state and
a single,(N 1) degenerate excited state described by the Hamiltonian,

Y 1
Hs = epjecheoj +  erjehej; (3.55)
i=1
with energy spacinggg € = . To nd C, we need to calculatdrHéi and lHsi with the
expectation value taken with respect to
e Hs
th = m | (3.56)
1 %1 '

= e ©®°jephegj + e ®ljehej
e co+(N 1 e: -

1 b %1 o hei

= Jéoheg) + jeinej:

1+(N 1e i=1 +(N 1)
Then using this to calculate the two expectation values gives,
MHsi? = (Tr[ Hs n])’ (3.57)
1 e 2
= ge ®°+(N 1lee °©:
(e eO + ( N 1)e e 1)2 ( ) l

:(1+(N11)e p o e )
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and

h i
MHZi =Tr H3 (3.58)

1
= e eew(N Do e 9 CH(N Deje
1 2
= +
ir(N ne (N Lete

Finally, subbing this into the thermal Fisher information we have

Fin

4(MHZi h Hsi?) (3.59)
, 1+(N e e&+(N 1lete e+ (N 1ee
(L+(N e )?

s (N 1) 2 .
L+(N e )

One further step we can take is to make the substitution= 1=(¢~ ke T 1), n is commonly
known as the mean occupation number. In termsrothe thermal Fisher information is,

4(N_ 1) ®n(1+n)

(1+ Nn)?

(N 1) @ 2
n(L+n)(1+ Nn)2 @T

Fon = (3.60)

This substitution is useful because when we are comparing our sequential measurement scheme to
the thermal Fisher information, the derivative will cancel and we can get results that only depend
on the ratio =T.
Following Ref. [4], we model the environment as a bosonic heat bath. Our total Hamiltonian
is therefore X
Hit = Hs + ' Pb +X ! g(b +Db); (3.61)

P
whereX = 5 jeohe]j+ jehesj is a generalisation ofy to high dimensional probes. We choose
the coupling constant to bey = P T, implying a at spectral density [151],

X g?
o

)y / ¢ 1 )= (3.62)

Under the assumptions used in Chapter 1 a Lindblad master equation, Eq. (1.35), can be derived
that leads to the following evolution,

= (1+n)D()+ nDY(): (3.63)
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The dissipator,

K 1 1
D®#=  LiL] SfLiLi g (3.64)
i=1
with L; = jephej describes the transitions from excited to ground states. The steady state of

this master equation is the Gibbs thermal state. Although the choice of a at spectral density

may seem restrictive, Corre&t al. [151] show that changing the spectral density is equivalent to

a re-scaling of the time parameter for the purpose of estimating the temperature. This implies
that the following analysis will hold for any spectral density as long as the environment correlation
timescale is su ciently short (we refer the interested reader to Ref. [10] Section 3.4 for a more

detailed discussion of when the master equation formalism holds for di erent spectral densities).
For a two-level system this setup is a form of the spin-boson model [10,181] and is also often
referred to as the generalised amplitude damping channel introduced in Chapter 2.

In the sequential measurement scheme, the state of the system before the measurement will
generally depend on the unknown temperature, but we can still say something about the steady
state, ( )= from Eqg. (3.31) under certain conditions. We will choose to measure in the
energy basis of the system Hamiltonian and apply the same map regardless of the result of the
previous measurement. The energy basis is the optimal measurement basis for both the thermal
probes and the sequential measurement scheme, although we remark that the maximum Fisher
information is not signi cantly smaller for other measurement bases. By applying this map to the
Gibbs state,

X
()= E My, M/ (3.65)
|

g 1
= E(jeohegj 1t jepheo]) + E(jehej njehej)
i=1

= E( th)

= thy

we can see that the Gibbs state is a steady state of the sequential measurement protocol. This
means that the steady state probabilities are given by the Boltzmann distribution, which for the
ground state gives,

e ©o
Po = e cot (N 1e e (3.66)
1
1+(N 1De
1
1+(N 1)1En
1+n
1+Nn’
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Figure 3.1: Log plot of the Fisher information as a function of temperature of optifdatimen-

sional probes [4] in their Gibbs state (dashed lines) and in the sequential measurement setup (solid
lines). The black dashed, dotted line represents the Fisher information of a harmonic oscillator in
the Gibbs state. We x =1 .

Given that the probabilities sum t@ and all excited state probabilities are equal we get 3=
for alli 6 0. This result applies to the behaviour of the system averaged over all measurement
results, for each individual measurement result the system is not in the Gibbs state when measured
because the state has not fully thermalised. This state can contain additional information about
the temperature in the form of the thermalisation rate [143], we can see that the master equation
depends on the temperature due to the presenca off the thermalisation rate was temperature
independent then the bound from Eq. (3.52) would apply and no advantage could be gained
from correlations. Another area that we can nd advantage over the thermal Fisher information
is in the freedom to apply di erent quantum maps to our system depending on the result of
the previous measurement. In practice this could be quite di cult but one adjustment that we
can de nitely make is to change the waiting time between measurements based on the result of
the previous measurement. This will change the méh, resulting in a di erent P (kjk% and
consequentlyF,j;- . Giving this additional freedom to the map means that our assumptions for
deriving Eq. (3.65) no longer hold and therefore, the steady state of this map is not necessarily
the Gibbs state. Still, in most cases repeated applications of the map will lead to the steady
state.

Correaet. al. [4] showed that these highly degenerate probes achieve the highest Fisher
information possible when optimised over the energy splitting, This means that there is a
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speci ¢ value ofn where the probes give the largest Fisher information. In general, since the
temperature is the unknown parameter that we are trying to estimate it is not always going to be
possible to select the frequency, such thatn is optimal. The optimal value of also depends on

the dimension of the probe, getting smaller as the number of degenerate excited states increases.
We can see these properties more explicitly when looking at Fig 3.1. The coloured, dashed lines
represent the Fisher information of the thermalised probE#ﬁ, this peaks aroundl’ = 0:2 and

falls o very quickly with increasing temperature. Even though the Gibbs states of these probes
give the largest Fisher information when maximised over all values,dhey are not necessarily
optimal for a di erent value ofn. If we look closely we can see that arouiid= 1, the Fisher
information of the thermal probes all cross and &t= 2, the N = 3 probe now has the largest
Fisher information andN = 6 the smallest. This is clear evidence that, these highly degenerate
probes are not optimal for all values of. The solid lines correspond to the Fisher information

of the sequential measurement scheme where the measurement times have been optimized to
provide the largest possible Fisher information. In contrast to the thermal Fisher informakign,
continues to increase as the dimension of the probes increases for all valned~of small values

of nthe FY is very similar toF,j; but the scaling ofF;; is signi cantly better in the largeT limit.
Although the sequential measurement scheme provides no advantage at the optimal valyéhef

fact remains that this optimal value is itself temperature dependent. Thus, ensuring a higher Fisher
information in across a broader parameter range is still important when no prior information about
the temperature is available since it provides a more accurate means to identify the most relevant
parameter region, where more re ned estimation technigques can then be applied. Additionally, the
sequential measurement scheme can allow for a shorter time between measurements because the
system does not need to fully thermalise after each measurement. Finally, the black dashed line
represents the Fisher information of a thermalised Harmonic oscillator which is fully determined
by the covariance matrix [151]

T = coth o [5: (3.67)

The quantum Fisher information can then be calculated from the following expression [168],

Fro=Tr G g T - (368)
G can be expressed as
42 1 @
G = 22+l Y @J v (3.69)
wherec = P det 1 and
Subbing Eq. (3.67) into this we get,
2
2csch o
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(@) (b)

Figure 3.2:(a) The blue (orange) line shows the value of the Fisher information when the result
of the previous measurement was the ground (excited) state. The green line is the average Fisher
information, F;; that is obtained in each measurement of the sequential measurement process. We
(arbitrarily) x N =4. (b) The Fisher information of the Harmonic oscillator for various outcomes

of the energy measurement. The black dashed line shows the Fisher information averaged over all
measurement outcomes. In each of the above plots we have setl .

The optimal measurement is a projective measurement in the energy basis [180]. We see that it
has the smallest peak but also has the best scaling in the Idrdenit.

In Fig. 3.2(a), we (arbitrarily) x N = 4 and demonstrate that the sequential measurement
scheme can achieve a signi cant advantage o¥gf for n = 1. These results are qualitatively
similar for all su ciently large values ofi and in fact the advantage gets larger asgets larger at
the cost of the absolute value of the Fisher information getting smaller. Examining the positions
of the peaks in Fig. 3.2(a), it is evident that the optimal measurement time depends on the result
of the previous measurement. This also highlights the fact that the optimal waiting time for
Fiia will depend not only on the unknown parameter but also on the initial state chosen. The
di erence in optimal measurement times opens up the possibility to achieve a higher precision by
varying the waiting time based on the previous measurement outcome. It is important to remark
that changing the measurement times also a ects the steady state probabilities and, therefore,
we must optimiseF,;; over all possible waiting times between measurements. Since the excited
states are all degenerate in our system we need only consider two di erent waiting times, one for
when the previous measurement wegsand one fore;.

We can consider a similar scenario for the harmonic oscillator. We use the same master
equation, Eq. (3.63), as the degenerate probes with system Hamiltonian

Hg= &a+ (3.72)

NI =

and jump operatorsL. = f&;&Yg. Since the total evolution is quadratic in both position and
momentum, Gaussianity will be preserved during the evolution [151,182]. As long as the rst order
moments of the initial state are zero, the covariance matrix alone is still su cient to determine
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Figure 3.3:(a) The blue (orange) line shows the optimal measurement time if the result of the
previous measurement wag (e1). The green line is the optimal measurement time if it is not
possible to choose a di erent measurement time based on the result of the previous measurement.
We (arbitrarily) x N =4. (b) The percentage increase in the quantum Fisher information if we
allow di erent measurement times based on the result of the previous measurement.

the Fisher information. Performing a projective measurement in the energy basis ensures that we
maximise the Fisher information and start in a pure state with zero rst order moments of position
and momentum. The evolution of the covariance matrix over time is [151]

k)=e &M 0+ 1 e WM (3.73)

=eh°k+%+1eho n+

with o = t (1+ n). This allows us to calculate the Fisher information from a speci ¢ measure-
ment outcome,

e 1 em+ t(k n) @ °?
2Jl=k_§(k n2)+e2hon(1+ ny+ e m(k n)(d+2n) @T

(3.74)

If the measurement time is the same for each measurement outcome then the steady state of the
map is the thermal state giving
o = NX@+ n) +N: (3.75)

The full Fisher information can then, in principle, be calculated as

Fop = * kFoj1=k: (3.76)
k=0
The black, dashed line in Fig. 3.2(b) shows this Fisher information as a function @t n. It seems
to be impossible to beat the thermal Fisher information on average with a xed measurement time.
However, we can clearly see that when the previous measurement is the ground state/.@,
the Fisher information can be larger than the thermal Fisher information. This means that one

61



simple strategy to surpass the thermal Fisher information would be to measure at the optimal time
when the previous measurement was the ground state and allow all other measurement outcomes
to fully thermalise. This will a ect the steady state and therefore this strategy is not necessarily
optimal, but it is guaranteed to outperform the thermal Fisher information. For larger values of

n, states other than the ground state can also surpass the thermal Fisher information.

In Fig. 3.3(a) we shift back to the degenerate probes and calculate the optimal waiting times
between measurements, depending on the previous measurement outcome. We see that the
optimal waiting time is shorter if the previous measurement was the ground state, this makes
sense given the location of the peaks in Fig 3.2(a). The green Together line represents the
Fisher information that is obtainable when the measurement time is the same for both previous
measurement outcomes. The optimal measurements tend to scale/a% asn gets large. If we
now allowed di erent waiting times for di erent measurement outcomes, one might expect that
the waiting times that maximise the Fisher information are going to be equal to the location of the
peaks of the ground and excited curves respectively. While this is a good guess and will perform
well in most cases, these are not necessarily the optimal waiting times. This is because changing
the relative waiting times has the e ect of changing the steady state distribution. So, for example,
in Fig. 3.3(a) we see that the maximum possible Fisher information achievable is larger when the
previous measurement was ground , therefore increasing the probability of measuring the ground
state has a positive e ect on the Fisher information. This full optimisation is signi cantly more
di cult and has to be done numerically. In Fig. 3.3(b) we show the increase in Fisher information
that is possible if we allow this additional control over the waiting times. We see a signi cant
increase ofl0 30% for di erent values ofN. This scheme has the advantage that the increase
in Fisher information will only get larger as the number of measurement outcomes increases
although for projective measuremenksyj; is still always bounded by the Fisher information of a
probe initialised in the best measurement state.

We have demonstrated that the sequential measurement approach is not only more realisti-
cally implementable than many probe-based schemes but can also provide better measurement
accuracy by exploiting correlations between measurement outcomes. These results bear a striking
resemblance to the work on collisional quantum metrology [143,144]. There it is shown that the
Fisher information of certain collisional schemes can be expressed in the form [144]

F=Fn+(N 1) : (3.77)

This is exactly the same form as Eq. (3.33), we will explore this curious connection more concretely
in the remainder of this chapter. We will show that collisional metrology can be thought of as
method of implementing sequential measurement thermometry with specic POVMs. We nd
that collisional metrology gives us some additional freedoms that could be exploited to increase
the Fisher information. Finally, we explore concepts such as multi-parameter dependence and
stochastic waiting times and the e ect that they have on the Fisher information.
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Figure 3.4:(a) Collision model diagram(b) Schematic of the collisional thermometry scheme.

3.6 Collisional metrology

3.6.1 Introduction to collision models

Collision models are a method of simulating quantum systems that involves repeated, pairwise,
unitary interactions between the system and a collection of auxiliary units. Collision models have
applicability in a wide range of elds such quantum optics [183,184], non-Markovian dynamics [185,
186] and quantum thermodynamics [187]. The most common usage of collision models is in
the simulation of (possibly complicated) system-bath dynamics by decomposing it into a set of
repeated collisions with individual parts of the bath. This is both a useful tool for simplifying
the simulation of system-environment dynamics but also a realistic model of what is actually
occurring, since environments are made up of many individual particles. There are still limitations
on the kinds of environments that collision models can model relaistically simulate because we
usually assume that the environment correlations decay before the next collision happens, i.e. the
Markov approximation considered in Chapter 1 applies or we assume that the correlations take
a very speci c form given by interactions between subsequent auxiliary units [186]. Although
the most common usage of collision models is in simulating system-environment dynamics, the
collision model framework is much more general in scope. In fact, some of the original works
involving collision model setups involved classifying weak measurements [188] and describing the
micromaser [189]. The micromaser features atoms interacting one at a time with a lossy cavity
mode and so is modeled quite literally by a collision model [190]. In this Chapter we will consider
a more general repeated interaction scheme that is not necessarily modeling an environment as
was considered in the case of collisional quantum thermometry in Ref. [143], where measurements
are performed on the auxiliary units after they have interacted with system itself in order to
learn something about that system, in this case, the temperature. Depending on the degree of
control over the auxiliary units and the system-auxiliary interaction this could look like a weak
measurement process [188] or a highly controllable interaction between the system and a humber
of identically prepared auxiliary systems.

A diagram illustrating the usual setup for a collision model is seen in Fig. 3.4(a), the system
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repeatedly interacts with a stream of auxiliary units via a unitary interaction. The auxiliary units
may also interact with each other between collisions, this allows non-Markovianity to enter the
system dynamics [145] but for now we will consider only interactions between the system and the
auxiliary units. After the auxiliary unit has interacted with the system itself we can completely
forget about it because it no longer has any e ect on the system dynamics. We start with an
uncorrelated system-bath state,

0= & L, A (3.78)
The unitary evolution of the entire system-bath
U| - e i(HS+HAi+Vi) (3-79)

is described by the system HamiltoniaH,s, the auxiliary HamiltonianH 4, and the interaction
Hamiltonian, V. It is usually assumed that the collision happens quickly and with su cient
strength that we can ignore the system and auxiliary Hamiltonian during the collision. We de ne
the super-operatot);( ) = U; U/, the system-bath state afteN collisions can then be described
by,

N=Un( (U2(Ui( S A A A): (3.80)

We write it this way to highlight the fact that the evolution is a composition of maps dddacts
only on the system and thé-th auxiliary. Consequently, the state of the system after th¢h
collision is described by,

s=E(sh (3.81)

whereE' is a CPTP map de ned as
E()=TrafUi(  a)g (3.82)

This tells us that the dynamics of the system aftercollisions depends only on the state of the
system afteri 1 collisions and the maj. Therefore, the evolution of the system is Markovian

at the level of collisions. This fact is what makes collision models so powerful, because we only
need to keep track of the system and a handful of auxiliary units at any one time instead of the
entire system-bath state which will, in general, be some big, entangled mess after many collisions.
Even when we break the Markovianity by adding correlations or collisions between the auxiliary
units the number of auxiliary units we need to keep track of is usually very small [191]. We can
calculate the reduced state of each auxiliary in an equivalent manner,

no 0
2,=Trs Ul( s a): (3.83)
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A state is said to be a steady state of the mdpif it is a xed point of the map i.e.
E( )= (3.84)

Maps can in principle have more than one xed point. Often a map will have the stronger
property that in the limit of a large number of collisions, every initial state will end up in a unique
steady state, this is known as a mixing channel [176]. For example, this could occur if we had a
thermalising interaction between the system and the bath then every initial state would end up
in the Gibbs state in the long time/large number of collisions limit. In the correct limits of small
collision times, it is possible to derive Lindblad master equations from collisional maps [145].

We can immediately see a similarity between the notation used to describe the system evolution
coupled to the environment in Eq. (3.6) and the system evolution of the collisional setup in
Eqg. (3.82). This begs the question, is it possible to recreate the sequential measurement scheme
using collision models? In the Introduction chapter, 1, we showed in Eq. (1.14) that performing
a projective measurement on the environment is equivalent to performing a specic POVM on
the system itself. We also know that according to Neumark's theorem [12], any POVM on the
system can be realised as a projective measurement on a separate Hilbert space. Therefore, a
collisional interaction followed by a projective measurement on the outgoing auxiliary unit can
implement any POVM we want on the system itself. This may be a useful practical technique for
employing complicated POVMs in a sequential measurement process. Using this we can recreate
the measurement part of the map, ,. For the second part of , we can take a number of
approaches, we could imagine that the system is weakly coupled to a bath, resulting in a master
equation like we considered above. Another approach would be to model the system-environment
interaction using another collision model. In the remainder of this section, we will consider the
rst approach and analyse how various kinds of collisional interactions relate to the sequential
measurement scheme.

3.6.2 Collisional Thermometry

Now we will apply this collisional metrology approach to the thermometry problem from Sec 3.5.
This kind of approach was rst proposed in Refs. [143, 144]. The basic ingredients, shown in
in Fig. 3.4(b), consist of a (large) bosonic environmer, with a at spectral density at xed
temperatureT, that we wish to estimate. The environment is coupled to an intermediary system,
S, that undergoes the thermalising interaction described by Eq. (3.63). This intermediary system
is in turn coupled to a stream of independent and identically prepared auxiliary uAitswhich

form the collisional bath. In what follows, we will assume b@&@hand allA;'s are qubits and that

the S-A; interaction is unitary. Information about the temperature is then gained by performing
measurements on th4;'s, either individually or in batches. This is in contrast to standard probe-
based thermometry, where the intermediary system is the one that is measured. We assume
that the S-A; interaction time, sa, is negligible compared to the system-environment coupling
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time, sg allowing us to neglect the system-environment coupling during the collisions. Ater
collisions the system and auxiliaries are given by the combined state

sAuAy = Usay E Usay ; 0 E Usa( s Ay An) (3.85)

whereUsa,; ( )= Usa, U%’Ai and E corresponds to the map induced by Eq. (3.63) describing the
S-E interaction acting on the intermediary system in between the collisions.

We will consider the specic case of a qubit system with non-degenerate energy levels, the
energy spacing is still given by. We choose the intermediary system and auxiliaries to be
resonant, i.,e.Hs=Hpa=~ ,=2. The system,S, therefore experiences the stroboscopic map,

L=E trafUsa, (5Y a)g = ( §Y: (3.86)

For equally spaced collision times and a xed initial state of the auxiliary units, this map has
a unique steady stateg = ( g), which is not necessarily the Gibbs state, with the notable
exception of a pure dephasing interaction betwegrand A; as outlined in the following section.

Dephasing Interactions

A number of dierent interactions have been employed for the collision models in this setup
including a partial swap type interaction [143] andZZ dephasing interaction [144]. We begin
by focusing on theZZ interaction between the collisional bath and the system,

~g .
HEZ = - § A (3.87)

which leads to a dephasing in the energy eigenbasis and is also referred to as an indirect mea-
surement interaction. We tune the e ective system-environment couplingsg, and the e ective

S-A; coupling,g sa. Since Eqg. (3.87) only a ects the o -diagonal elements (i.e. coherences), and
assuming thatS begins in thermal equilibrium witlE before any interactions with the auxiliaries
occur, the reduced state o will remain in the Gibbs state. We can also see this by calculating
the Kraus operators that are applied tos when a projective measurement is performed on the
auxiliary unit. The unitary generated b &% is,

0 1
e 19 sa=2 0 0 0
0 g9 sa=2 0 0
USAi - 0 0 Qg sa =2 0 g (3.88)
0 0 0 e 19 sa=2

The Fisher information of this measurement is maxim;)sed when the initial state of the auxiliary
unit is perpendicular to th& -axis, e.g.j+«i =(j0i + j1li)= 2, and the measurement is performed
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in the basis, 1
j gi = %(jOi €9 sAa=2j1j): (3.89)

This leads to a maximum possible Fisher information without correlations of

1
F = COSZ(ZJ sA) F th ; (3.90)

which is strictly smaller than the thermal Fisher information as we would expect. If the basis had
to be independent ofj sa then the best measurement basis would peyi =(j0i ijli)= 2.
We can calculate the Kraus operators applied to the system in this basis

K = lIs h yin Usa Is | +XiAi (3.91)

A jOnOj +sin g S iy
This kind of POVM has been looked at in the context of a sequential measurement scheme [172,
173]. It can be shown that the Fisher information of such a sequential measurement protocol
can surpass the Fisher information of identically prepared prolfgg, when the measurement
performed on these probes is identical to the sequential measurement POVM [173]. It is still
not possible to beat the quantum Fisher information of the independently prepared probes, only
the Fisher information given by the same POVM used in sequential measurement scheme. This
POVM can also be prepared by using CNOT gates [192,193]. We can see that for the speci c case
of g sa = 5 the Kraus operators just become the projectors onto the energy basis. Therefore,
this kind of collisional setup should provide exactly the same Fisher information as the sequential
measurement protocol used in Sec. 3.5. This can also be performed in the collisional setting by
making use of the CNOT gate,

0 1
1 0 0 O
010
Usa. = CNOT = : 3.92
SA ao 0 0 E (3.92)
0 010

with an initial auxiliary state ofi0i and measuring the auxiliary unit in the energy basis.
From now on we will maximise the Fisher information by settipgsa = =2. The resulting
Fisher information can be written in the form [144]

F’j\rxi = Fthh+(N 1) ;  with; A _ (3.93)
| |
~ (1+n)?1 e(@+2n) +n2 1+e (1l 2(1+n)) (3.0
@ e) 1 Ggyt @ e)1 B

where = (2n+1) sg is the e ective thermalisation rate of the system and we have rede mé¢d
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Figure 3.5: (a) Plot of the (log of the) ratio between , Eq. (3.94), andFy,. Positive re-

gions indicate parameter regimes where a thermometric advantage is achievable via the collisional
schemgb) Mutual information between two adjacent auxiliary units after each has interacted with
the system via &Z interaction for a deterministic collisional thermometry protocgt) Measure

of the interdependence betweenand n captured by Eq. (3.97) for a deterministic protocol with

N =2 (arbitrary choice). In all panels, the area captured by the dashed black line represents the
region in parameter space where the scheme achieves an advantage over the thermal QFI. The
white line corresponds to the value afwhere the QFI is maximal.

to be the number of collisions instead of the number of measurements, but in all of our examples
they are equivalent. This makes sense as it should be equivalent to the sequential projective
measurement protocol and therefore= Fj;. From Eq. (3.93) we nd that the condition for
beating the thermal Cramér-Rao bound corresponds teF, > 1, shown in Fig. 3.5(a) [144]. We

see that we get a large peak in the Fisher information for certain values @f that increases

with temperature. The location of this peak is highlighted by the solid white line and it is clear
that the location of the peak is temperature dependent. This could cause issues when attempting
to select the waiting time between collisions. The dashed black line encloses the area in which an
advantage of more thai% can be gained from this setup. We can see that after su ciently long
time the system has re-thermalised and therefore no signi cant advantage can be gained over the
thermal Fisher information. There is also a minimum temperature below which it is not possible
to gain any meaningful advantage ovet". Furthermore, the expression for demonstrates that
knowledge of thes-E coupling parameter, sg, is essential to achieve any boost in thermometric
performance. For the remainder of this section, we will assume a deterministic collisional scheme,
namely the system and the environment interaction time is identical between each of the collisional
events, i.e. sg is the same between each collision. Thus, we consider the same setting as
Refs. [143, 144] of equally distributed collisions and in Sec. 3.6.3 we introduce stochasticity.

Role of correlations

Given that, for theZZ interaction, measuring a single auxiliary cannot outperform the thermal
Cramér-Rao bound it is natural to ask what allows for the enhancement when multiple units are
measured. There are multiple ways to think about this question. We could explicitly consider the
state of the system when th8A interaction occurs, that state now has additional dependence on
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