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Abstract
Harnessing quantum phenomena for technological applications relies heavily on preventing infor-

mation loss through decoherence. To prevent this loss, it is crucial to develop strategies that

enable the rapid and precise control of quantum systems, ensuring that desired processes are com-

pleted faster than decoherence times. From a control perspective, the environment is viewed as

a disruptive force; however, this ignores the rich informational dynamics that interactions with

an environment can induce. By relaxing the requirement for strict control and adopting a more

active treatment of the environment, this thesis explores how these dynamics contribute to the

emergence of classicality from quantum mechanics, and how it can change the internal information

structure in quantum many-body systems.

The study begins by addressing the challenges of controlling quantum systems near critical

points, where conventional adiabatic methods become ine�cient due to closing energy gaps.

We propose a novel control strategy that applies counterdiabatic driving selectively within the

impulse regime, as recognised by the Kibble-Zurek mechanism. This reduces energetic costs

while maintaining high �delity. This approach is validated both numerically and analytically,

demonstrating substantial energetic savings.

Next, we explore control strategies relevant to implementing unitary gates in two distinct

physical settings. The �rst involves analytically determining a Hamiltonian that achieves gate

operations with unit �delity without external control, while the second leverages an auxiliary qubit

that requires external driving. Despite the latter scheme being more resource intensive, we show

that the additional complexity of driving and controlling an auxiliary qubit can be advantageous

when we subject the systems to decoherence.

Moving beyond controlled systems, we examine the informational dynamics of quantum sys-

tems subject to the in�uence of their environment. Here, we investigate scenarios in which systems

transition from pure quantum states to classically objective states as predicted by quantum Dar-

winism. By partitioning the environment into accessible and inaccessible parts, we reveal how the

interplay between these partitions determines whether classical objectivity emerges or if the system

equilibrates without the redundant encoding of the state of the system into the environment.

Finally, we explore the competition between two sinks for local quantum information - decoher-

ence and information scrambling. Information scrambling refers to the �ow of initially accessible

quantum information into complex many-body correlations within the system itself. Typical mea-

sures of scrambling used in closed systems can fail to di�erentiate between the local information

spreading throughout the degrees of freedom of the systems and the spreading of information due

to decoherence. We introduce a method for probing information scrambling even in the presence

of open system e�ects, demonstrating that the environment restructures remaining information,

reducing the complexity of the system's dynamics.

Collectively, these �ndings provide a comprehensive framework for understanding information

dynamics in open quantum systems, o�ering new strategies for preserving quantum coherence and

diagnosing the impact of an environment on the structure of quantum information.
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Chapter 1

Introduction

Fast and high-�delity control of many-body quantum systems is key to outpacing decoherence

and turning quantum science into technology [5]. This transition from theory to practice should

also bring into focus practical problems associated with quantum technology to which quantum

theorists can contribute. In particular, resource e�ciency should be prioritised as the �eld matures.

Already there have been calls for institutional initiatives to encourage this direction of research [6].

It is in this spirit that we will explore the energetic requirements of controlled dynamics of quantum

systems in Chapter 2 and Chapter 3.

Throughout this thesis the degrees of freedom we will work with are two-level systems - qubits,

or spins. Remarkable progress has been made in recent years to engineer qubits using trapped ions,

spin states of nucleii, superconducting circuits, and NV centres in diamond. However, for these

platforms it is impossible to completely isolate any quantum system from unwanted interactions

that disrupt the desired quantum information dynamics. This manifests as spin relaxation and spin

decoherence. The timescale for the latter is typically much shorter, and is the primary engineering

issue with quantum computers. Decoherence is the unifying concept between each of the chapters

of this thesis.

While in Chapter 2 and Chapter 3 we employ quantum control techniques to outpace the

e�ect of the environment on the desired dynamics, in Chapter 4 and Chapter 5 we will embrace

decoherence and explore what rich e�ects it can induce for the dynamics for a quantum system.

Before discussing each of these topics in turn, we will �rst need to introduce a few key concepts

and equations that will be used throughout the thesis, most notably closed system dynamics,

adiabaticity in quantum systems, and open system dynamics.

1.1 Closed Quantum Systems

Quantum mechanics is typically �rst introduced by explaining the development of and transition

from �old� quantum theory to the �new� quantum theory. �Old� quantum mechanics was born in

1900 when Max Planck communicated his modeling of the distribution of blackbody radiation [7].

The old quantum theory relied on putting in quantum numbers, integers that corresponded to
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quanta of energy, by hand into the theory [8]. It was successful when applied to �simple� systems

like the harmonic oscillator, hydrogen atom, rigid rotors, and oscillating rotors [9]. For more

complex systems such as the the hydrogen halide molecules and diatomic molecules required half-

integer quantum numbers in order for the theory to match observations, while energy levels of

helium atom and hydrogen molecule ion could not be explained using the old theory. The �new"

quantum mechanics was introduced with Schrödinger's eponymous equation in a series of papers

in the �rst half of 1926 [10], and is given by

i~@t j (r; t )i = H (r; t ) j (r; t )i : (1.1)

Schrödinger replaced the old rules of quantisation with his wave equation, which required �no

mention of whole numbers. Instead, the introduction of integers arises in the same natural way

as, for example, in a vibrating string[10].� He applied the wave equation (1.1) to a number of

systems, including the diatomic molecule, and the hydrogen atom in the electric �eld, the latter of

which required the development of perturbation theory. Wavefunction mechanics rapidly surpassed

the old quantum theory, and has had immeasurable impact on both physics and chemistry. The

Schrödinger equation was initially postulated for wavefunctions that were continuous functions

of position and time (and momentum and time via a Fourier transform). The focus of this

thesis restricts to matrix mechanics, where we consider state vectors that are elements of a �nite-

dimensional Hilbert space. The Schrödinger equation implies that the evolution of a quantum

state is unitary. Let's recast the equation with Dirac notation

i~@t j i = H j i : (1.2)

Taking the Hamiltonian to be time-independent gives us the solution, fort � t0

j (t)i = U(t; t 0) j (t0)i ; (1.3)

where we have de�ned the time evolution operator

U(t; t 0) = exp
�

�
iH (t � t0)

~

�
: (1.4)

We can immediately see that it is unitary, satisfyingUyU = 1 as H is by de�nition a Hermitian

operator. If the Hamiltonian is time-dependent then the formal solution becomes a time-ordered

exponential [11]

U(t; t 0) = T exp
�

�
i
~

Z t

t0

H (t0)dt0
�

; (1.5)

whereT is the time-ordering operator. Even in this unitary, orclosed systemframework, quantum

mechanics expands far beyond its original promise of explaining the spectra of atoms and molecules

to have potential to revolutionise �elds as diverse as chemistry [12, 13], agriculture [14], and

neuroscience [15]. To leverage the inherent complexity of closed quantum dynamics, it is often

2



useful to remain in the ground state of the system, and change the Hamiltonian governing it. The

adiabatic theorem for quantum systems is a powerful constraint for closed system dynamics to

achieve this.

1.2 Adiabaticity

In classical thermodynamics, an adiabatic process is one that does not result in heat exchange

between a system and the environment. In quantum mechanics, we de�ne adiabaticity in a way

that does not require a partitioning between system and environment. Adiabaticity in quantum

mechanics demands that population changes do not occur in the instantaneous energy eigenbasis of

the system when a parameter of the Hamiltonian is changed. What is common to both de�nitions

is the concept of slow or �quasi-static� changes of the parameters of our system. From now

on we take natural units,~ = 1 , unless otherwise stated. Our quantum-mechanical system is

described by the time-dependent Hamiltonian,H (t), and therefore its dynamics are given by the

time-dependent Schrödinger equation, restated here as

i@t j (t)i = H (t) j (t)i : (1.6)

At each moment in time, the Hamiltonian has corresponding eigenvectorsfj n(t)ig and eigenvalues

f En (t)g

H (t) jn(t)i = En (t) jn(t)i : (1.7)

Let us consider the decomposition of an arbitrary state in the instantaneous eigenbasis of the

system

j (t)i =
X

n
pn (t)jn(t)i ;

We substitute this into the time-dependent Schrödinger equation

i

"

@t

 
X

n
pn (t)jn(t)i

!#

= H (t)

"
X

n
pn (t)jn(t)i

#

: (1.8)

Applying the product rule to the left-hand side gives

i

"
X

n

�
_pn (t)jn(t)i + pn (t) _jn(t)i

�
#

=
X

n
pn (t)En (t)jn(t)i : (1.9)

We act with the instantaneous eigenstatehm(t)j to the left,

i

"
X

n

�
_pn (t)hm(t)jn(t)i + pn (t)hm(t)j _n(t)i

�
#

=
X

n
pn (t)En (t)hm(t)jn(t)i : (1.10)

By de�nition hm(t)jn(t)i = � mn , but derivatives of the state do not preserve orthonormality:

hm(t)j _n(t)i 6= � mn . Application of this gives

3



i _pm (t) = pm (t)Em (t) � ipm (t)hm(t)j _m(t)i � i
X

n6= m

pn (t)hm(t)j _n(t)i : (1.11)

Adiabaticity in quantum mechanics demands that no transitions between instantaneous eigenstates

occur. In the previous line, the mixing of eigenstates arises from thehm(t)j _n(t)i term. Demanding

it is zero gives rise to the following solution

pn (t) = exp
�
�

i
~

Z t

0
(En � i hn(t0)j _n(t0)i dt0

�
pn (0): (1.12)

This implies that adiabaticity gives rise to an evolution where the instantaneous eigenstate pop-

ulations remain unchanged, but pick up an additional phase along the way. The phase can be

separated into two contributions, the usual dynamic phase� d;n (t) =
Rt

0 En (dt0) dt0 and the geo-

metric phase (or Berry phase) [16]� g;n(t) = �
Rt

0 i hm(t0)j d
dt0jm(t0)i dt0. The only assumption we

made so far is that there are no transitions between states in the instantaneous eigenspectrum.

This adiabatic condition is quite strong, as can be seen by solving for the term in question that

we set to zero. To do so, we take the time derivative of the instantaneous Schrödinger equation

_H (t)jn(t)i + H (t)j _ni = _En (t)jn(t)i + En (t)j _n(t)i :

Acting to the left with hm(t)j gives

hm(t)j _H (t)jn(t)i + Em (t)hm(t)j _n(t)i = _En (t)hm(t)jn(t)i + En (t)hm(t)j _n(t)i :

Rearranging to isolate the transition term gives

hm(t)j _n(t)i =
hm(t)j _H (t)jn(t)i
En (t) � Em (t)

; 8m 6= n: (1.13)

Adiabaticity is a strong requirement for the dynamics of the system, one which implies either large

gaps in the system's spectrum (something we will take advantage of later) or slow changes in the

time-dependent terms of the Hamiltonian.

1.3 Adiabatic Gauge Potential

We previously isolated the source of non-adiabatic transitions for the evolution of a system. We

can recast this same term in such a way that it will allow for deeper understanding of deformations

in instantaneous eigenstates as the control parameters are changed. We will recast the problem to

have a control parameter,� = � (t), giving us the eigenvalue equation for the �bare� Hamiltonian

H0

H0(� )jn(� )i = En (� )jn(� )i : (1.14)
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Let us consider an arbitrary statej i . We transform it to the moving frame - i.e. the frame in

which the instantaneous Hamiltonian is diagonal

j ~ i = Uyj i ; (1.15)

where U is the unitary transformation that diagonalises the Hamiltonian. The solution to the

time-dependent Schrödinger equation in the moving frame is then

i@t j ~ i =
�
UyH0U � i _�U y@� U

�
j ~ i ; (1.16)

where we have dropped the implicit� -dependence, and we recognise that

UyH0U = diagf E1(� ); E2(� ); :::; EN (� )g: (1.17)

The second term,i _�U y@� U, contains the information about non-adiabatic transitions between

the instantaneous eigenstates caused by the change in� . Clearly if _� ! 0 we achieve adiabatic

transport. By transforming this term back into the lab frame we de�ne an object denoted as the

adiabatic gauge potential (AGP),

A � = U(iU y@� U)Uy = i@� : (1.18)

We can solve for the matrix elements of the AGP by using the fact that the Hamiltonian is diagonal

in its eigenbasis,

(hm(� )j H0(� ) jn(� )i = 0 : (1.19)

Di�erentiating this with respect to � gives

h@� m(� )j H0(� ) jn(� )i + hm(� )j @� H0(� ) jn(� )i + h@� m(� )j H0(� ) j@� n(� )i = 0 : (1.20)

Using the time-independent Schrödinger equation and the orthogonality condition,h@� m(� )jn(� )i =

� h m(� )j@� n(� )i , we �nd that

i h@� m(� )j@� n(� )i = hm(� )j A � jn(� )i =
i hm(� )j @� H0(� ) jn(� )i

En (� ) � Em (� )
; 8m 6= n: (1.21)

The AGP can also be interpreted as the generator of eigenstate deformations,

@� jn(� )i = A � jn(� )i : (1.22)

Here we have taken a single parameter, but can be generalised to deformations in any direction of

a n-dimensional parameter space for our system. We can use the AGP to design a control scheme

for the system. Adding it to the lab frame Hamiltonian will cancel out the o�-diagonal terms

in the moving frame, and keep the evolution of the arbitrary state adiabatic. That is to say, we
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evolve with the new Hamiltonian

H = H0 + _�A � = H0 + HCD ; (1.23)

which keeps us along the adiabatic manifold ofH0 for arbitrary driving rates_� . Above we have

rewritten the AGP as the counterdiabatic control HamiltonianHCD as this control scheme is

equivalent to the well-knowncounterdiabatic control[17], which is typically stated as

HCD = i
X

n
j@� ni hnj � h nj@� ni j ni hnj : (1.24)

In order to employ counterdiabatic control, we require full-knowledge of the spectrum of the

system. This already highlights an issue with counterdiabatic control in many-body systems, as

exact diagonalisation is computationally complex. However, as we shall discuss in Chapter 2 some

models such as the 1-dimensional transverse-�eld Ising model admit analytical solutions for their

counterdiabatic term for a �nite number of spins. We will also leverage counterdiabatic control,

and an approximation of it in Chapter 3 to ensure that we can theoretically implement quantum

gates for arbitrarily fast times.

1.4 Composite Quantum Systems

We have previously made reference to the classical picture of thermodynamics when de�ning

adiabaticity, where one must make a partition between what is considered the system, and what is

considered the environment. Quantum systems may also be treated in a similar way. While not a

requirement for the use of the Schrödinger equation, we will take care to introduce what is often

referred to as the �zeroth� postulate of quantum mechanics [18]

The state of a composite system is the a vector in the Hilbert space that is a tensor product

of the Hilbert spaces of the subsystems.

While seemingly innocuous, the idea that the quantum universe consists ofsubsystemsgives rise

to much of the rich phenomena associated to quantum mechanics. As we shall discuss later,

even the idea of a measurement implies subsystems. Let us brie�y introduce the framework of

composite quantum systems. Consider two systems with Hilbert spacesH A and H B , respectively.

States of the composite system are elements of the composite Hilbert space,H AB = H A 
 H B .

If H A is n-dimensional and spanned by the orthonormal statesfj i i A ; i = 1 ; 2; :::; ng, and H B is

m-dimensional and spanned by the orthonormal statesfj j i B ; j = 1 ; 2; :::; mg, then H AB is an

(n � m)-dimensional space spanned by states

fj i i A 
 j j i B ; i = 1 ; 2; :::n; j = 1 ; 2; :::; mg: (1.25)
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A bosonic operator,OA , acting on states in the Hilbert space of subsystem A is elevated to

OA ! OA 
 1B : (1.26)

Similarly, a bosonic operatorOB acting on states in the Hilbert space of subsystemB is elevated

to

OB ! 1A 
 OB : (1.27)

This structure can be expanded to an arbitrary number of subsystems

H ABC::: = H A 
 H B 
 H C 
 ::: : (1.28)

For fermionic operators we must additionally take into account the parity of other subsystems in

order to ensure global anticommutation. Apure stateis that which can be represented by a single

ket vector of the Hilbert space. Amixed stateis statistical mixture of pure states, and cannot be

represented by a single vector as a result. Instead, we represent mixed states with density matrices.

A density matrix is a non-negative Hermitian operator with unit trace. It is the weighted sum of

projectors of the mixed state onto a spanning orthonormal set of pure statesfj  i gi of the system's

Hilbert space

� =
X

i

pi j i i h i j ; (1.29)

where
P

i pi = 1 . In the case that the state represented is pure, the density matrix reduces to the

outer product of that state

� = j i h j : (1.30)

For pure states, the density operator is idempotent,� 2 = � , and Tr� =1. For mixed states, this is

not the case. Density matrices are particularly useful for calculating expectation values of operators

hOi =
X

i

pi h i j O j i i ;

=
X

i;j;k

pi h i jj i hj j O jki hkj i i ;

=
X

i;j;k

pi hj j O jki hkj i i h i jj i ;

=
X

j;k

Oj;k � kj ;

= Tr(O� ):
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Consider now a density matrix,� AB representing a state in a bipartite Hilbert spaceH AB , and an

operator,OA , that only acts non-trivially on the subsystemH A . The expectation value ofOA is

hOA i = TrAB ((OA 
 1)� AB );

=
nX

i =1

mX

j =1

hi jA hj jB ((OA 
 1)� AB ) ji i A jj i B ;

=
nX

i =1

mX

j =1

hi jA OA hj jB � AB ji i A jj i B ;

=
nX

i =1

hi jA

�
OA

mX

j =1

hj jB � AB jj i B

�
ji i A ;

= TrA
�
OA TrB (� AB )

�
;

= TrA
�
OA � A

�
;

where we have employed thepartial trace of a density matrix

� A = TrB (� AB ) =
X

i

hbi j� AB jbi i : (1.31)

wherefj bi ig is an orthonormal basis for the Hilbert space of the subsystemB .

The dynamics of the total density matrix are governed by the Liouville-von Neumann equation of

motion [19]
d
dt

� (t) = � i [H; � (t)];

where we have introduced the commutator between operators,[A; B ] = AB � BA . This has the

solution

� (t) = U(t; t 0)� (t0)Uy(t; t 0);

where we have the same unitary operator as de�ned in (1.4).

1.5 Open Quantum Systems

While the global density matrix evolves unitarily, if we restrict ourselves to the reduced state of

a subsystem, we may �nd that the evolution is no longer governed by a unitary operator. This is

the case when subsystems interact with each other. Consider a partitioning of the global Hilbert

space into a system,S, and environment,E , such that H SE = H S 
 H E . A state in the total

Hilbert space evolves unitarily with the Hamiltonian that generates the time evolution operator

reading

HSE = HS 
 1E + 1S 
 HE + H I ; (1.32)

whereH I is an interaction term between the subsystems. The object of interest is the reduced

state � S. We will make the assumption that the total state of system and environment begins in
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a product of pure states (i.e. that there are no initial correlations) We obtain the reduced state

of the system by employing the partial trace (where we suppress the time arguments apart from

the initial states)

� S = TrE (� SE ) = TrE

�
USE (� S(0) 
 � E (0)) Uy

SE

�
: (1.33)

We will write this equation using the Kraus representation [20]. We equip ourselves with an

orthonormal basis for the Hilbert space of the environment,fj ek ig , such that the initial state of

the environment is� E (0) = je0ihe0j. We now can calculate the partial trace in (1.33)

� S =
X

k

hek jUSE (� S(0) 
 j e0ihe0j) Uy
SE jek i : (1.34)

We can rearrange the previous equation into a compact form

� S =
X

k

K k � S(0)K y
k ; (1.35)

where we have introduced the Kraus operators

K k � (1S 
 h ek j)USE (1S 
 j e0i ): (1.36)

The Kraus operators are not unique as they can be de�ned for any arbitrary choice of basis for

the environment. They satisfy the trace-preserving relation

X

k

K y
kK k = 1 (1.37)

We can interpret the equation for the time-evolution of the reduced state as the action of a

quantum channelE

� S =
X

k

K k � S(0)K y
k = E(� S(0)) : (1.38)

E is a map acting on the state of the system, and as it maps a density matrix to a density matrix,

it is a completely-positive trace-preserving map (CPTP). Treatment ofE as an environment

typically means that its Hilbert space dimension is far larger than that of the system, in which

case it can become quickly intractable to �nd the Kraus operators that implement a quantum

channel. However, we can calculate the reduced state of the system with a tractable equation

that requires access only to information about the system itself using a few approximations. Firstly,

we take the Born approximation

� SE � � S(t) 
 � E (0): (1.39)

This implies that the for the purposes of time evolution that correlations between the system

and the environment are not relevant, and global state is approximately separable at all times.

The Markov approximation assumes that the environment has no memory of past interactions,

that these correlations decay at a timescale much faster than the system's evolution. Finally we
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take the rotating wave approximation to neglect fast-oscillations corresponding to counter-rotating

terms in the time evolution of the density operator. This can be taken when the timescale of the

system Hamiltonian is much shorter than the interaction Hamiltonian. These approximations hold

remarkably well for many quantum systems of interest. As an example let us choose an atomic

transition - say the hydrogen-alpha transition. Here the system is the hydrogen atom and the

environment it is interacting with is the electromagnetic �eld. The timescale for the transition,

or the inverse of the decay rate, is of ordertemission � 10� 9s, while both the period of the

656:28nm photon that is emitted and the correlation timescale of the electromagnetic �eld is of

order 10� 15s. The large separation of timescales mean that all three approximations are quite

natural in this setting. Correlations between the system and environment fall o� rapidly compared

to the timescale of the dynamics we care to model (the atomic transition). In reality the global

state of the system and environment, (1.39), is not truly separable, the emitted photon causes

correlations between the system and environment to grow. Physically we may think of the photon

as travelling so far from the atom that the correlations it carries are no longer relevant for the

future transitions of the system, meaning for all intents and purposes the global state is separable

for the dynamics we are interested in. The sum of these approximations is to allow us to enforce

the Markov semi-group property to the dynamical mapE [21]

Et+ s = Et Es: (1.40)

An exponential form,Et = expfL tg naturally satis�es the semigroup property

eL (t+ s) = eL t eL t : (1.41)

This implies that the equation of motion for the reduced state will have the following form

d
dt

� S(t) = L (� S(t)) : (1.42)

We can derive the most general form of this generatorL of the dynamical semigroup. We need

a complete basisf Oi g for our space of operators (which has dimensionN 2 for a Hilbert space of

dimensionN ). The elements are orthogonal with respect to the trace-norm

Tr f Oi Oj g = � ij : (1.43)

We take the last element of the basis to be the identity

ON 2 =
1

p
N

1; (1.44)
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which implies the other elements are traceless. We can write the quantum channel (1.5) in this

basis as

Et (� S) =
N 2
X

i;j =1

pij Oi � SOy
j ; (1.45)

with

pij =
X

k

Tr
h
Oi K

y
k

i
Tr

h
K kOy

j

i
: (1.46)

The matrix of coe�cients, pij = pij (t), is Hermitian and positive. We can expandL for a small

time-step (and leaving the time argument� S = � S(0) as implicit)

L � S = lim
� ! 0

1
�

fE � (� S) � � Sg (1.47)

= lim
� ! 0

�
1
N

pN 2N 2 (� ) � N
�

� S

+
1

p
N

N 2 � 1X

i =1

�
piN 2 (� )

�
Oi � S +

pN 2 i (� )
�

� SOy
i

�

+
N 2 � 1X

i;j =1

pij (� )
�

Oi � SOy
j

�
: (1.48)

We can rede�ne the coe�cients for this small time-step as

aN 2N 2 = lim
� ! 0

pN 2N 2 (� ) � N
�

; (1.49)

aiN 2 = lim
� ! 0

piN 2 (� )
�

; i = 1 ; : : : ; N 2 � 1; (1.50)

aij = lim
� ! 0

pij (� )
�

; i; j = 1 ; : : : ; N 2 � 1; (1.51)

We group elements of our operator basis in terms of these rede�ned coe�cients as

O =
1

p
N

N 2 � 1X

i =1

aiN 2 Oi : (1.52)

G =
1

2N
aN 2N 2 1S +

1
2

�
Oy + O

�
: (1.53)

We can write a Hermitian operator fromO

H =
1
2i

�
Oy � O

�
; (1.54)
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which we recognise as the Hamiltonian of the system. This leaves us with

L � S = � i [H; � S] + f G; � Sg +
N 2 � 1X

i;j =1

aij Oi � SOy
j : (1.55)

As the map is CPTP, we have

Tr S L � S =
d
dt

(T r [� S]) = 0 : (1.56)

Taking the trace of (1.55) and setting it to zero gives

Tr S(� i [H; � S] + f G; � Sg +
N 2 � 1X

i;j =1

aij Oi � SOy
j ) = 0 : (1.57)

The trace of a commutator is zero, so we can eliminate the term that involves the Hamiltonian.

After some manipulation, using the linearity of the trace and its cyclic property, we have

Tr S(2G� S +
N 2 � 1X

i;j =1

aij Oy
j Oi � S) = 0 : (1.58)

As � S has non-zero trace, we must have

G = �
1
2

N 2 � 1X

i;j =1

aij Oy
j Oi : (1.59)

This gives us the following form for the generator

L � S = � i [H; � S] +
N 2 � 1X

i;j =1

aij

�
Oi �SO y

j �
1
2

n
Oy

j Oi ; � S

o�
: (1.60)

The coe�cients are real and positive, and therefore the coe�cient matrixaij can be diagonalised

by some unitary transformationUd to leave it with diagonal terms� i . The basis operatorsOi

also transform under this rotation to a set we denote asf L i g. The result of this transformation

is the Gorini-Kossakowski-Sudarshan-Lindblad master equation [21], henceforth the GKSL master

equation

L � S = � i [H; � S] +
N 2 � 1X

i

� i

�
L i �SL y

i �
1
2

n
L y

j L i ; � S

o�
: (1.61)

We refer to the operatorsL i as jump operators, and� i as the coupling strength of the open system

channel. We note that we recover the Liouville-von Neumann equation of motion in the limit that

all coupling strengths are zero, resulting in a Hermitian generator for the dynamics. The terms

proportional to� i are non-Hermitian, and have complex eigenvalues, resulting in phenomena such

as decoherence. The GKSL equation is a powerful tool as it provides a theoretical framework for

12



quantum systems that are subject to noise and dissipation, as seen in experiment.

1.6 Overview

We will leverage all the above concepts throughout the remainder of the thesis. In Chapter 2

we will work in a closed system framework, exploring the energetic cost of using counterdiabatic

control for quantum systems that exhibit a level crossing and continuous phase transition. We

will leverage insights from non-equilibrium quantum physics to propose a novel counterdiabatic

protocol that is highly e�ective while reducing the resource overheads for control compared to

typical counterdiabatic methods. As we will also see, our protocol also allows for the natural

relaxation of the system in question, which in certain cases means we outperform the more resource

intensive �typical� schemes.

In Chapter 3 we will explore control in both a closed and open setting, this time with the

aim of implementing quantum gates. We will again utilise the adiabatic gauge potential, but also

introduce two more approaches to achieve transitionless dynamics. We compare and contrast the

resource intensity, the robustness to timekeeping errors, and the susceptibility to environment-

induced errors of each protocol when the dynamics are modelled by the GKSL master equation.

In Chapter 4 we leave the closed framework of quantum mechanics behind and embrace open

system dynamics to explore how the environment can explain the transition from quantum to

classical states. This transition is explained by the framework of Quantum Darwinism (QD). We

will explore whether multiple open system channels acting on a system can support QD and leave

the system in a classically objective state. Our novel insight is that it is the role of commutativity

of the interaction Hamiltonians between the system and each of the modelled environments which

allows us to discern whether competing channels allow for Darwinism or simply cause the state of

the system to thermalise through a process known as information scrambling.

Finally, in Chapter 5 we will propose a measure of thecomplexityof dynamics that is governed

by the GKSL master equation, which we denote as the operator spread complexity. We work in

the Heisenberg picture, utilising the adjoint GKSL master equation to explore the evolution of a

given test operator. We see that for chaotic systems, the operator rapidly grows in support in

Hilbert space. This growth in support can be mitigated by open system e�ects, which tend to

drive the operator towards more �simple� dynamics. We provide a proof that demonstrates that

the operator spread complexity is minimised for a particular choice of basis for the operator spread

complexity, namely the Krylov subspace.
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Chapter 2

Control in the Impulse Regime

To fully exploit the promises of quantum devices [22, 23], e�cient and e�ective techniques to

achieve coherent control are crucial. Adiabatic methods are inherently stable but can require

long timescales, particularly for many-body systems. These timescales are potentially longer than

the decoherence time of the physical platform that realises the process of interest. Numerous

approaches have been developed to control quantum systems quickly and to high precision. These

additional controls imply an energetic cost for their implementation. A natural question arises -

are we able to reduce the cost of control while still being able to implement processes quickly and

with high precision? This chapter explores how we can answer this a�rmatively, for a speci�c class

of systems that are ubiquitous in quantum technology. Section 2.1 provides a background to the

problem of control and energy e�ciency, while section 3.1 outlines some of the technical framework

that we leverage to minimise control time. The remainder of the chapter constitutes the original

work found in [1], to which I contributed both theoretical work and each of the �gures used below,

with additional theoretical contributions and guidance from Steve Campbell and Anthony Kiely.

2.1 Background

In recent years, a number of techniques have been developed to control quantum systems. They

can be broadly bisected into: (i) optimal control techniques [24], which e�ciently �nd bespoke

controls for a given task, often numerically, and (ii) shortcuts-to-adiabaticity [25,26] which repro-

duce the same high �delity as adiabatic passage but in signi�cantly shorter times and are often

analytic in nature. Recently, hybrid approaches have been shown to be highly e�ective [27�32].

Counterdiabatic driving [17, 33], as discussed in Chapter 1.2, is a particularly simple and

e�ective shortcut-to-adiabaticity, achieving perfect control by adding auxiliary terms to a given

system's Hamiltonian. Such an additional control term heuristically implies an overall increase

in resources needed to evolve the system. Various cost measures have been developed [34�40]

to characterise this. These measures have been shown to be closely related to quantum speed

limits [39,41,42] and relevant for other control techniques [43�46]. In the case of critical systems

with vanishing energy gaps, these cost measures indicate that the energetic resources needed to
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implement high �delity control diverge. Nevertheless, such systems o�er signi�cant promise in,

for example, critical metrology [47], quantum annealers [48], and adiabatic quantum computing

[49,50]. Developing techniques which reduce the resource intensiveness while still achieving high

�delity control for critical systems is therefore timely for next-generation quantum technologies.

Topological defects were shown to be inevitable in �eld theories as a result of phase transitions

in cosmological settings [51]. Remarkably, it was established that similar defect formation should

occur in all phase transitions traversed withinin a �nite time and it is precisely the critical slowing

down in the vicinity of a phase transition that characterises the non-equilibrium dynamics of the

system in terms of the equilibrium critical exponents [52]. Now, the celebrated Kibble-Zurek

mechanism (KZM) has been applied in a great diversity of settings [53�59]. It predicts that the

overall driven dynamics is split into two separate regimes. The evolution is �adiabatic� where the

energy gap remains su�ciently large and the system can be driven without signi�cant excitations

being created; and �impulsive" when the system's response freezes-out and defects rapidly form.

We exploit the insight provided by the KZM to devise an e�cient strategy for achieving high

�delity control. We limit the application of the counterdiabatic control term to the duration of the

system's impulse regime, achieving signi�cant energy savings without drastically sacri�cing e�cacy.

While the system does generate some intermediate defects during the uncontrolled evolution in the

adiabatic regimes [60], these regions are precisely those in which the KZM predicts that the system

is able to relax. By restricting the application of counterdiabatic control to the impulse regime,

we are still able to bene�t from the good performance of adiabatic passage while simultaneously

reducing the resource overheads compared with full evolution control.

2.2 Kibble-Zurek mechanism

As we have outlined, the KZM provides a framework to identify when a system crosses from the

adiabatic to impulse regime and vice-versa. Let us formally introduce the mechanism. Consider

a systemH (g) driven by an external �eldg(t). We are interested in systems with a continuous

second-order phase transition atg= gc. Such a phase transition is typically described by equilibrium

quantities [61,62]

� (g) =
� 0

jg � gcj
� ; (2.1)

� (g) =
� 0

jg � gcj
z� : (2.2)

Here, � and � are the correlation lengthand relaxation time for our system, with the scaling

for both as the driving parameter is changed given by the spatial exponent� and the dynamical

critical exponentz. These critical exponents de�ne the universality class of the continuous phase

transition. It is clear that both the relaxation timescale and correlation length in our system diverge

as we approach the critical point, reducing the ability of the system to �heal�, or equilibriate out

defects in its vicinity. More intuitively, we can understand this by recasting the relaxation timescale
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of the system in terms of the gap,
 , between the two lowest energy levels of the system


 (t) = E1(t) � E0(t); (2.3)

whereE1(t) and E0(t) are the ground and �rst-excited states, respectively. In natural units, the

relaxation timescale,� (t) is then

� (t) =
1


 (t)
: (2.4)

For critical systems,
 (t) / g(t) [63]. The relaxation timescale re�ects the ability for the system

to react to changes in the driving parameter. As we get closer to the critical point during the

ramp, the gap gets smaller and the relaxation timescale diverges. The system reacts slowly to

perturbations, a phenomenon known as critical slowing down. As a result, defects arise in the state

of the system. Far from the critical point, the gap is larger, allowing the system to easily react to

changes in the ramp and evolve adiabatically. These two regimes are known as the impulse and

adiabatic regimes respectively, and one of the key results of the Kibble-Zurek mechanism is the

prediction of the crossover between the regimes. The transition times,t � , are de�ned as when

the relative rate of parameter change is comparable to the relaxation time. Formally, they are the

solutions of �
�
�
�
g(t � ) � gc

_g(t � )

�
�
�
� = � (t � ): (2.5)

We substitute (2.2) into (2.5) and rearrange to �nd

jg(t � ) � gcj = �
1

z� +1
0 j _g(t � )j

1
z� +1 : (2.6)

We consider a linear external �eld given byg(t) = g0 + gd(t=� Q). For convenience we assume a

symmetric ramp, takingg(� Q=2) = gc. This �xes gd = 2( gc � g0). With this condition, we have

�
�
�
�
�
2(gc � g0)

t �

� Q
� (gc � g0)

�
�
�
�
�

= �
1

z� +1
0

�
�
�
�
�
2(gc � g0)

1
� Q

�
�
�
�
�

1
z� +1

: (2.7)

Multiplying through by� Q=2(gc � g0) and rearranging gives

t � =
� Q

2
� �

1
1+ z�

0

�
� Q

2jg0 � gcj

� z�
1+ z�

: (2.8)

For the particular ramp we have de�ned, we can extract the adiabatic-impulse crossover times for

a critical system given its universality class, and the dimensionful parameter� 0 which is dependent

on the exact system at hand. Fort 2 [t � ; t+ ], the system is in the impulse regime, where we

expect the majority of diabatic transitions to occur. The correlation length at the crossover time
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is

� = � 0

 
2� 0 jg0 � gcj

� Q

! � �
1+ z�

: (2.9)

The density of defects for a system of dimensiond then scales as� � d � �
� �d

1+ z�
Q . The dimensionful

parameter� 0 is dependent on the relevant energy gap of the speci�c model being employed. For

some systems the gap is known explicitly, e.g. in the Landau-Zener model considered in Sec. 2.4,

and therefore the exact expression for the relaxation time and resulting impulse regime can be

employed. In the case of genuine many-body settings, such as the transverse �eld Ising model

considered in Sec. 2.5, the gap can be approximated.

2.3 Control in the impulse regime

The KZM demonstrates that unwanted excitations or defects are mainly generated within the

impulse regime, with the system evolving almost adiabatically otherwise. If our goal is to ramp

this system quickly through its avoided crossing while remaining in its ground state, we will need

to introduce some control. We will achieve this using the aforementioned counterdiabatic method,

which we now brie�y recap. Consider a Hamiltonian with spectral decomposition

H0(t) =
X

n
� n (t) j� n (t)i h� n (t)j ; (2.10)

with � n (t) and j� n (t)i the instantaneous energy eigenvalues and eigenstates, respectively. We will

employ the counterdiabatic Hamiltonian [17],

HCD (t) = i
X

n

�
j@t � n (t)ih� n (t)j � h � n (t)j@t � n (t)i j � n (t)ih� n (t)j

�
: (2.11)

Evolving the system using the total HamiltonianH0 + HCD forbids any diabatic transitions.

Adiabatic timescales diverge in critical systems due to vanishing energy gaps in the thermodynamic

limit. Employing Eq. (2.11) for a given initial state allows one to adiabatically traverse a quantum

phase transition (or avoided crossing in the case of the Landau-Zener model) in �nite time [28,

64,65]. However, the magnitude and complexity of the control �elds near the critical point grow

signi�cantly with system size [34,66] implying that control comes at a high energetic cost [39,41,

43].

The intensity of this additional control �eld provides a meaningful of the energetic cost of the

control [34,66]1

C =
1

� Q

Z � Q

0
dskHCD (s)k; (2.12)

1In Ref. [34] the cost is de�ned asC= 1
� Q

R� Q

0
dskH CD (s)kn , where the choice ofn depends on the physical

implementation. Here, we taken =1 for simplicity and remark that qualitatively similar behaviors are exhibited for
other suitable choices ofn.
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wherek�k is the Frobenius norm. The counterdiabatic Hamiltonian can physically be implemented

by an external �eld coupled to the qubit, for example the magnetic �eld. We can then interpret

this form of the cost as the time-averaged integrated power of the control �eld. It is clear thatC

scales as� 1=�Q [34] from the form ofHCD . Note that the cost is lower bounded as

C �
~
� Q

Z g(� Q )

g0

W [g]dg; (2.13)

whereW [g] =
r

P
n;m 6= n

�
�
� h� m j@g H 0 j � n i

� n � � m

�
�
�
2
. The counterdiabatic Hamiltonian is inversely propor-

tional to the level spacings in our system, as we demonstrated in (6.1). As a result we expect the

cost to diverge as the gap closes and the matrix elements of the AGP correspondingly get large. In

cases where the gap closes entirely, one may carefully regularise the AGP to remove degeneracies

and keep it analytic. As the systems we will consider have a �nite gap between the ground state

and �rst excited state for �nite system sizes we can neglect such a treatment of the AGP. In what

follows, we consider a linear ramp for simplicity since any monotonic choice ofg achieves the

minimum of the cost measure employed.

In order to minimise energetic cost we propose limiting the use of a control strategy to only

during the impulse regime, as opposed to employing control for the entire evolution. To test the

e�ectiveness of this approach, we consider the Hamiltonian

H � (t) = H0(t) + [ � 1� + � 2� S(t)] HCD (t); (2.14)

where� 2 f 0; 1; 2g corresponds to uncontrolled, fully controlled, and control only in the impulse

regime as recognised by the KZM, and� ij is the Kronecker delta. The crossover times for when the

system crosses from the adiabatic to impulse regime and back are denoted ast � , as given by Eq.

(2.8). The control �eld HCD is smoothly turned on during the impulse regime with a switching

function S(t) = f (t � t � )f (t+ � t); wheref (x) = 1 =(1 + e� mx ) is the logistic function andm

a constant determining the abruptness of the switch. The relative energetic savings achieved by

employing only impulse control (� = 2 ) is �E= C, where�E is the absolute energetic savings

�E =
1

� Q

Z � Q

0
ds[1 � S(s)] kHCD (s)k;

�
1

� Q

" Z t �

0
dskHCD (s)k +

Z � Q

t+

dskHCD (s)k

#

: (2.15)

As the quench time becomes shorter,� Q ! 0, the impulse regime dominatesf t � ; t+ g! f 0; � Qg.

Clearly then for impulse control, we should expect�E ! 0 and F (� Q) ! 1 in the short quench

time limit. For long quench times,� Q ! 1 , the impulse regime vanishest � ! � Q=2. Therefore

the relative savings�E= C ! 1 and F (� Q) ! 1 due to the adiabatic theorem. As a rapid quench

is dominated by the impulse regime and therefore would require control for the entire evolution,

we do not expect much savings in this limit. Conversely, in the long time limit we will also expect
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little in savings as adiabatic dynamics are achieved for most of the evolution without the need for

control. We expect the protocol to be most advantageous in the intermediate regime, where we

can establish a clear crossover between the adiabatic and impulse dynamics.

2.4 Landau-Zener Model

We begin our analysis with the Landau-Zener (LZ) model. It describes the transitions of a two-

level quantum system interacting with an external �eld as it passes through resonance [67]. The

Hamiltonian is

H0(t) = ~� � x + ~g(t)� z; (2.16)

where � > 0 determines the minimal energy gap at the avoided crossing. In what follows we

take ~ = 1 . The Landau-Zener model is notable as, despite not exhibiting a bona�de quantum

phase transition, it captures all basic features of the KZM [63, 68�70], including recovering the

expected critical exponents:� = 1 andz = 1 . Alongside this, it admits an analytical derivation of

is transition amplitude. We shall outline the derivation of both features. Generally, we can write

the state of the system as a complex combination of its eigenvectors

j (t)i = p0(t) jgi + p1(t) jei ; (2.17)

where we have denoted the instantaneous ground and excited states asjgi and jei , respectively.

The evolution of this state by Schrödinger equation results in a pair of coupled di�erential equations

i _p0 = g(t)p0(t) + � p1(t); (2.18)

i _p1 = � p0(t) � g(t)p1(t): (2.19)

We make the following change of variables

~p0(t) = e+ i
R

g(t )dtp0(t); ~p1 = e� i
R

g(t )dtp1(t); (2.20)

which leads to the coupled di�erential equations

i _~p0(t) = � e+ i
R

g(t )dt ~p1(t) (2.21)

i _~p1(t) = � e� i
R

g(t )dt ~p0(t) (2.22)

Di�erentiation allows us to decouple the equations, giving

i •~p0(t) � ig(t) _~p0(t) + � 2~p0(t) = 0 (2.23)

i •~p1(t) + ig(t) _~p1(t) + � 2~p1(t) = 0 (2.24)
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We consider a detuning function to be linear with a positive slope,g(t) = �t , � having dimensions

of frequency squared. In doing this we also set the crossing to be att = 0 . The amplitudes are

constrained byjp0j2 + jp1j2 = 1 at all times, we need only solve for one of them. With the change

of variables


 (t) = ei �t 2

4 ~p1(t); (2.25)

we can write (2.24) as

•
 + (
� 2t2

4
� i

�
2

+ � 2)
 = 0 (2.26)

With one more change of variables [67],z �
p

�e � i�= 4t and x � i � 2=� , we can write (2.26) as

@2
z 
 (t) + ( x +

1
2

�
z2

4
)
 (t) = 0 : (2.27)

This is the standard form of the Weber equation, which has two independent solutions,
 (t) =

D� x � 1(� iz ) and 
 (t) = Dx (z) whereDx (z) is the parabolic cylinder function. This gives the

solution for the amplitude as

p0(t) = ( aD� x � 1(� i
p

�e � i�= 4t) + bDx (
p

�e � i�= 4t)ei gdt2=4 (2.28)

wherea and b are �xed by initial conditions. By taking the initial and �nal times to�1 respec-

tively, the asymptotic properties of the parabolic cylinder functions give rise to the Landau-Zener

formula

jp0(t ! 1 )j2 ! 1 � e� 2 � � 2

� : (2.29)

This equation analytically predicts the probability of a diabatic transition from the initial state the

system is in. For our purposes we will consider initialising the Landau-Zener model in its ground

state. We will drive the system for some time, and a successful protocol is one that leaves the

system in the ground state afterwards. We see from the Landau-Zener formula that for a �nite

driving rate, we will have some transitions away from our instantaneous ground state. Of course,

one could drive with a slow (in our case, linear, but in priniciple arbitrary) ramp, taking� � 1,

which would lead to long times to implement any protocol in physical settings.

Next we need the control term for the LZM. We �rst write the exact energy eigenstates of the

Landau-Zener model

j� 0(t)i = cos [� (t)] j0i + sin [ � (t)] j1i ; (2.30)

j� 1(t)i = sin [ � (t)] j0i � cos [� (t)] j1i ; (2.31)

wheretan [� (t)] = �
h
g(t) +

p
� 2 + g(t)2

i
=� and the energy gap between ground and excited

states is
 = � 1 � � 0=2
p

g(t)2 + � 2. It is clear that its minimum is atg(tc) = 0 , which occurs
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Figure 2.1: Impulse regime for the Landau-Zener model: (a) Comparison between relaxation
timescale� (red solid line) and the relative rate of external parameter changejg=_gj (blue dashed
line) for a quench duration of� Q � = 2 . Intersection gives critical timest � (green/black dots)
(b) Impulse regime timest � (green dotted and black dot-dashed lines respectively) for di�erent
quench times� Q . (c) Final state �delity versus quench time� Q and duration of counterdiabatic
driving 2� . Impulse regime� = � (red points), g0 = � 10� and m = 400� � 1.

halfway through our chosen ramping protocol. The counterdiabatic Hamiltonian is then [17]

HCD (t) = ~ _�� y = �
_g(t)� ~

2 [� 2 + g(t)2]
� y : (2.32)

In Fig. 2.1(a) we show the adiabatic-impulse approximation of the KZM for a representive quench

time of � Q �=2 . The relaxation time of the LZM is shown in blue, while the rate of change of the

driving �eld is shown in red. Where they intersect denotes the crossover time between the regimes,

shown by the green and black dots. Note that the relaxation time of the system is the inverse

of the gap, allowing us to recognise the avoided crossing of the Landau-Zener model where the

gap is at its minimum. Solving for the real roots of Eq. (2.5) we �nd the exact adiabatic-impulse

crossover time as given by the KZM to bet � = � Q=2 � � where

� =
1
2

vu
u
t

q
� 4

Q � 4 + 4g2
0� 2

Q � � 2
Q � 2

2g2
0

: (2.33)
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Note that the impulse regime has a duration2� and 0� � � � Q=2. For short operation times, the

behaviour is� �
q

� Q=jg0j=2 which matches KZM scaling predictions for the� = z=1 universality

class. Fig. 2.1(b) shows the impulse regime for a linear ramp of �xed magnitude as we vary the

quench duration. The impulse regime is shown in the shaded region. It highlights that slow ramps

recover e�ectively adiabatic dynamics with the width of the impulse regime closing as� Q grows,

while for fast ramps the system is e�ectively always in the impulse regime. The performance of

each protocol will �rstly be quanti�ed by focusing on the �delity of the state of the system,j (t)i ,

evolving according to Hamiltonian Eq. (2.14) with the instantaneous ground state, i.e.

F (t) = jh (t)j � 0(t)j2 ; (2.34)

We assumej (0)i = j� 0(0)i as the initial condition in all cases i.e. the system starts in the ground

state. In Fig. 2.1(c) we verify that control in the impulse regime is crucial for achieving a high

�delity �nal state. We implement a protocol in which the counterdiabatic control �eld is switched

on for a duration of� before and after the system reaches the avoided crossing, i.e.HCD is

switched on/o� at
~t � =

� Q

2
� �; (2.35)

where� 2 [0; � Q=2]. This smoothly interpolates between the three cases captured by Eq. (2.14)

with � = f 0; � Q=2; � g corresponding to� = f 0; 1; 2g respectively. The red-dashed lined delineates

the adiabatic-impulse crossover and we see that there is a precipitous drop when the control is

applied for a duration smaller than the impulse regime, i.e.� < � . For protocols with� > � we see

that there is little gain in target �delity by continuing to employ the counterdiabatic term.

We now take a more systematic look at the three protocols, having established that high-

�delity �nal states are principally reliant on implementing control when the system is in the

impulse regime. The instantaneous �delity with the ground state for the three cases are shown in

Fig. 2.2 for various quench durations. The evolution under full counterdiabatic control remains in

the ground state at all times by construction and therefore results in a perfect �delity. If no control

is applied the system maintains a high instantaneous �delity initially, but this rapidly decreases

once it enters the impulse regime, delineated by the orange shaded area. For short quench times,

once the �delity drops o� there is little revival. However, for su�ciently long times, where the

impulse regime is short enough that signi�cant defects are not generated (e.g.� Q = 25� � 1 in

Fig. 2.2(d) [dashed, blue curve]), after an initial dip the �delity increases again outside impulse

regime. This dip and revival behaviour is a generic feature of adiabatic passage and is a result of

the adiabatic error on the instantaneous �delity scaling as1=�Q , while the error on the �nal state

�delity scales as1=� 2
Q [60].

For impulse control (solid, red curves) the instantaneous �delity initially follows the uncon-

trolled case. However, when entering the impulse regime the counterdiabatic control is switched on

which negates any non-adiabatic transitions between the energy eigenstates and therefore freezes

the instantaneous �delity in this region. By freezing the system only in the impulse regime we

22



Figure 2.2: Fidelity of the evolving state with the instantaneous ground state of the Landau-Zener
model for no control (blue dashed line), impulse control (red solid line) and full control (green
dotted line), for di�erent quench times. Orange shaded area indicates the impulse regime[t � ; t+ ].
(a) � Q � = 1 (b) � Q � = 5 (c) � Q � = 10 (d) � Q � = 25 . Other parameters:g0 = � 10� and
m =400� � 1

are able to suppress most of the defects from forming such that the resulting �nal free evolution

often leads to excellent state transfer. The resulting �nal �delities are comparable to the case of

full control despite the control �eld only being on for a fraction of the total quench time. As we

increase� Q , resulting in a closing of the impulse regime, our impulse control scheme no longer

provides an advantage over the uncontrolled evolution. Upon exiting the impulse regime the dy-

namics is adiabatic, leading to approximately constant �delity, as seen in Fig. 2.2(d). Therefore

any population lost in the �rst stage cannot be recovered. Note that we have focused on symmetric

ramps for simplicity, but the strategy of impulse control can be easily generalised to asymmetric

ramps.

Turning our attention to the energetic savings, Fig. 2.3 demonstrates that signi�cantly better

e�ciency can be achieved with only a small loss in �nal state �delity. In panel (a) we show the

loss of �nal state �delity, i.e. 1 � F , achieved for impulse control as a function of total quench

duration and for reference we also show the no-control case which follows the well known Landau-

Zener formulaexp
�
� � � 2=j _gj

�
[67, 71]. For large quench durations (corresponding to a small

impulse regimes)� Q � � 25, implementing control turns out to be detrimental. For small quench

times, where the impulse regime dominates most of the protocol, the loss in the �nal �delities are

vanishingly small since this case overlaps signi�cantly with the full control case. As� Q is increased

23



Figure 2.3: Comparison between �nal state �delity using impulse control and the resulting energetic
savings. (a) Loss of �delity at the end of the process using impulse control (red solid line). Also
shown is the result after no control (blue dashed line). (b) Di�erence in energetic cost�E
(green dotted line) and relative di�erence in energetic cost�E= C (black dot-dashed line). Other
parameters:g0 = � 10� and m =400� � 1.

we see a small increase in the loss of �delity, which nevertheless remains. 0:001, indicating that

the protocol is still highly e�ective. Impulse control is shown to be particularly e�ective around

� Q � = 5 for the chosen �nal target state. Panel (b) demonstrates that while maintaining a

high level of e�cacy, impulse control allows for a signi�cant reduction in the energetic cost, with

�delity losses of the order� 10� 5 while making a relative energetic saving of� 40%. The absolute

energetic saving clearly tends to zero in the short and long quench time limit and the relative

energetic savings tends to1 in the long quench time limit. We can analytically derive both the

cost of control and the relative savings from truncating the control in time to the impulse regime.

We assume for simplicity thatS(t) is exactly a step function andg0 < g c. Integrating the norm

of the counterdiabatic term in the impulse regime gives

Z t2

t1

kHCD (s)kds =
p

2
�

arctan
�

g(t2)
�

�
� arctan

�
g(t1)

�

��
: (2.36)

Substitution of this into our expression for the cost given by (2.12) gives

C = �

p
2

� Q
arctan

�
g0

�

�
: (2.37)

Similarly, the relative savings in this case are

�E =

p
2

� Q

�
arctan

�
g(t � )

�

�
� arctan

�
g0

�

��
: (2.38)
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Using Eq. (2.15), we can then �nd the relative savings

�E= C = 1 �
arctan [g(t � )=�]

arctan (g0=�)
: (2.39)

The above analytic expressions align with the numerical results shown in Fig. 2.3 (b).

2.5 Transverse-Field Ising Model

We now turn our attention to the transverse �eld Ising model (TFIM). While the Landau-Zener

model behaves according to the predictions of the Kibble-Zurek mechanism, it does not strictly

have a second-order phase transition, and instead has an avoided crossing with a �nite gap for

�nite � . The TFIM on the other hand is gapless at its critical point in the thermodynamic limit.

We take the following Hamiltonian

H0(t) = � !
NX

i =1

�
g(t) � x

i + � z
i � z

i +1
�
: (2.40)

We impose periodic boundary conditions� x;y;z
N +1 = � x;y;z

1 and take the number of spins,N , to

be even. The TFIM is in the same universality class as the Landau-Zener model, exhibiting its

second-order quantum phase transition atgc=1 [70] between a ferromagnetic and a symmetric

paramagnetic phase. It has aZ2 symmetry, generated byS =
Q N

i =1 � x
i

S� x
i = � x

i ; (2.41)

S� z
i = � � z

i : (2.42)

The model has two competing terms, we can �rst look at the interacting part

HF = � !
NX

i =1

� z
i � z

i +1 : (2.43)

This term has a degenerate groundstate, it can be a linear combination of the following two

eigenvectors

j+ i = j"" ::: "i ; (2.44)

j�i = j## ::: #i : (2.45)

For our purposes we will break theZ2 symmetry in this phase, to do so we will add a small biasing

�eld, � �� x , with � > 0. This leaves us with a ferromagnetic ground state, i.e. one that favours

spins aligning. The other term in the Hamiltonian is

HP = � !g
NX

i =1

� x : (2.46)
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Its groundstate is

jgi = j!! ::: !i : (2.47)

This unique paramagnetic ground state preserves theZ2 symmetry. The interesting physics comes

into play as the two terms compete asg is ramped. The system cannot smoothly interpolate

from one groundstate to the other. We can make this a bit more precise with a small amount of

perturbation theory. We prepare the system deep in the paramagnetic regime, i.e.g � 1. Here

HP dominates, and we note that an excitation above the ground statejgi involves �ipping a single

spin. There areN possible spins to �ip, we denote each state with a single spin-�ip at siten as

jni ,

jn = 2 i = j! ! ::: !i : (2.48)

From (2.46) we can see that it takes2!g units of energy for this single spin �ip. We consider

HF as the perturbation. The action of� Z
i is � Z

i j! i i = j i i , so the action of the ferromagnetic

term is naturally

� Z
i � Z

i +1 j i ! i +1 i = j! i  i +1 i ; (2.49)

i.e. it transfers the spin �ip along one site. We can write an e�ective Hamiltonian for this �rst

order perturbation as

Hef f jni = � ! (jn + 1 i + jn � 1i ) + ( E0 + 2 !g ) jni ; (2.50)

where we denote the ground state energy of the TFIM asE0. We can solve this in momentum

space, with the discrete Fourier transform

jki =
1

p
N

NX

j =1

e� ikj ; (2.51)

where we have taken the lattice spacing as unity and that the wavenumber is discritised ask =

2�n=N for n = 1 ; :::; N . This diagonalises (2.50), giving

Hef f jki = (2 !g � 2! (g � cosk) + E0) jki : (2.52)

The dispersion relation for the spinons, our excitations in momentum space of the e�ective theory,

can read o� as

� (k) = 2 ! (g � cosk)
lim k ! 0

� � + Jk2; (2.53)

where � = 2 ! (g � 1). The gap in the spinon dispersion goes to zero atg = 1 , the spin �ip

excitations condense. A similar calculation can be carried out from the other limit of the model,

taking HF as the Hamiltonian andHP as the perturbation. Here the excitations are domain

walls in the ground state, and similarly the perturbation at �rst-order is a kinetic term for these

excitations. What is important is that in both cases we end up with a prediction of something

interesting happening in the ground-state of the theory atg = 1 . To �nd the exact spectrum of
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the TFIM we employ the Jordan-Wigner transformation. First, we rotate Eq. (2.40) around the

y axis to map� z
i ! � x

i and � x
i ! � � z

i and substituting

� x
j = 1 � 2cy

j cj ; (2.54)

� z
j = � (cj + cy

j )
Y

m<n

�
1 � 2cy

m cm

�
; (2.55)

where cy
j and cj and are fermionic creation and annihilation operators respectively at sitej .

We again perform a discrete Fourier transformationck = 1p
N

P
j e� ikj cj . This decouples the

Hamiltonian asH0 =
L

k> 0 	 y
kH0;k 	 k where 	 y

k =
�
cy

k ; c� k

�
. Each momentum subspace is

governed by a LZ type Hamiltonian

H0;k = hx
k � x

k � hz
k (g)� z

k ; (2.56)

wherehz
k (g) = 2 ! [g� cosk] andhx

k = 2~! sink. Note that the momentum only takes on discrete

valueskn = � (2n� 1)
N for n = 1 ; : : : ; N=2. The eigenstates ofH0;k are

j� 0;k (t)i = cos [� k (t)] j0i k + sin [ � k (t)] j1i k ; (2.57)

j� 1;k (t)i = sin [ � k (t)] j0i k � cos [� k (t)] j1i k ; (2.58)

wheretan [� k (t)] =
�
hz

k �
q

hx;2
k + hz;2

k

�
=hx

k . The ground state of the system is then given by

j� 0(t)i =
N

k> 0 j� 0;k (t)i . If the evolved state of the system is written asj (t)i =
N

k> 0 j k (t)i ,

then the �delity becomes

F (t) = jh (t)j� 0(t)ij 2 =

�
�
�
�
�
�

Y

k> 0

h k (t)j� 0;k (t)i

�
�
�
�
�
�

2

: (2.59)

To protocol we wish to implement is to start in the ground state of the ferromagnetic phase of

the model, ramping it linearly fromg(0) � 0 to g(� Q) = 2 , where we should end up in the ground

state in the paramagnetic regime. The process hinges on arriving in the ground state. As we have

shown with a simple calculation, the TFIM admits excitations quite easily atgc = 1 . Control is

crucial to ensure we end up in the ground state after the ramping protocol. As the form of the

Hamiltonian for each decoupled subspace after the Jordan-Wigner transformation has the form

of the Landau-Zener model, we can map the form of its counterdiabatic term to it. This leads

to [64] (for evenN )

HCD;k =
_gsink

2 [g2 � 2gcosk + 1]
� y

k : (2.60)

The Jordan-Wigner transformation is highly non-local, with higher subscriptcj operators re-

quiring support over many-spins, and then eachk subspace in the momentum picture hav-

ing support over allcj operators. The energy gap for each momentum subspace is given by
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 k = 4~!
p

g(t)2 � 2g(t) cosk + 1 , which vanishes in the thermodynamic limit at the critical

point. For a �nite number of spins the gap between ground and �rst excited state remains �nite,

shrinking as� 1=N, and only the lowest subspace,k0, is critical. To determine adiabatic-impulse

crossover times we approximate this gap as
 0 � 4~! jg(t) � 1j [70, 72]. The resulting crossover

times, assumingg0 < 1, are again found by solving for the real roots of Eq. (2.5) giving

t � =
� Q

2
�

s
� Q

8! (1 � g0)
; (2.61)

which agrees with the predicted KZM scaling, Eq. (2.8). Note that the impulse regime vanishes

for long quench times(t+ � t � )=�Q ! 0 but does not behave correctly for short quench times

� Q < 1=(2! [1 � g0]) due to the approximation of the energy gap.

In Fig. 2.4(a) and (b) we show the �delity with the instantaneous ground state for the three

cases of no control, full control, and impulse control for a system size ofN =16, where qualitatively

similar behaviors with the LZ model are exhibited. By employing control only during the impulse

regime the most detrimental period of defect formation is suppressed and good target state �delities

are achieved. The e�ectiveness of impulse control is thoroughly demonstrated by comparing

Fig. 2.4(c) and (d). Here we show the �nal target state �delity as a function of system size

and quench duration. When no control is applied, i.e.� = 0 shown in panel (c), we see that

defects rapidly form for larger systems due to the e�ect of the impulse regime, leading to small

�nal �delities (lighter, blue region). These results are well described by the Landau-Zener formula

applied to the lowest momentum subspaceF (� Q) � 1 � exp
h
� 2�!

j _gj sin2 � �
N

� i
[72]. Employing

impulse control provides a signi�cant increase in the �nal state �delities, cfr. Fig. 2.4(b). For

extremely short quench times,� Q ! < 1, the impulse regime dominates the dynamics and therefore

the control term is e�ectively on for the entire protocol duration. There is then a region of low-

�delity (blue-coloured) for 1< � Q ! < 6 for su�ciently large system sizes. In this region the rapid

losses in �delity during the short adiabatic regimes are too severe to be recovered. Nevertheless,

beyond this small pathological region in parameter space, impulse-only control is highly e�ective in

comparison to uncontrolled evolution, consistently outperforming the uncontrolled case for a range

of longer quench times. However, similar to the LZ case, once as approach adiabatic timescales

the uncontrolled case can have a slightly higher �delity than impulse control (upper left quadrant

of Fig. 2.4(c) vs (d)). As previously noted in the LZ setting, this is due to eigenstate population

being approximately constant leaving the impulse regime, removing any possibility to recover any

lost �delity from the initial period of free evolution.

We now focus on the energetic costs. In Fig. 2.4 we see that the absolute, panel (e), and

relative, panel (f), energetic savings are consistent with the behavior exhibited in the LZ case. We

see from Fig. 2.4(e) that the energetic savings are extensive with the size of the system, however

the relative savings exhibits a clear converging, intensive behavior. Nevertheless, a signi�cant

saving in the energetic overheads can be achieved while still achieving e�ective control. Similar

to the LZ model, exact expressions for the cost measures in this case can be determined. The
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Figure 2.4: The instantaneous �delity of TFIM for no control (blue dashed line), impulse control
(red solid line) and full control (green dotted line), for di�erent quench times. Orange shaded
area indicates the impulse regime[t � ; t+ ] (a) !� Q = 10 (b) !� Q = 25 for N = 16. Panels (c)
and (d) show the �nal state �delity for TFIM versus quench time� Q and system sizeN for the
(c) uncontrolled case and (d) impulse control. Red indicates high �nal state �delity, with blue
corresponding to low �nal state �delity. Panels (e) and (f): Energetic savings versus quench time
� Q . N = 4 ; 8; 12; 18 (blue dashed line, red solid line, green dotted line, black dot-dashed line) and
thermodynamic limit (light gray thick solid line). (e) Savings�E (f) relative savings�E= C. In all
panels,g0 = 0 and m = 100! � 1
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norm can be written askHCD k =
P

k> 0 kHCD;k k. The associated energetic cost, Eq. (2.12), is

then [42]

C =
~

p
2� Q

X

k> 0

Z � Q

0
ds

�
�
�
�

_gsink
g(s)2 � 2g(s) cosk + 1

�
�
�
� : (2.62)

This can be rewritten as

C = ~p
2� Q

P
k> 0

n
arctan

h
g(� Q )� cosk

sin k

i
� arctan

h
g0 � cosk

sin k

io
:

(2.63)

The extensive nature of this and the absolute savings, Eq. (2.15) can be explicitly seen by noting

that in the thermodynamic limit we can make the replacement
P

k> 0 ! N
2�

R�
0 dk,

�E �
~N

2
p

2�� Q
f �[ g(� Q)] � �[ g(t+ )] + �[ g(t � )] � �[ g0]g ;

(2.64)

where we have de�ned�[ g] =
R�

0 dx arctan
h

g� cos(x)
sin(x)

i
. In this limit then, the relative cost becomes

�E= C = 1 �
�[ g(t+ )] � �[ g(t � )]

�[ g(� Q)] � �[ g0]
; (2.65)

which is clearly intensive. These expressions agree with the numerical results shown in Fig. 2.4.

While the Jordan-Wigner transformation allows for a signi�cant computational speedup over

working with the Hamiltonian in the original spin basis, we do gain more insight into the importance

of local and few body control terms for the system, which are typically more experimentally feasible.

In the spin picture, the counterdiabatic control term has been exactly determined (again for even

N) as [64,65]

HCD = � _g
hM � 1X

m=1

um (g)H [m]
CD + � M;N= 2

1
2

uN=2(g)H [N=2]
CD

i
; (2.66)

H [m]
CD =

NX

n=1

"

� x
n

� n+ m� 1Y

j = n+1

� z
j

�
� y

n+ m + � y
n

� n+ m� 1Y

j = n+1

� z
j

�
� x

n+ m

#

; (2.67)

um (g) =
g2m + gN

8gm+1 (1 + gN )
: (2.68)

Here M denotes the maximum range of the interactions, with the exact counterdiabatic term

given byM = N=2. This Hamiltonian clearly highlights the necessity for non-local terms, which

can incur high complexity and energetic costs [39].

We can truncate the control terms to restricted range(s)M . For clarity, we considerN = 6

although remark that we expect qualitatively similar behaviors to hold for larger systems. In

Fig. 2.5(a) we plot the �nal state �delity for a range of quench times, employing the control terms
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Figure 2.5: The �nal state �delity for the N = 6 TFIM versus quench time for uncontrolled
evolution (dashed, blue),M = 1 (i.e. two-body control, solid red),M = 2 (three body control,
dotted green) andM = 3 (i.e. full control, dot-dashed black). In panel (a) we show the perfor-
mance when the control term is always on for the entire evolution, while panel (b) corresponds
to impulse control. Panels (c) and (d) show the energetic savings versus quench time� Q for the
same truncated-range impulse control protocol in (b), with the same colour scheme as before. (c)
Savings�E relative to employing full range, full quench costC (d) relative savings�E= C. Other
parameters:g0 = 0 :01 and m = 100! � 1

for the entire quench. In line with intuition, the �delities arrange themselves into a hierarchy for

short quench times. The uncontrolled case performs the worst, while longer range more complex

control works increasingly well until it achieves perfect �nal �delities for full control (M =3 in this

case), with the relative di�erence in performance reducing as we approach the adiabatic limit. For

the case of impulse control, Fig. 2.5(b), the same hierarchy holds for very fast protocols. However,

as the quench time is increased we see several crossovers in relative performance, indicating that

for such intermediate quench times, impulse control exhibits a �less is more� behavior whereby

better (although not perfect) target state �delities can be achieved by employing a simpler control

term in the impulse regime and signi�cant energetic savings can be achieved, cfr. Fig. 2.5(c) and

(d).
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2.6 Conclusion

We have demonstrated that high �delity coherent control can be achieved at a lower resource

overhead by restricting the application of control techniques to when they are strictly necessary.

By exploiting the framework provided by the Kibble-Zurek mechanism, which divides the dynamical

response of a system driven through a critical point into adiabatic and impulse regimes, we have

shown that high target state �delities can be achieved by only implementing control during the

impulse regime. The intuition for this e�ect relies on the underlying physical principles of the KZM;

the adiabatic regime is characterised by a dynamics which is varying su�ciently slow, compared

to the energy gap, such that the system is still able to relax. Under these conditions, even

though the system may transiently generate some excitations, the system recovers - a remarkably

generic feature of adiabatic protocols [60]. In contrast, we have shown that control is essential

in the impulse regime. Due to the typically high energetic cost associated with various control

protocols [41,43], we have shown that signi�cant energetic savings can be achieved using impulse

control without signi�cantly sacri�cing e�cacy.

32



Chapter 3

Robustness of Controlled Unitary

Gates

The idea of using quantum properties of matter and light to process information has given rise to

an extensive research e�ort. Beyond the implications for basic science, quantum information tech-

nologies would entail a signi�cant computational speed-up for particular applications [22,23,73]

compared to classical algorithms. These quantum advantages have been theoretically predicted

for a variety information processing tasks, such as search and factoring algorithms, quantum cryp-

tography, and Hamiltonian simulation. Experimentally it is now possible to implement them in

systems such as superconducting qubits [74, 75], trapped ions [76], and photons [77]. Several

approaches for universal quantum computation have been developed, chief among them being

measurement-based [78�81], gate-based [82], and adiabatic models [83, 84]. The relative bene-

�ts and drawbacks of each approach notwithstanding [22, 73], gate-based quantum computation

presents an attractive method. Any computation can be implemented by a relativity small set of

gates on a qubit register [82, 85]. Indeed, small scale quantum devices provide remarkable plat-

forms for simulation of quantum systems [86�88], insights from which can be greatly enhanced

by improving the implementation of the basic building blocks for the gate-based approach for

universal quantum computing, i.e. the quantum gates themselves.

Achieving this aim necessitates coherent control of quantum systems [1, 5, 25, 26, 89�91].

Beyond the basic requirement of enacting the desired gate operation, we must consider several

additional factors to ensure the scalability and reliability of these operations. Among these are

the resources necessary for their fast and accurate implementation [6,92�104], understanding the

spoiling impact of the environment [105�107], and the impact of operational errors [108, 109].

The assessment of the energetic e�ciency of these devices is crucial in their design [6] and may

enforce practical constraints for their implementation. The interplay between the performance of

a quantum computing machine and its energetic e�ciency determines a fundamental connection

between quantum information processing and thermodynamics [110,111].

Following this edict, in this chapter we consider three approaches to implement gate operations
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Figure 3.1: (a) Shows the auxiliary control setting based on the protocol from Ref. [113]. Here
an auxiliary qubit is coupled to the computational register, with control �elds acting only on this
auxiliary system. We assume the driven qubit can also experience environmental e�ects while the
computational qubit is completely isolated. (b) Shows the setup for the Inverse Engineering setting.
The Hamiltonian is designed without any additional resources, and therefore the computational
qubit is driven directly and can be subject to environmental noise.

on quantum systems through controlled Hamiltonian dynamics. In particular, we consider the aux-

iliary evolution approach introduced in Refs. [112,113], where a drivenauxiliarysystem is coupled

to the computational register upon which the operation is faithfully induced provided the evolution

is adiabatic. We augment this approach with techniques from shortcuts-to-adiabaticity [25, 26],

speci�cally counterdiabatic driving (CD) [17,33,66,114] and Floquet engineering (FE) [115], that

allow to arbitrarily speed up the implementation, albeit with an increased energetic cost. In

addition to these techniques, we consider an inverse engineering (IE) approach [116] where the

computational register isdirectly driven by external control �elds. We examine these approaches,

both in terms of their resource overhead and their resilience to systematic errors stemming from

imperfect timekeeping and environmental e�ects. Section 2.1 outlines the control techniques used

in this work. Section 2.2 introduces the benchmarks for the robustness of a gate implementation.

The remainder of the chapter constitutes the original work found in [3] which was done in collab-

oration with Bar�³ ƒakmak and Steve Campbell. The numerical and analytical results below were

provided by myself.

3.1 Controlled Gate Techniques

Here we outline the three control techniques that are the focus of the present Chapter. As

shown in Fig. 3.1 for the auxiliary evolution approach we consider two approaches to speed up the

dynamics(i) counterdiabatic driving (CD) and(ii) Floquet Engineering (FE); we also consider a

third controlled implementation where the computational register is directly driven via(iii) inverse

engineering (IE).
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3.1.1 Auxiliary Evolution

The �rst method we consider for implementing unitary gates is the adiabatic approach [112] where

an auxiliary qubit is coupled to a computational register upon which we wish to perform the gate

operation. By driving this auxiliary qubit adiabatically, the desired gate operation can be e�ected

on the computational register. Let us �rst show the auxiliary evolution procedure for an arbitrary

single-qubit gate. This unitary will generically have an eigenvalue� + = 1 , and we denote the

corresponding eigenvector asjn+ i . This is the vector that remains invariant under the action

of the unitary - the rotation axis. We denote the other eigenvalue as� � and its corresponding

eigenvector asjn� i . The action of a single-qubit gate on an arbitrary state in the eigenbasis of

the unitary is then

� jn+ i + � jn� i ! � jn+ i + ei� � jn� i ; (3.1)

where ei� = � � . As an example, we consider the Hadamard gate. Its matrix representation in the

computational basis is

H =
1

p
2

 
1 1

1 � 1

!

: (3.2)

The �rotation axis,� or the unit vector that is left invariant by the action of the unitary, corresponds

to the eigenvector with eigenvalue +1. For the Hadamard gate this is

jn+ i =
1

q
1 + (1 +

p
2)2

 
1 +

p
2

1

!

: (3.3)

The second eigenvalue is -1, with corresponding eigenvector

jn� i =
1

q
1 + (1 �

p
2)2

 
1 �

p
2

1

!

: (3.4)

The action of the Hadamard gate on a general state is

H(p1 j0i + p2 j1i ) =
p1 + p2

2
j0i +

p1 � p2

2
j1i : (3.5)

In the eigenbasis of the Hadamard gate (3.1), the amplitudes are

p1 =

q
2 +

p
2

2
� �

q
2 �

p
2

2
�; (3.6)

p2 =

q
2 �

p
2

2
� +

q
2 +

p
2

2
�: (3.7)
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Recognising that the action ofH on the state in the eigenbasis is the transformation� ! � � ,

we denote the amplitudes after the unitary transformation as

p0
1 =

q
2 +

p
2

2
� +

q
2 �

p
2

2
�; (3.8)

p0
2 =

q
2 �

p
2

2
� �

q
2 +

p
2

2
�: (3.9)

A quick calculation then shows thatp0
1 = ( p1 + p2)=2 and p0

2 = ( p1 � p2)=2, reinforcing the idea

that we simply need to �tack-on� a local phase derived from� � onto jn� i to perform our gate.

To realise an arbitrary single-qubit gate in the auxiliary evolution framework, we �rst couple the

computational qubit to an auxiliary qubit that is initialised in thej0i computational state. It is this

qubit that is subject to the controlled drive. The combined initial state in the register-auxiliary

Hilbert space is then

j	 i i = ( � jn+ i + � jn� i ) 
 j 0i : (3.10)

We consider the total Hamiltonian

H (t)= jn+ i hn+ j 
 H0(t) + jn� i hn� j 
 H � (t); (3.11)

where the projectors are given byjn� i hn� j = ( 1 � n � � ) =2, with n being the Bloch vector

representation ofjn+ i and H � (t) given as

H � (t) = � [cos(� f � )� z + sin( � f � ) [cos (� k )� x + sin ( � k )� y ]] : (3.12)

For the Hadamard gate we have� = � , derived from ei� = � � . Adiabatically evolving under the

Hamiltonian above yields time evolved state

j	( t)i = � jn+ i 
 j � g
0(t)i + � jn� i 


�
�
� � g

� (t)
E

; (3.13)

where
�
�
� � g

� (t)
E

is the ground state of Eq. (3.12), given by

�
�
� � g

� (t)
E

= cos
�

� f � (t)
2

�
j0i + ei� sin

�
� f � (t)

2

�
j1i : (3.14)

The overall state then reads

j	( t)i = cos
� � f �

2

�
(� jn+ i + � jn� i ) 
 j 0i + sin

� � f �
2

�
(� jn+ i + ei� � jn� i ) 
 j 1i : (3.15)

We see that the gate has been performed on the computational qubit with amplitudesin2 (��= 2). If

we measured the auxiliary qubit asj1i we would know the unitary has been performed successfully,

while if we measuredj0i we could infer that the computational qubit is in its original state. We

can design a ramping protocol to deterministically perform the gate. Denoting the total drive time
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as � , we then choose�� (� )= � as the endpoint of the drive. The state at this time is

j	( � )i = ( � jn+ i + ei� � jn� i ) 
 j 1i : (3.16)

Provided we drive the auxiliary qubit adiabatically with the parameters chosen above, we �nd that

the desired unitary rotation has been performed on the computational qubit, and the auxiliary

qubit is in the excited state of the computational eigenbasis. This framework was �rst introduced

in [112], and we can expand upon it to show that one can also perform a desired rotation on

the computational qubit with the auxiliary qubit starting in its excited state. That is to say, we

initialise the overall system in the state

j	 i i = ( � jn+ i + � jn� i ) 
 j 1i : (3.17)

Evolving adiabatically with the same Hamiltonians as before gives the time-evolved state

j	( t)i = � jn+ i 
 j � e
0i + � jn� i 


�
�
� � e

� �

E
; (3.18)

where the excited state of the time dependent Hamiltonian is

�
�
� � e

�

E
= � e� i� sin

�
� f �
2

�
j0i + cos

�
� f �
2

�
j1i : (3.19)

The total time-evolved state then reads

j	( t)i = � sin
� � f �

2

�
(� jn+ i + e� i� � jn� i ) 
 j 0i + cos

� � f �
2

�
(� jn+ i + � jn� i ) 
 j 1i ; (3.20)

which, for � f � (� ) = � deterministically performs the gate, with a global phase, provided that

one chooses� � instead of+ � for the driving parameter in (3.12). To that end, we consider the

general total Hamiltonian (for the register and auxiliary qubit)

H (t) =
X

k

Pk 
 H � k (t); (3.21)

wherePk are projectors onto each of the eigenvectors of the desired unitary acting on the com-

putational register, whileH � k (t) is the eigenvalue-dependent driving Hamiltonian given by (3.12)

acting on the auxiliary qubit. We will brie�y show how to utilise this for a two-qubit gate. One

typical example is the controlled-phase gate. A phase shift operation for an angle� applied to a

qubit acts asj0i ! j 0i and j1i ! ei� j1i . The controlled-phase gate implements this operation

on the target qubit, provided the control qubit is in thej1i state. The matrix representation of
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the unitary in the computational basis is

CP(� ) =

0

B
B
B
B
B
@

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 ei�

1

C
C
C
C
C
A

: (3.22)

Explicitly, a two-qubit state in the computational basis is

j i = � j0; 0i + � j0; 1i + 
 j1; 0i + � j1; 1i : (3.23)

Performing the controlled-phase gate yields the following output state

CP(� ) = � j0; 0i + � j0; 1i + 
 j1; 0i + ei� � j1; 1i : (3.24)

The unitary is already diagonal in the computational basis, meaning that the projectors onto its

eigenvectors are simply the computational basis projectors. We simply need to generate a local

phase of ei� to the j1; 1i component of the state. Within the auxiliary evolution framework, the

gate operation can again be implemented by performing a drive on the additional auxiliary qubit.

H AE
CP (t) = ( j0; 0ih0; 0j + j0; 1ih0; 1j + j1; 0ih1; 0j) 
 H0(t) + j1; 1ih1; 1j 
 H � (t); (3.25)

where the time-dependent driving HamiltoniansH0(t) and H  (t) applied on the auxiliary qubit

are given as in Eq. (3.12). As before, we initialise the total state as

j	(0) i = ( � j0; 0i + � j0; 1i + 
 j1; 0i + � j1; 1i ) 
 j 0i : (3.26)

Evolving it adiabatically gives

j	( t)i = cos
��
2

(� j0; 0i + � j0; 1i + 
 j1; 0i + � j1; 1i ) 
 j 0i (3.27)

+ sin
��
2

(� j0; 0i + � j0; 1i + 
 j1; 0i + ei� � j1; 1i ) 
 j 1i : (3.28)

Again, we can choose a ramping protocol such that�� (� ) = � , deterministically performing

the gate by time� . A similar argument as for the single-qubit case can be made for working in

the excited state of the auxiliary qubit, again allowing one to recycle the auxiliary qubit for the

next step in a circuit without resetting its state.

In order for the auxiliary evolution framework to implement high �delity processes we need to

minimise diabatic transitions. As discussed in Chapter 1, driving this system at �nite timescales

will result in these transitions. To reduce these transitions, we will employ two di�erent control
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methods for the auxiliary qubit. We again turn to counterdiabatic driving [17,33], which allows us

to arbitrarily speed up the evolution while still achieving perfect adiabatic dynamics by introducing

additional term(s) to the system Hamiltonian. The CD term for Hamiltonian (3.12) can be found

analytically, and is given by

H CD
� (t) = _�

�
2

[� y cos(� ) � � x sin(� )]; (3.29)

where we have taken� = � . This form of counterdiabatic term looks natural for qubits that are

manipulated by lasers such as trapped ions or neutral atoms. The above Hamiltonian could be

implemented by adding a relative phase shift to the driving �eld of the laser. Note that the CD

term is used in addition to the bare time dependent Hamiltonian in (3.11).

Our second control scheme, Floquet engineering, relies on an expansion of the adiabatic gauge

potential (AGP), which we shall make clear below. We consider a general HamiltonianH0(� )

where again� = � (t) is the tuneable control term. The instantaneous eigenvalues and eigenstates

are given by

H0(� ) jn(� )i = En (� ) jn(� )i : (3.30)

Consider the evolution of an arbitrary (potentially non-adiabatic) statej i evolving with the

unitary operator generated byH0(� ). We can transform to the co-moving basis of this evolution

with the Hermitian conjugate of the same unitary,
�
�
� ~ 

E
= Uy(� ) j i . In the co-moving basis, the

equation of motion reads

i@t

�
�
� ~ 

E
= ( UyH0(� )U � i _�U y@� U)

�
�
� ~ 

E
: (3.31)

The transformed Hamiltonian~H (� ) = UyH0(� )U =
P

n=1 En (� ) jn(� )ihn(� )j is diagonal in the

eigenbasis ofH throughout the evolution, while the second term is responsible for transitions

between the eigenstates. We can recast this last equation to look like a connection

i@t

�
�
� ~ 

E
= ( ~H (� ) � _� ~A � )

�
�
� ~ 

E
; (3.32)

where ~A � is the adiabatic gauge potential in the co-moving frame. Transforming this term back to

the lab frame and adding it to the original Hamiltonian will then leave us with a new Hamiltonian

that will naturally be diagonal in the co-moving frame, giving us transitionless driving. This reads

as

H (t) = H0 + _� A � (3.33)

whereA � = U ~A � Uy = i (@� U)Uy. We can rewrite the adiabatic gauge potential by taking the

derivative of ~H (� ) [117]

i@� H0(� ) � i
X

n=1

@� En (� ) jn(� )ihn(� )j = [ A � ; H0(� )]: (3.34)

The second term on the left-hand-side still relies on us knowing the spectrum of the Hamiltonian,
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so ideally we want to remove it. It naturally commutes withH0, allowing us to rewrite the equation

as a gauge condition

[i@� H0(� ) � [A � ; H0(� )]; H0(� )] = 0 : (3.35)

This equation allows one to �nd the gauge potential through a minimisation scheme. It is equiv-

alent to minimising the Hilbert-Schmidt norm of

G� = @� H0 + i [A g
� ; H0]; (3.36)

whereA g
� is a guess for the AGP [89]. Knowledge of the exact Lie algebra elements needed for

this control term is di�cult to obtain in many-body systems, and many of those terms which

are needed for the full control term may be impractical in physical realisations. To resolve this,

recent work has proposed an ansatz forA g
� which can then be used to minimise (3.36) through a

variational scheme [115]. They propose an approximation to the exact adiabatic gauge potential

as a nested commutator expansion

A (l )
� = i

lX

k=1

� k [H0[H0; :::[H0| {z }
2k� 1

; @� H0]]]; (3.37)

wherel denotes the order of the expansion and, for an arbitrary system in the limit ofl ! 1 , one

obtains the exact expression for the adiabatic gauge potential, given by the Hellmann-Feynman

theorem as

hm(� )j A � jn(� )i = � i
hm(� )j @� H0 jn(� )i

Em (� ) � En (� )
: (3.38)

The coe�cients for the expansion,� k , are determined by minimising the action

Sl = Tr[G2
l ]; Gl = @� H0 + i [A (l )

� ; H0]: (3.39)

This approach is particularly e�ective when dealing with many-body systems as it allows to truncate

the complexity and spatial support of the control �elds [115]. We can control up to orderl of the

approximation by evolving with the overall Hamiltonian

H = H0 + i _�
lX

k=1

� k [H0[H0; :::[H0| {z }
2k� 1

; @� H0]]] (3.40)

For a single two-level system, as will be the focus of the present work, we �nd that Eq. (3.37) is

already identical to the full counterdiabatic term forl = 1 , i.e. only the �rst term in the sum is

required to achieve perfect control. However, our main interest in employing Eq. (3.37) is because

it provides a means to engineer a Floquet Hamiltonian which approximately mimics the action

of adiabatic gauge potential [115] and therefore opens up new possibilities in terms of feasible

experimental implementations [118].

Floquet theory allows to design an e�ective Hamiltonian that stroboscopically mimics the
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dynamics of another, potentially more complex or experimentally unfeasible Hamiltonian. In order

to achieve this, we need only to oscillate the original driven Hamiltonian and its derivative with

respect to the driving parameter. Such a Floquet Hamiltonian can stroboscopically recreate the

dynamics of the full CD HamiltonianH = H0 + _� A � with a comparatively reduced operator set.

Formally, Floquet engineering recreates the evolution of a reference Floquet Hamiltonian,HF ,

matching it at each end of a driving cycle

H F (t) =
1
T

Z t+ T

t
dt0H F E (t0): (3.41)

The periodically-driven Floquet-engineering Hamiltonian reads as

H F E =
�
1 +

!
! 0

cos(!t )
�

H0(� ) + _�

" 1X

k=1

� k sin((2k � 1)!t )

#

@� H0(� ); (3.42)

where� k are Fourier coe�cients of the expansion of the reference Floquet Hamiltonian that we

will �x shortly, ! 0 = 2 �=� is a reference frequency derived from the total time of the drive, and

! = 2 �=T , whereT is the period of a single drive period. The idea is to choose the correct

Fourier coe�cients for H F such that H F E stroboscopically implements the dynamics of (3.33).

The advantage gained is that if this scheme is successful, we can implement the control term

derived from the AGP (or an approximation of it) using only the Lie algebra elements that appear

in its original Hamiltonian. By periodically driving the original Hamiltonian and its derivative,

we will approximate the controlled dynamics, exactly recovering them in the! ! 0 limit. We

demonstrate how to tailorH F (t) to match the controlled Hamiltonian given by (3.40). We �rst

transform (3.42) by moving to the rotating frame of(!=! 0) cos (!t )H0.

~H F E = ei
Rt

0
dt0! cos ( !t 0)

! 0
H 0 H F E e� i

Rt

0
dt0! cos ( !t 0)

! 0
H 0 : (3.43)

We assume that the driving period is much faster than the rate of change ofH0 such that we can

assume it is constant for the duration of the integral. This gives

~H F E = ei sin ( !t )
! 0

H 0 H F E e� i sin ( !t )
! 0

H 0 : (3.44)

From (3.44) it is clear that the rotating frame and the lab frame coincide att = 0 and t = T, the

start and end of each driving cycle. We will use this to �x the form ofH F . The dominant term

in the Magnus series expansion [119] of (3.41) in the rotating frame is

~H F
(0) =

1
T

Z T

0
dtei sin ( !t )

! 0
H 0 H F E e� i sin ( !t )

! 0
H 0 : (3.45)

We are interested in the o�-diagonal elements, as the diagonal terms will just be those ofH0 as
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they are assumed constant over a single cycle

hmj ~H F
(0) jni =

1
T

Z T

0
dtei ( E m � E n ) sin ( !t )

! 0 _�

" 1X

k=1

� k sin((2k � 1)!t )

#

hmj @� H0 jni : (3.46)

We can use the Jacobi-Anger expansion on the exponential

eiz sin � �
1X

j = �1

J j (z)eij� ; (3.47)

whereJ j (z) are Bessel functions of the �rst kind. This lets us re-write (3.46) as

hmj ~H F
(0) jni =

_�
T

1X

j = �1

J j

� ! mn

! 0

�
hmj @� H0 jni

Z T

0
dt

" 1X

k=1

� k sin((2k � 1)!t )

#

ei!jt ; (3.48)

where ! mn = Em � En , and we have again used the separation of timescales forH0 and the

period of a drive. The integral returns the Fourier coe�cients� k , giving us

hmj ~H F
(0) jni = i _�

1X

j =1

� j J 2j � 1

� ! mn

! 0

�
hmj @� H0 jni : (3.49)

As established before, the rotating frame and lab frames coincide att = 0 and t = � , which lets

us write (including the diagonal terms now)

H F
(0) = H0 + i _�

1X

j =1

� j J 2j � 1

� ! mn

! 0

�
hmj @� H0 jni : (3.50)

We can Taylor expand the second term aroundt = 0

H F
(0) = H0 + i _�

1X

j =1

� j

1X

k=0

(� 1)k (2! 0) � 2(j + k)+1

k!(k + 2 j � 1)!
[H0[H0; :::[H0| {z }

2j +2 k� 1

; @� H0]]]: (3.51)

As we will see, we return the full counterdiabatic term for the single-qubit drive with a single

commutation, this implies we need only thej = 1 ; k = 0 term in the expansion. In principle, one

need only compare terms between (3.40) and (3.51) to �x the Fourier coe�cients for the Floquet

engineered Hamiltonian given by (3.42). For us, this implies� 1 = 2 � 1! 0. Let us apply this control

scheme to the auxiliary drive Hamiltonian

H � (� ) = � [cos(�� )� z + sin( �� ) [cos (� )� x + sin ( � )� y ]] : (3.52)

The �rst order, l = 1 term gives

A (1)
� = i� 1[H � ; @� H � ] = � 2�� 1(cos�� y � sin �� x ): (3.53)
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From a term, we have already found the operator form of the counterdiabatic �eld, given by

(3.29). Minimisation of the action given by (3.39) �xes� 1 = � 1=4, which gives us precisely the

counterdiabataic term atl = 1 order. Even though this is for a single qubit, the control term has

support on an operator that has no overlap with the operator set of the bare Hamiltonian. If we

only had access to the operator set of the bare Hamiltonian, this is where the Floquet engineering

control term has an advantage. It reads

Ĥ F E
� =

�
1 +

!
! 0

cos(!t )
�

Ĥ � (� ) + _� [! 0� 1 sin(2!t )] @� Ĥ � (� ); (3.54)

where ! 0 = 2 �=� is the reference frequency tied to the total gate time and! = N! 0 with

N 2 N � 1 is the frequency for a single periodic drive cycle. The Floquet Hamiltonian replaces

the time dependent bare Hamiltonians in (3.11).

3.1.2 Inverse Engineering

As an alternative approach to auxiliary control, we consider a simpler approach by directly driving

the computational register. The evolution of a closed quantum system obeys the time-dependent

Schrödinger equation and an arbitrary initial state is connected to a designated �nal state by

a unitary operator,j (t)i = U(t) j (0)i . The Hamiltonian that generates such a unitary time

evolution is determined by

H (t) = i _U(t)Uy(t): (3.55)

It is possible to follow several approaches to inverse engineer the desired unitary [26,116,120,121],

and hence the corresponding Hamiltonian. In this work, we adopt the approach taken in Ref. [116]

and expressU(t) in the following form

U(t) =
X

n
ei�� n (t ) jn(t)i hn(t)j ; (3.56)

where the setfj n(t)ig forms a complete orthonormal basis, and� (t) has the initial condition

� n (0) = 2 l wherel 2 Z to ensureU(0) = I . By taking suitable choices for the free parameters

that de�ne the orthonormal basis and local phase information, we can construct a Hamiltonian that

implements the desired unitary behaviour in such a way that is not dependent on a particular initial

state. In what follows we construct the IE Hamiltonian such that� (t) is the driving parameter.

The motivation for choosing IE is to showcase another control technique. However, as we noted

in Chapter 1, the IE approach prescribed above and �typical� counterdiabatic control methods

are intrinsically related [122,123]. We inverse-engineer a protocol such that there are no diabatic

transitions are allowed, it is diagonal in its co-moving frame. Therefore, the results reported for

the IE case would be qualitatively similar if instead CD driving were applied to the computational

qubit directly. What does di�er is that with the IE approach we do not start with a reference

Hamiltoniana priori for which the transitions need to be suppressed. Nevertheless, as depicted in

Fig. 3.1, the key di�erence in our analysis is embodied by the two distinct settings where either
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an auxiliary system is employed to achieve the gate or when the computational system is directly

driven.

Let us �rst consider a single-qubit process. We consider the unitary operator

U1(t) = jm+ (t)i hm+ (t)j + ei�� (t ) jm� (t)i hm� (t)j ; (3.57)

where the basis states are de�ned as

jm+ (t)i = cos[#(t)=2] j0i + ei' (t ) sin[#(t)=2] j1i ;

jm� (t)i = ei' (t ) cos[#(t)=2] j1i � sin[#(t)=2] j0i :
(3.58)

with parameters#(t); ' (t); and� (t) that can be tuned in order to de�ne the desired gate operation.

For a single qubit gate, the driving Hamiltonian found from Eq. (3.55) takes the form [116]

H (t) =
1
2

! (t) � � ; (3.59)

where the vector components are given as

! x (t) =(cos �� � 1) _' cos' cos# sin#

+ [ _' sin# sin �� + (cos �� � 1) _#] sin '

+ ( _# cos# sin �� + � _� sin#) cos';

! y(t) =(cos �� � 1) _' sin ' sin# cos#

+ [ _' sin# sin �� � (cos�� � 1) _#] cos'

+ ( _# cos# sin �� + � _� sin#) sin ';

! z(t) = � _# sin# sin �� � (cos�� � 1) _' sin2 # + � _� cos#: (3.60)

The action of this Hamiltonian is to transform the input statej� (0)i = a j0i + bj1i to the �nal

state j� (t)i = � (t) j0i + � (t) j1i where the populations are

� (t) =
a(ei�� (t ) + 1) � (ei�� (t ) � 1)(a cos#(t) + be� i' (t ) sin#(t))

2
;

� (t) =
b(ei�� (t ) + 1) + ( ei�� (t ) � 1)(bcos#(t) � ae� i' (t ) sin#(t))

2
:

One choice of parameters that gives the Hadamard gate are' (t)=0 , #(t)= �= 4, and ramping from

� (0)=0 to � (� )=1 , which in turn gives the populations of the �nal state as� (� )=( a + b)=
p

2,

and � (� )=( a � b)=
p

2. The corresponding Hamiltonian that drives our qubit is then given as

H IE
Had (t) =

� _� (t)

2
p

2
(� x + � z): (3.61)
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The same approach can be extended to a two-qubit process

U2(t) =
X

k=1 ;2

jmk;+ (t)ihmk;+ (t)j + ei�� k (t ) jmk;� (t)ihmk;� (t)j : (3.62)

The evolution basis is similarly de�ned

jmk;+ (t)i = cos[#(t)=2] jk � 1; 0i + ei' k (t ) sin[#(t)=2] jk � 1; 1i ; (3.63)

jmk;� (t)i = ei' k (t ) cos[#(t)=2] jk � 1; 1i � sin[#(t)=2] jk � 1; 0i : (3.64)

We now have six parameters, with the restriction that� k (0) = 0 . All appear in the �nal state

of the system under the action of the unitary. Through a suitable choice of the parameters we

can design the Hamiltonian to implement the desired unitary dynamics. For example, adopting

the general formalism above, we obtain the desired IE Hamiltonian that applies the controlled-Z

operation as follows [116]

H IE
C� (t) =

� _� (t)
4

(1 
 � z + � z 
 1 � � z 
 � z): (3.65)

Note that the implementation of the above Hamiltonian requires a pure-dephasing interaction

between the target and control qubits.

In this section we have established two general ways of performing unitary processes on qubits

- one that involves driving auxiliary qubits that are coupled to the register, and a second that

requires us to drive the register directly. The latter is chosen such that it does not allow for

diabatic transitions, and therefore can be performed arbitrarily fast. The former requires a more

careful treatment - additional control terms must be included to drive it similarly quickly. We will

explore both conventional counterdiabatic control and Floquet engineering for this task.

3.2 Figures of merit

To characterise how faithfully a gate has been implemented we need to adopt a �delity measure that

is agnostic to the initial state of the register. Typically one can use full-process tomography [124]

to establish this, but this can be done with a more restricted set of state. Instead we adopt the

average �delity-loss measure [106]

JT = 1 �
3X

i =1

wi

tr [� 2
i (0)]

Re
�
tr [U� i (0)Uy� i (� )]

	
; (3.66)

and consider the average of the Hilbert-Schmidt norm of the ideal evolution of three speci�c initial

states with the obtained state, weighted bywi with
P 3

i =1 wi = 1 . Three initial states satisfying

particular conditions have been shown to be the minimum amount needed to address all the possible

errors and characterise a general unitary operation for an open system evolution [106,125]. For a
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single qubit, the following set satis�es the necessary conditions [106]

� 1(0) =

 
2=3 0

0 1=3

!

; � 2(0) =

 
1=2 1=2

1=2 1=2

!

; � 3(0) =

 
1=2 0

0 1=2

!

:

The �rst state, � 1, checks errors in the �xed basis states, and therefore does not signal any

possible errors that are diagonal in this basis. The second state,� 2, addresses this and indicates

the o�-diagonal errors in the �xed basis. The �rst two states alone are enough to distinguish two

unitaries in the closed case. The third state,� 3, is chosen to ensure that populations are conserved,

important for an open system setting. Depending on the choice of the weights in Eq. (3.66), it is

possible to highlight the e�ect of a source of an error on the in�delity over the others, which could

be numerically advantageous if one were tailoring parameters for an optimal control approach via

machine learning [106]. For simplicity and without loss of generality, throughout this chapter we

choose these weights to be equal, i.e.wi =1=3.

As we discussed in 2, the addition of control terms to the Hamiltonian implies an overall

increase in resources needed to evolve the system. We will again adopt the cost measure introduced

in [34,66,126]

C =
1
�

Z �

0
kH kdt; (3.67)

wherek�k denotes the norm of the Hamiltonian of interest, and again for simplicity we consider

the trace norm. It is important to emphasise that, following the approach taken in [98], we takeH

to be the full Hamiltonian that generates the driven dynamics implementing the gate operation,

not just the external control term. In fact, notice that it is only for the case of CD control where

an explicit additional Hamiltonian term is added to the bare Hamiltonian. For both the FE and

IE approaches, control is embedded into the same operators that appear in the bare Hamiltonian.

Therefore, it is necessary to consider the cost of the full Hamiltonian generating the time evolution.

This measure is well motivated by the functional form of the physical driving �elds [34, 127] and

it has been shown to have connections to a Landauer-type limit for the change in information

encoded computational states [94].

The controlled dynamics require that the drives are implemented for a speci�c length of time,

which we denote by� . Since the control protocols are designed to be e�ective regardless of the

speci�c functional form of the drive, this provides a useful additional degree of freedom for control

protocols [53, 98]. We consider the following ramp pro�les that satisfy the boundary conditions

� (0)=0 and � (� )=1 ,

� (t) =
t
�

; linear

� (t) =
10t3

� 3 �
15t4

� 4 +
6t5

� 5 ; polynomial

� (t) = sin
�

�t
2�

�
: sinusoidal

(3.68)
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We look to characterise the impact of timing errors in the drive, i.e. where the duration of the

driving �eld over- or under-shoots the intended target time,� , by assessing the resulting impact on

the gate �delity, Eq. (3.66). We note that these pulses are chosen to capture and compare certain

pulse characteristics. Indeed much work has been done in designing more complex ramp pro�les

via optimal control and machine learning methods [128�130] seeking to optimise to a variety of

relevant cost functionals. Our analysis can therefore provide useful information for the seed pulses

to ensure robustness to, e.g. time keeping errors, while exploiting more advance techniques to

explore a greater optimization landscape.

We will be interested in considering how faithfully the gate operation is implemented when the

controlled system is not completely isolated and therefore prone to environmental e�ects. To that

end, we model the time evolution of the driven system with the GKSL master equation, which

was introduced in Chapter 1, restated here as

d�
dt

= L � = � i [H; � ] +
N 2 � 1X

i


 i

�
L i �L

y
i �

1
2

n
L y

j L i ; �
o�

: (3.69)

We will consider just a single jump operator that acts on the driven qubit,� �
z , with a single

interaction strength, 
 . The superscript� implies our assumption that the environment only

a�ects the driven part of the system, i.e. for the CD and FE cases we assume the environment

acts only on the auxiliary qubit, while for IE it is applied directly to the computational qubit(s).

This gives

L � = � i [H; � ] + 

�
� �

z �� �
z � �

�
; (3.70)

The e�ect of the jump operator on the computational basis states is

� z j0i = j0i ; � z j1i = � j 1i : (3.71)

This implies that it �ips the sign of the o�-diagonal terms in the density matrix,� , of the system

� z�� z =

 
1 0

0 � 1

!  
� 00 � 01

� �
01 � 11

!  
1 0

0 � 1

!

=

 
� 00 � � 01

� � �
01 � 11

!

: (3.72)

This then gives

L � = � i [H; � ] + 


 
0 � 2� 01

� 2� �
01 0

!

: (3.73)

We can solve the �rst-order di�erential equations that governs the o�-diagonal terms, i.e. the

coherence of the qubit.

� 01(t) = � 01(0)e� 2
t : (3.74)

The populations are una�ected by the environment, which will evolve according to the unitary part

of the GKSL equation, while the coherence terms decay exponentially. This form of decoherence
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is typically called pure dephasing. For our purposes it is a simple but accurate description of what

occurs in many physical qubits, where energy relaxation is slow compared to the rate of dephasing.

The self-Hamiltonian of computational qubits are typically proportional to� z. Fluctuations in this

term, or noise that manifests as an operator that commutes with the system Hamiltonian will

therefore manifest as pure dephasing. We will explore how decoherence e�ects the performance

of the gates for the two physically distinct approaches to their implementation.

3.3 Hadamard Gate

We compare the approaches using the Hadamard gate as a benchmark. In the IE case the

Hamiltonian is

H IE
Had (t) =

� _� (t)

2
p

2
(� x + � z): (3.75)

while in the auxiliary evolution framework it reads

H AE
Had (t)= jn+ i hn+ j 
 H0(t) + jn� i hn� j 
 H � (t); (3.76)

where the projectors are given byjn� i hn� j = ( 1 � n � � ) =2, with n = 1=
p

2f 1; 0; 1g and H � (t)

given as

H � (t) = � [cos(�� )� z + sin( �� ) [cos (� )� x + sin ( � )� y ]] : (3.77)

This last equation will use both counterdiabatic control as given in (3.29) and Floquet engineering

as given by (3.54).

Fig. 3.2 shows the trajectories for the various control approaches on the Bloch sphere in the

absence of any errors. While the IE qubit (rightmost, yellow) follows a path on the Bloch sphere

and therefore remains pure during the gate operation, the auxiliary evolutions' computational qubit

cuts through the Bloch sphere (straight, green line) connecting the initial state(j+ i ) to the �nal

one (j0i ). The latter observation shows that, although the initial and �nal states of both the

control and register qubits are pure in the auxiliary evolution approach, during the dynamics they

are mixed, which indicates that they become entangled during the process. By having a detailed

look at the Bloch vectors of the driven qubits for the auxiliary evolution and IE, it is possible to

see that theirx and z-components are equal to each other at all times, and onlyy-components

di�er (in fact, this component remains identically zero for the auxiliary evolution's qubit for this

particular gate operation). Therefore, the path that this computational qubit takes is restricted to

the x � z plane and the projection of the path of the IE qubit to the same plane is identical and

therefore, as we demonstrate explicitly below, the performance in terms of the implementation

(in)�delity, Eq. (3.66) are identical for the di�erent processes despite their dynamics being distinct.

Fig. 3.3(a) shows the �nal target state in�delity for a Hadamard gate operation implemented

using the three control strategies and for comparison we also show the uncontrolled auxiliary

evolution (black, dashed) for a linear ramp� (t)= t=� . As expected, CD and IE both achieve perfect

implementations regardless of the timescale of the drive (bottom-most dotted lines). The solid red
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Figure 3.2: We show the trajectories of the qubits for both the CD and IE protocols of the
Hadamard gate. We take the initial computational state to bej+ i . The yellow line corresponds to
the path of the qubit in the IE case. The green and orange lines correspond to the computational
and auxiliary qubits of the auxiliary evolution cases, respectively, which begins and ends with a
separable global state of the two qubits while at intermediate times the reduced states of either
qubit are mixed.

curve corresponds to the FE Hamiltonian, Eq. (3.42). We note that the FE evolution approach

is exactly equivalent to the CD term only when the frequency of the Floquet driving is taken to

in�nity, and is otherwise approximate for �nite values. Despite the approximate nature of the FE

approach, provided that the chosen parameters are within the relevant regime of applicability [115],

this approach is still highly e�ective in implementing the controlled evolution, tracking the same

dynamics as the CD approach and maintaining an improvement of several orders of magnitude

over the uncontrolled implementation. In Fig. 3.3(b) we �x� =1 and examine the computational

qubit's approach to the target state during the evolution. This serves to demonstrate that despite

the actual dynamics giving rise to distinct paths, the e�ectiveness of all control protocols in terms

of gate in�delity is the same. The inset demonstrates that the FE drive is a remarkably accurate

approximation to the exact drive, showing small oscillations around the desired trajectory. While

Fig. 3.3(a) and (b) demonstrate that, at the level of implementation, all control protocols are

largely equivalent insofar as they can faithfully achieve the desired unitary, we will see in the

following some qualitative di�erences emerge when we consider alternative performance metrics.

We show the total cost of implementing the controlled gate operation, quanti�ed using

Eq. (3.67), in Fig 3.4(a) and for simplicity we consider a linear ramp for all protocols. To begin

with, for very fast driving times,� ! 0, we are in the opposite limit of adiabatic evolution and the

energetic costs of all control techniques diverge. This observation is in accordance with previous

works [41,126] which establish that the energetic resources necessary to drive a system arbitrarily
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(a) (b)

Figure 3.3: (a) Final gate in�delity, Eq (3.66) as a function of total protocol duration, for the
Hadamard gate. The auxiliary evolution with counterdiabatic (CD) control is shown in the lower-
most green, dotted curve. Inverse engineering (IE) performs similarly shown by the blue, dotted
curve. The topmost, black, dot-dashed curve corresponds to an uncontrolled auxiliary evolution
where the performance is several orders of magnitude worse. Floquet engineered (FE) auxiliary
control is shown in the red, solid curve and is shown to be highly e�ective. (b) Dynamical gate
in�delity for the Hadamard gate with� = 1 using the same styling as panel (a) to identify the
di�erent control protocols. The inset captures the oscillations present in the FE driving around
the dynamics of the CD approach.

fast while keeping it in the adiabatic manifold requires to have access to arbitrarily large energetic

resources. Naturally, for longer quench durations we asymptotically reach the adiabatic limit of

the time evolution and the cost decays proportionally to1=� . Speci�cally, in the long time limit

the CD cost asymptotically approaches to2
p

2, which corresponds to an unavoidable energy cost

given by the energy change of bare Hamiltonian of the driven auxiliary qubit, while for IE the cost

vanishes in the asymptotic limit. On the other hand, for the FE case, the leading term for the

cost in the long time limit is2!=! 0 and proportional to the frequency of the Floquet driving, i.e.

how many times the FE dynamics intersects with the true adiabatic dynamics. This requirement

for high frequency driving manifests in a higher energetic cost for achieving the control.

We now turn our attention to timekeeping errors, or equivalently pertubations to the control

�eld strength. For simplicity we focus on the case of IE, but remark the conclusions are qualitatively

similar for both the auxiliary evolution cases as the dynamical overlap with the target states for

the protocols coincide. In Fig. 3.4(b) we (arbitrarily) �x� =1 and consider the performance of the

di�erent ramp pro�les given by Eqs (3.68) where we allow for the ramp to over- or under-shoot

the target time by a factor proportional to1 � � . A simple linear ramp is the most susceptible

to this type of error, with the in�delity rapidly growing as� increases. Therefore, while the linear

ramp has some notable advantages, e.g. resulting in a time-independent control term for IE [cfr.

Eq. (3.75)], this comes at the expense of requiring potentially costly accurate timekeeping [131].

In contrast, due to their smooth start and end points the polynomial and sinusoidal protocols allow

for more severe timekeeping errors while still faithfully implementing the gate, with timing errors

of up to 20% still achieving in�delities. 10� 4. This can be understood from the behaviour of
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Figure 3.4: (a) We plot the cost, Eq. (3.67), of implementing the Hadamard gate vs. total protocol
duration for IE, CD control, FE with!=! 0 = 200 in blue, green, and red, respectively. (b) Final
gate in�delity for the Hadamard gate vs. timekeeping error,� , for over- or under-shooting the
intended ramp duration. The total (ideal) ramp time is� = 1 . We show the performance for
the linear (orange), the polynomial (cyan), the sinusoidal (purple) ramps. In all panels we �x
! 0 =2 �=� , ! =200! 0 for the FE case.

these functions at their endpoints where the rate of change of the associated driving �eld remains

su�ciently small for � < 0:2. As a result, the amplitude of obtaining the desired �nal state,

which is given bysin2(� f �= 2) [see Eq. (3.13) and (3.14)] does not signi�cantly deviate from unity.

These results are consistent with complementary studies of di�erent control problems [132] and

demonstrates that the �atness of the applied ramp around the target is an important feature to

have in terms of the robustness of the protocol.

The physical di�erences implied by the approaches become most apparent when considering

open system e�ects on state evolution. Fig. 3.5 presents our results on the in�delity between the

�nal state and the target state as a function of the total gate implementation time, scaled with

the decoherence rate for a dephasing environment and the explicit trajectories of the qubits. In

Fig. 3.5(a), we plot the trajectories of each qubit for the CD and IE Hadamard gate when the

driven qubits are exposed to a dephasing channel. For the CD case, not driving the computational

register directly can allay much of the spoiling e�ects of the environment. The auxiliary evolution

approach requires the driven qubit to end in statej1i . While the dephasing will leave the system in

a mixed state, it nevertheless can have a large overlap with the intended target state of the auxiliary

qubit which therefore still exhibits a good performance. Since we assume the computational qubit

in the CD case does not directly feel the spoiling e�ects of the dephasing channel, it simply stops

along its ideal trajectory when the auxiliary qubit falls short of its target state. In contrast, since

we drive the computational qubit directly in the IE case while also exposing it to the dephasing

channel, we see that IE qubit (yellow) starts in thej+ i state and is drawn towards thez-axis, away

from its ideal unitary dynamics by the environment. Fig 3.5(b) shows the �nal state in�delity

for Hadamard gate as a function of the dephasing strength. The CD case (blue) displays better

�nal state in�delity than the IE case (red) for all values of� 
 . For larger gates, we expect that
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Figure 3.5: (a) Qubit trajectories for the Hadamard gate under a dephasing channel, Eq. (4.20),
where the channel acts on the driven qubit in each case with� 
 =2 . Styling is same as in Fig. 3.2.
As we dephase in thez-basis, both the state of the qubit in the IE case (yellow) and that of the
auxiliary qubit in the CD case (orange) are pulled towards thez-axis. The computational qubit
of the CD case (green) is not directly a�ected by the channel, and does not deviate from the
ideal path, instead stopping along that trajectory once the auxiliary qubit driving the evolution
has decohered. (b) We show the �nal gate in�delity, Eq. (3.66), for the dephasing channel for the
Hadamard gate, with upper, dotted red and lower, dashed blue curves correspond to the IE and
CD cases, respectively.

this di�erence will further widen in favour of the CD case. Despite the unfavourable cost scaling

and relative complexity of the CD Hamiltonian compared to IE methods, it represents a potential

attractive approach for robust gate implementation.

It is natural to consider extending the above framework to the implementation ofN -qubit

gates. The preceding analysis can readily be performed for two-qubit entangling gates, such as

the controlled-phase gate [112, 116]. A qualitatively similar behaviour is observed: once again

the overall performance in terms of process in�delity is consistent across all control approaches.

Similarly, the e�ect of time-keeping errors is most signi�cant for ramps that do not have smooth

end points. A notable di�erence emerges when considering the energetic cost. While the auxiliary

evolution approaches involve driving only a single qubit, and therefore the cost is essentially

bounded, they can nevertheless facilitate a gate operation on an arbitrary sized register. However,

this comes at the price of a di�cult to implement Hamiltonian, Eq. (3.21), that requires many-

body interactions. This is in contrast to the IE approach where the register is controlled directly

and, as might be expected, the complexity and energy required to implement IE control on multiple

qubits scales poorly with the register size.
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3.4 Conclusions

We have systematically analysed the e�ectiveness CD, IE, and FE methods in the Hamiltonian

implementation of unitary quantum gates. As the �gures of merit for all considered methods,

we have put the gate in�delity, the energetic cost, susceptibility to imperfect timekeeping, and

robustness against the e�ects of environmental noise at the centre of our discussion. We have

focused on the single qubit Hadamard gate and observed that all methods can faithfully achieve

the desired gate, however, show some notable qualitative di�erences when examining performance

metrics beyond target �delities. For example, the energetic overhead of FE is the highest among

the considered methods, due to the high-frequency driving necessary to achieve a gate operation

closer to the ideal case. As for the imperfect timekeeping errors of the desired driving time, we

have observed a subtle dependence on how the Hamiltonian is driven. Smoother ramping of the

Hamiltonian results in a more successful gate implementation, in case the desired driving time

is over- or under-shot. Finally, we have assumed that the driven qubit in CD and IE methods

is in contact with a dephasing environment, and seen that the latter control technique is more

adversely a�ected by such environmental spoiling e�ects than the former due to the fact that

in this case computational degrees of freedom are a�ected by the noise. A qualitatively similar

behaviour can also be observed for a �nite temperature dissipative environment. We considered

several commonly employed ramp pro�les in order to highlight the natural robustness that each

approach has under the same conditions and to provide insight into the properties that robust

pulses should contain, e.g. smooth end points. This information can then be used to further

enhance performance through the tailoring of ramp pro�les by, e.g. optimal control techniques.

However, the cost functional can be optimised over multiple metrics, such as energetic cost, pulse

bandwidth, and robustness to noise to name a few, and therefore this rapidly becomes a complex

problem.

We �nally o�er some comments on the applicability of these general Hamiltonians in light of

recent experimental work has been done to implement transitionless (or superadiabatic) gates on

promising candidate architectures, such as NV centres [133], superconducting qubits [134,135], and

rare-earth ions [136]. Indeed the possible universal gate sets generated by the inverse engineering

case discussed in this work presents an attractive prospect for applicability, owing to the relatively

simple forms and interactions present and the potential to drive them with time-independent

control �elds. The counterdiabatic driving case represents a departure from the typical approach

to implementing a gate as it makes use of an additional auxiliary resource to mediate the driving.

One may view gates in this setting as controlled gates, the Hadamard gate is perfectly implemented

on the register qubit if the auxiliary qubit is driven toj1i and the identity is performed on it if

the auxiliary is found inj0i . This implementation therefore requires a platform that can readily

achieve controlled-gates, e.g. trapped-ion systems [76].
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Chapter 4

Commutativity and the Emergence of

Classical Objectivity

In the previous chapter, we saw how decoherence - modelled by a Lindblad master equation

- prevented us from implementing high �delity processes on qubits due to loss of coherence.

The channel used had a steady-state that left the system in a classically mixed state in the

computational basis. Decoherence theory provides the framework to understand the emergence of

mixed states from quantum dynamics [137]. It posits that the nature of the system-environment

interaction singles out a set of system states�the pointer states�which form a basis for the system's

description and are robust to the deleterious e�ects of the interaction. It is the commutativity

between the system-environment interaction and the pointer basis that determines the classical

mixture which the system is driven to by the dynamics [137].

While decoherence accounts for how the classical mixed state is achieved, it must be augmented

to address the more general question of how we perceive classically objective states [138]. Decoher-

ence simply accounts for the irretrievable loss of coherence due to environmental interactions. For

a state to be objective, we require that multiple observers can access the same information about

the system in question without perturbing it and come to a consensus over its state. Quantum

Darwinism [138,139], and the more stringent strong quantum Darwinism [140�142], and spectrum

broadcast structures [143�145], attempt to address this issue in a mathematically rigorous manner

by treating the environment in a more active manner. The core tenet of quantum Darwinism

is that for a classically objective state to emerge, the system must proliferate information about

its con�guration in the pointer basis to the environment. The standard framework that allows

for quantum Darwinism to emerge is that of pure decoherence - that is to say the populations

in the decoherence basis are untouched. The pointer states are the states of the decoherence

basis, and objectivity of the classical state that emerges is observed. An interesting modi�cation

of this setup would be to allow for competition of two di�erent environments on the system of

interest. This could be due to the presence of not just an external environment, but loss of local

coherence of a qubit to the rest of the computational register. The irretrivable loss of initially
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local information about the qubit into the rest of the system is a phenomenon known as quantum

information scrambling. Information scrambling within a system can be exactly described using

the framework of decoherence [146]. The question we wish to answer is under what conditions

do competing decohering channels allow for the emergence of quantum Darwinism. What follows

constitutes the original work found in Ref. [2], which was carried out in collaboration with Eoghan

Ryan and Mauro Paternostro of Queen's University Belfast, as well as my supervisor Steve Camp-

bell. I contributed the numerical results that are included in this chapter, as well as to the overall

theoretical discussion of the work.

4.1 Introduction

Quantum Darwinism, introduced by Zurek [137, 147], builds from decoherence theory to provide

a mechanism for which information about a state getsredundantlyencoded into an environment.

To outline the problem that Darwinism addresses, we �rst must introduce relative states. We

imagine a setup where we have both a quantum statej S i of the systemS and the statejM 0i of

an apparatusM . The two are initially uncorrelated. We can choose a basis for the Hilbert space

of the system - sayfjS i ig and generalise its initial state as a linear combination over this basis.

The overall system-apparatus state then reads

j SM i = (
X

i

pi jSi i ) 
 jM 0i : (4.1)

We assume that for every possible state of the system, there will be a corresponding apparatus

state that correlates to it, allowing for read-out of the state. If the joint system evolves unitarily,

these correlations will form, resulting in the following state

j SM i =
X

i

pi jSi i 
 jM i i : (4.2)

This superposition of measurement states leads to much of the uneasiness with the postulates

of quantum mechanics - all we require here is unitary evolution for the total state and the su-

perposition principle. It is easy to extend the above setup to that of an atom in a superposition

with a decay-triggered poison and cat all together in a box. One approach - the Copenhagen

Interpretation [148]- to themeasurement problemis to simply draw a dividing line between the

classical and quantum world, to declare the measurement device as a macroscopic object to be

classical by decree. Classical objects do not abide by the superposition principle, and we shift

the problem of collapse only onto the microscopic system itself. What Darwinism demonstrates

is that a transition to aclassically objective stateof system and apparatus can emerge with the

postulates of quantum mechanics intact, and without resorting to a Copenhagen-style ontology.

If we move past the immediate concerns with (4.4) and continue with the postulates intact, we

�nd that the superposition postulate gives rise to another problem - that ofbasis ambiguity[149].

Instead of usingfjS i ig as our basis for the Hilbert space ofS, we can choosefjS 0
i ig or any of an
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in�nite choice of representations. All contain the state of the systems

j S i =
X

i

pi jSi i =
X

i

p0
i
�
�S0

i
�

: (4.3)

The same argument applies to the apparatus states, giving us

j SM i =
X

i

pi jSi i 
 jM i i =
X

i

p0
i
�
�S0

i
�



�
�M 0

i
�

: (4.4)

With in�nite choices of basis, we must �nd a mechanism that constrains the choice to those states

that are physically observable. A solution to the basis ambiguity problem comes from decoherence

theory [149, 150]. We have seen decoherence previously with respect to the Lindblad master

equation, but here we will treat it in a microscopic way in order to illustrate its signi�cance for

the basis ambiguity problem.

4.2 Pointer States

Consider that the system and apparatus interact with an environment, which itself starts in a pure

state jE0i in some basisfjE i gi . The global pure state of system-apparatus-environment, once all

are allowed to interact, is

j SME i =
X

i

pi jSi i 
 jM i i 
 jE i i : (4.5)

Treating the newly introduced part of the global state as an environment implies that we should

employ the partial trace to give us only the parts of the state we should have access to

� SM = TrE j SME ih SME j =
X

i

jpi j2 jSi ihSi j 
 jM i ihM i j : (4.6)

By not taking the system and apparatus in isolation, and instead considering the global Hilbert

space that encompasses all interactions to be larger, we have made some progress towards the issue

at hand - the measurement apparatus is no longer in a pure state, but instead we see that it has

decohered into a mixture of states. This process is known asenvironment induced superselection,

or einselection[147]. This treatment does not even require the presence of the apparatus - the

mixture of states it decoheres to are reliant on those of the system we are interested in. We can

narrow our focus onto what set of states of the system are resiliant to the interaction with the

external degrees of freedom. We denote these as thepointer states[149]. We can de�ne them

via the non-demolition observable[151]

O =
Y

i

pi jpi ihpi j (4.7)
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wherejpi i are the pointer states. The non-demolition observable by de�nition is the non-trivial

observable which commutes with the system-environment interaction Hamiltonian [152]

[HSE; O 
 1] = 0 : (4.8)

Superpositions of the eigenspaces ofO will be suppressed by interactions with the environment,

in the manner we have seen in Eq. (4.6). The reduced density matrix of the system� S will then

be diagonal in the eigenbasis ofO (where we consider the evolution by its own Hamiltonian to

be irrelevant for the dynamics compared to that of the interaction). We will refer to the time in

which it takes for the system to become diagonal in this basis as thedecoherence time, denoted

as � D .

When the system has decohered it is described by a probability distribution of pointer states -

which could for example be position states. This naturally implies that the system is now classical,

it is in a de�nite classical state, although we will not know what state in particular it is in until a

measurement is performed. Decoherence causes a quantum-to-classical transition for the system,

and for macroscopic systems the decoherence time will be small compared to any other relevant

timescale for the system. Perhaps subtly, it is not the end of the measurement problem - it only

prescribes a way for the system to be described as a classical probability distribution of states, it

cannot determine exactly what classically accessible state the system evolves to, and thus the result

of the experiment. Zurek prescribes a method for determining which states should be considered

part of the preferred �classical� set - thepredictability sieve[152]. Instead of looking for states

that are totally una�ected by the environment degrees of freedom, we can search merely for those

that are perturbed the least. The predictability sieve algorithm begins by initialising the system in

a pure test statejt i i and allowing it to evolve. The von-Neumann entropy of the resulting reduced

density matrix of the system� t i is then

ht i = � � t i log � t i : (4.9)

The entropy measures the lack of predictability of the state - or by proxy a lack of classicality. The

algorithm is run for all possible pure states, which are then ranked by the change in entropy. Those

which change the least are admitted into the set of preferred states while the rest are �ltered out.

Clearly pointer states as de�ned previously will exhibit no increase in entropy, but we can also

uncover states that lie very close to them in terms of predictability. While this seemsad-hoc - it

is now seemingly arbitrary where to place the cut-o� in the sieve - it allows for a relatively simple

way of uncovering what sorts of states that the decoherence process should select.

4.3 Quantum Darwinism and Classical Objectivity

We have seen how decoherence from the presence of an environment allows for a quantum-to-

classical transition of a system, as well as how it induces a basis of measurable states for the
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(a) (b)

Figure 4.1: A heuristic diagram of how quantum Darwinism di�ers from the typical open system
picture. (a) displays the decoherence paradigm, where the environment is treated as a monolithic
bath into which the coherence of the system �ows into.(b) displays the Darwinism paradigm. Here
the environment is divided intosub-environmentsthat are individually accessible to measurements.
Treating the environment in a more active manner allows for us to study the type of correlations
that emerge between the system and environment as the latter decoheres the former.

system. For Zurek, in order for a state to truly be classical it must also beobjective. Objective

in this sense means that multiple observers have access to and can reach a consensus on the

state of the system. A system in a classically objective state should be unperturbed by these

independent measurements.Quantum Darwinism[70,137,147] explains how such a state can be

induced from interaction with an environment. Darwinism captures this in spirit by treating the

environment microscopically. Information about the system must propagate into the environment

in such a way that it is simultaneously available to all observers, who can learn about the system

without perturbing it, and can reach a consensus about what the state of the system is. We do

not directly probe a system we are interested in, instead information about the state is carried to

us indirectly, say through photons carrying correlations with the system. In this spirit, Darwinism

enforces structure on the environment. The total environment,E, is considered as a collection of

smaller fragments with which the system interacts and is able to share information

H E = H E1 
 H E2 
 ::: 
 H EN : (4.10)

Figure 4.1 displays the di�erence between the typical open system paradigm and that of quan-

tum Darwinism. What is formerly a monolithic environment, potentially modelled by a master

equation, is treated in a more active manner by dividing it intosub-environments. Here sub-

environments interact with the system and are accessible via measurements by an observer. What

quantum Darwinism searches for is interactions that allow for multiple fragments of the environ-

ment to each have full information about the system. In this way the system will have encoded its

state redundantly in the environment - i.e. having access to more fragments of the environment

does not reveal more about the system.

Observers can each query one (or more) of the fragments of the environment. We note
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that depending on the precise nature of the system-environment interaction or intra-environment

interactions, we may need to consider several environmental degrees of freedom together as a

single fragment in order to see a redundant encoding. As we outlined earlier, einselection occurs

between the system and the environment, correlating the state of each environmental fragment

with the pointer states of the system

j SEi =
X

i

pi jpi i 

�
�
�E1

i

E

 ::: 


�
�
�EN

i

E
: (4.11)

This branching form of the state is essential a generalised GHZ state. It is clear that it is the

distinguishability between the states of an environmental fragment that branch from the pointer

state of the that allows for an observer to extractpi from measurements on the fragment alone.

In the case that theconditional statesof each fragmentf
�
�Ei � g are orthogonal, we call the global

state in (4.3) a spectrum broadcast structure[153]. Einselection induces a structure that has

proliferated information about the pointer states of the system throughout the environment, and

measurements on each fragment or collection of fragments will not perturb the others. In order

to satisfy the consensus requirement, we wish to see redundancy of information about the pointer

states in the environment. The principle quantity of interest to see this is the quantum mutual

information

I (S : Ef ) = h(� S) + h(� Ef ) � h(� S; � Ef ); (4.12)

whereh(�) denotes the von Neumann entropy, and� S is the density matrix of the system. While we

divide the environment in toN sub-environments, we can in principle take several sub-environments

together as a fragmentF . In this way,� Ef is the density matrix of the fraction of the environment,

f = F =E, which an observer has access to. WhenI (S : Ef ) = H (S), the information about the

system is stored completely in the fragmentEf . An observer who is able to interrogate this

fragment will have access to all the available system information, and importantly, no additional

information can be obtained even if a larger fraction of the environment is accessible [138]. Such

a condition naturally implies a notion of objectivity, as two observers querying di�erent fragments

of the environment will nevertheless have access to the same system information. The system is

therefore said to have redundantly encoded its state into the environment degrees of freedom and

this redundancy is witnessed by a characteristic plateau in the mutual information, Eq. (4.12), for

increasingly larger fractions of the environment. The upper bound on mutual information that

an environmental fragment can hold about the system is simply the von Neumann entropy of the

system. This limit is dependent on the initial state of the system, so we will use the rescaled

mutual information between fragments of the accessible environment and the system

I =
I (S : Ef )

h(S)
; (4.13)

which will show maximum correlation between the system and an environmental fragment when

I = 1 regardless of the entropy of the system.
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Figure 4.2: We plot the rescaled mutual information between a bath of seven qubits and a system
qubit that interact with a dephasing-type interaction in the computational basis. Initially the
system and environment begin in a pure product state with no correlations or mutual informa-
tion between them. After some time(Jt = 0 :6 in this case) correlations proliferate through the
environment as prescribed by Quantum Darwinism, resulting in the above redundancy plateau.

As an illustrative example, let us consider a single qubit, initialised in thej+ i state. It interacts

simultaneously with 7 qubits, which we also initialise in thej+ i state. We regard each of the 7

qubits as an environmental fragment. For interactions with the environment which give rise to a

pure decoherence for the system, i.e. those interactions which only a�ect the coherences and leave

the populations unchanged, it is known that such interactions lead to the type of global system-

environment con�gurations that support classically objective states [154, 155]. This is precisely

the phenomological model of an open system that we discussed previously in Chapter 3. Therefore

we take the interaction Hamilitonian between the system and thei 0th environmental fragment to

be

H int = � J� S
z � E i

z : (4.14)

We let the global system evolve unitarily, and �nd the mutual information between the system

and di�erent sized collections of environmental fragments. The results are shown in Fig. 4.2.

We see that after some time, the mutual information between the system and any one of the

fragments maximises toh(S). Interrogating larger fractions of the environment does not give us

access to any more information about the state - it has been encoded redundantly. Only when we

probe the entire environment do we �nd the mutual information of both system and environment.

We refer to the shape of the �gure we plot as the redundancy plateau.

This framework has been extensively explored for a system in contact with a single, possibly

complex, bath [154�178] where the role of di�erent bath characteristics can have a signi�cant a�ect
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on the system's ability to redundantly encode its information within the bath [179�183]. The key

characteristic of the system-bath interaction is that it should be able to support a pointer basis -

i.e. there are states of the system that are robust to decoherence, and that it generates few if any

correlations between environmental fragments. A bath that has interactions between its degrees

of freedom will wash out redundant encoding of the pointer states due to quantum information

scrambling. Any correlations between environmental fragments will prevent the emergence of

spectrum broadcast structures. As we shall see, direct interaction between the environmental

fragments is not the only mechanism that causes information to mix in the environment.

We wish to consider a complementary setting where the system is in contact with two baths,

one which we refer to as the �accessible� environment which consists of the fragments that

hypothetical observers would be able to measure. The accessible environmental fragments do

not interact directly with each other. As in our example above, will assume that this accessible

environment gives rise to a purely dephasing dynamics on the system which, in the absence of

any other in�uences, provides the conditions necessary for quantum Darwinism and spectrum

broadcast structures to be exhibited. In addition we assume that the system is also in contact

with a second �inaccessible� bath. We aim to explore how the nature of this inaccessible bath

e�ects the system's ability to redundantly encode information about its pointer states into the

accessible environment's degrees of freedom.

We examine the microscopic model for the multiple bath setting, considering a minimal model

for the accessible environment consisting of three qubits inducing a pure dephasing dynamics on

the system, while we employ a collision model [184�186] to simulate the inaccessible environment.

4.4 Collisional-model picture of the system-environment interac-

tion

We consider the situation as depicted in Fig. 4.3(a) where the system of interest,S with free

Hamiltonian HS = � S
z , is in contact with two distinct environments, one composed of a small

number of constitutions which we refer to as the accessible environment and represents the degrees

of freedom which an observer would have access to. As in our example, we take the Hamiltonian

governing the interaction between the system of interest and the fragments of the accessible

environment, labelledA i , to be

HSA = JSA
X

i

(� S
z 
 � A i

z ): (4.15)

Here� k
p is the p = x; y; z Pauli operator of either the system (fork = S) or one of the fragments

(when takingk = A i , 8i ). We stress that redundancy is in terms of the size of an environment

that the observer has access to - whether the observer has access to a single fragment, or the

majority of the environment, they can only extract at mosth(� S) bits of information, until they

have access to the entire environment at which point they can extracth(� S) + h(� E ) bits of
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information. For clarity, in what follows we will restrict the size of the accessible environment to

three subsystems, which is the smallest size required for characteristic redundancy plateaux to be

observed. With two accessible qubits, we would not �nd a plateau, as a measurement over both

qubits would constitute the entire environment. Larger accessible environments than three qubits

considered in the same way will simply result in faster times in which the redundancy plateau

emerges. As we saw before, this setting will recover clear Darwinistic features.

In addition to the accessible environment, we allow the system of interest to be coupled to

a second inaccessible bath, which could in principle be of a di�erent nature. Such a setting

is physically well motivated: nothing precludes augmenting the original paradigm of quantum

Darwinism to allow for the system to be simultaneously coupled to a thermal bath for instance.

Recently the delicate interplay between whether it is possible for states to be both thermal and

classically objective has been explored [172]. Here, we address a complementary setting in order

to gain qualitative insight into how the nature of the interactions between a system and an

inaccessible environment a�ect the system's ability to redundantly proliferate information into

accessible environmental degrees of freedom. To this end, we rely on a collision model description

of the inaccessible environment.

Collision models provide a versatile tool for modelling open system dynamics and are particularly

suited to our purposes [155, 184, 185]. Collision models simulate open systems by allowing the

system to interact with a single incoming environmental unit for a short period of time, after which

this unit is traced out and a �fresh� unit is introduced, therefore capturing the inaccessible nature

of the environment we are modelling as any information regarding the state of the system which

is imprinted on these units is irretrievably lost. A further advantage of exploiting the collisional

model framework is that it allows to simulate di�erent physically relevant environmental dynamics

by simply tuning the microscopic details of the interaction. Care must be taken in this context: if

the system-environment interaction does not commute with the system's Hamiltonian, the free-

evolution of the system must be taken into account [187,188]. However we will only consider two

system-environment interactions that give rise to physically relevant dynamics, namely dephasing

and thermalisation, and are una�ected by the inclusion of the free evolution term. The respective

Hamiltonians are
H D

SE j
= JSE (� S

z 
 � E j
z );

H T
SE j

= JSE (� S
x 
 � E j

x + � S
y 
 � E j

y );
(4.16)

where E j is the label for thej th unit of the inaccessible environment modelled through the

collisional picture.

The system then interacts stroboscopically with the environments, �rst colliding for a time� 1

with the all accessible fragments, then interacting with the collisional bath for a time� 2, i.e.

� (n + 1) = USE USA � (n)Uy
SA Uy

SE ; (4.17)

whereUSA = expf� iH SA g� 1 andUSE = exp
�
� iH SE j � 2

�
. The accessible fragments and system
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(a)

(b) (c)

Figure 4.3: (a) Schematic of the microscopic collision model employed.(b,c) Rescaled mutual
information, I , for (b) dephasing collisional environment and(c) thermalising collisional environ-
ment. We �x JSA � 1 = 0 :0075�= 4 and JSE � 2 = 0 :015�= 2 and � = 0 . For both interactions the
collisional environment drives the system towards afully decohered state, however, in the case of a
dephasing interaction the mutual information shared between system and accessible environment
fragments shows the characteristic redundancy plateau transiently emerges with period dictated
by the JSA interaction strength. For a thermalising collisional bath there is an overall envelope
where the redundancy plateaux are progressively damped. As elucidated in Sec. 4.5 this behaviour
is explained by the commutativity, or lack thereof, between the system-environment interaction
and system-accessible fragment interaction. In the dephasing case, the ability of the environmen-
tal fragments to create classical correlations with the system is una�ected by the presence of the
collisional environment as the interactions commute, while this is not the case for a thermalising
environment, which serves to fully decohere the fragments as well as the system in the long time
limit.

are assumed to be initially prepared in statej+ i = ( j0i + j1i )=
p

2 with � z j0i = j0i and � z j1i =

� j 1i . Each incoming collisional unit is initialised in a Gibbs state with dimensionless inverse
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