
ABSTRACT

Title of Dissertation: NONEQUILIBRIUM STATISTICAL PHYSICS
OF FEEDBACK-CONTROLLED AND AUTONOMOUS
INFORMATION-THERMODYNAMIC SYSTEMS

Debankur Bhattacharyya
Doctor of Philosophy, 2024

Dissertation Directed by: Professor Christopher Jarzynski,
Department of Chemistry and Biochemistry,
Institute for Physical Science and Technology,
Department of Physics.

This thesis investigates the nonequilibrium dynamics of a variety of systems evolving under

control protocols. A control protocol can involve feedback based on measurements performed by

an external agent, or it can be a predefined protocol that does not rely on explicit measurements

of the system’s state. In the context of information thermodynamics, the former setup belongs to

the paradigm of non-autonomous or feedback-controlled Maxwell’s demons, and the latter to the

paradigm of autonomous demons.

The thesis begins with a framework for analyzing non-autonomous feedback control, when

the control protocol is applied by an agent making continuous measurements on the system. A

multiple-timescales perturbation theory, applicable when there exists an appropriate separation

of timescales, is developed. This framework is applied to a classical two-state toy model of an

information engine – a device that uses feedback control of thermal fluctuations to convert heat



into work. Additionally, quantum trajectory simulations are used to study a feedback-controlled

model of Maxwell’s demon in a double quantum dot system.

Next, a modeling scheme for converting feedback-controlled Maxwell’s demons to au-

tonomous (non-feedback) systems is developed. This scheme explicitly accounts for the thermo-

dynamic costs of information processing, by incorporating an information reservoir, modeled as

a sequence of bits. This modeling scheme is then applied for converting the classical analogue

of the non-autonomous double quantum dot Maxwell’s demon, discussed previously, to an au-

tonomous model. Using analytical, semi-analytical and stochastic simulation-based approaches,

it is shown that the obtained model can act either as an information engine, or as a “Landauer

eraser”, and then the phase diagrams that identify these regimes of behavior are constructed.

Finally, fast-forward shortcuts to adiabaticity for classical Floquet-Hamiltonian systems

is developed, and applied to a periodically driven asymmetric double well (without feedback

control). Tools from dynamical systems theory are then used to characterize the system’s angle-

variable dynamics.



NONEQUILIBRIUM STATISTICAL PHYSICS OF
FEEDBACK-CONTROLLED AND AUTONOMOUS
INFORMATION-THERMODYNAMIC SYSTEMS

by

Debankur Bhattacharyya

Dissertation submitted to the Faculty of the Graduate School of the
University of Maryland, College Park in partial fulfillment

of the requirements for the degree of
Doctor of Philosophy

2024

Advisory Committee:
Professor Christopher Jarzynski, Chair/Advisor
Professor Victor M. Yakovenko, Dean’s Representative
Professor Nicole Yunger Halpern
Professor Pratyush Tiwary
Professor Daniel P. Lathrop



© Copyright by
Debankur Bhattacharyya

2024



Dedication

Dedicated to my family,

and all my friends from

St. Xavier’s College,

IIT Kharagpur,

and University of Maryland.

ii



Acknowledgments

First and foremost, I want to thank my advisor, Prof. Christopher Jarzynski, for his constant

support and guidance. It is a great pleasure to be taught and advised by Chris. Throughout the

six years of this PhD journey, Chris has always supported my research interests and considered

my well-being. After every chat with him, I felt I was learning something new. I am thankful for

all the academic and career advice I received from him and grateful for the sense of belonging

that I felt in his research group.

Next, I would like to thank all the current and past Jarzynski group members, long-term

visitors, and attendees of our group meetings with whom I had the chance to interact and discuss

physics over the last six years. Thanks to Guilherme De Sousa, Long Him Cheung, Greeshma

Oruganti, Joshua Chiel, Anthony Munson, Saipriya Satyajit, Sangyun Lee, Wade Hodson, Carlos

Floyd, Andrew Smith, Kanu Sinha, Roi Holtzman, Iwan Setiawan, Patrick Kelly, Twesh Upad-

hyaya, Sarathchandran Jayachandran for the fruitful discussions. Thanks to Guilherme and Long

Him for all the joint research work. Friday informal seminars and group lunches are something

that I always looked forward to, and I will miss them greatly. I especially thank Guilherme, Long

Him, Greeshma, Sangyun, and Wade for their constant support through the ups and downs of the

PhD and countless hours of informal discussions. It has been a great pleasure to know you all. I

could not have asked for a better research group.

A significant part of this thesis and my PhD journey is related to the FQxI Information as

iii



Fuel (IaF) project. Thanks to the IaF theory team: Björn Annby-Andersson, Guilherme De Sousa,

Daniel Holst, Pharnam Bakhshinezhad, Patrick P. Potts, Peter Samuelsson, and Chris Jarzynski,

for this exciting collaboration. I want to thank the experimental teams: Klaus Ensslin’s and Ville

Maisi’s research groups, for our exciting discussions during joint group meetings. Thanks to

Peter and Patrick for hosting me during my research visit at Lund University and the University

of Basel. It was a great pleasure to meet your research groups. I want to thank Björn for all our

exciting discussions and joint research work and for making my visit to Lund enjoyable. Thanks

to all the attendees of the Information as Fuel Meeting at Universitätszentrum Obergurgl in 2023
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Chapter 1: Introduction and background

1.1 Chapter overview

Sec. 1.2 presents a historical overview of Maxwell's demon and the �eld of information

thermodynamics. Sec. 1.3 presents the organization of the thesis, summary of theoretical tools

and a thematic overview of the thesis. Sec. 1.4 summarizes the remaining chapters.

1.2 Historical overview of Maxwell's demon

1.2.1 Maxwell's thought experiment and Szilard's engine

In a thought experiment described in 1867, Maxwell presented the idea that the second

law of thermodynamics can be violated by manipulating a system at the microscopic level. This

thought experiment involves a gas of molecules in a rigid, closed container with adiabatic walls.

This gas starts in thermal equilibrium. There is a partition in the middle of the container, which

splits the system into subsystemsA and B as shown in Figure 1.1. The partition contains a

trapdoor that allows only one molecule to pass from one side to another at a given time. Now

we imagine that there exists a small intelligent being who is able to observe the motion of each

molecule and provide feedback control on the trapdoor based on its observations. This intelligent

being, or “demon”, observes the molecules that are going to hit the trapdoor in the each of the
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Figure 1.1: A schematic depiction of the original Maxwell's demon thought experiment. Initially
both subsystemsA andB are in thermal equilibrium. The demon creates a temperature difference
between the subsystem by observing the system and providing feedback accordingly.

subsystems and controls the trapdoor based on the following rules:

(i) if a molecule of subsystemA approaches the trapdoor then it will be allowed to pass to

subsystemB only if its kinetic energy is higher than the average kinetic energy of the molecules

of subsystemB at that instant of time.

(ii) If a molecule of subsystemB approaches the trapdoor then it will be allowed to pass to

subsystemA only if its kinetic is lower than the average kinetic of the molecules of the subsystem

A at that instant of time.

If the demon implements these rules, then with time the average kinetic energy of molecules in

subsystemA decreases and the average kinetic energy of molecules in subsystemB increases.
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Thus, even though we started in a situation where subsystemsA andB had the same temperature,

due to the microscopic manipulation of the system by the demon, subsystemA will have lower

temperature than that of subsystemB after some time. In other words the demon has driven the

system from a state with a uniform temperature to a state with a temperature difference without

doing any work, which is a violation of the second law of thermodynamics.

A number of different versions of Maxwell's demon have been introduced since Maxwell's

thought experiment [5]. Among these, an important model is the “Szilard engine” presented

by Leo Szilard in 1929, which is relatively simple to analyse and highlights a deep connection

between information processing and thermodynamics [6]. In this engine, the system is a single-

molecule gas in a container with pistons on both ends (see Fig. 1.2). A thin partition can be

inserted frictionlessly in the middle of the container, The process begins without the partition,

and the container is placed in contact with a heat bath with temperatureT. Then the partition is

inserted into the container. Now a “demon” measures the location of the molecule with respect to

the partition, i.e. whether it is to the left or to the right of the partition. The demon then slides the

piston that is opposite the location of the particle to the partition and attaches a frictionless pulley

system where a small mass is lifted when the piston moves towards its original location. For

example, the mass is lifted when the piston moves towards the right if the molecule was located

on the left side of the partition as can be seen in Fig. 1.2. The partition is removed to allow the

single molecule gas to expand. Whenever the molecule hits the piston, it transfers some of its

kinetic energy to the piston and this energy in turn gets converted to potential energy of the mass

that is being lifted against gravity. Thus the system performs work by lifting the mass. The loss

in the kinetic energy of the molecule is compensated as it absorbs heat from the bath throughout

the process. If the lifting of the mass and the motion of the piston happens quasi-statically, then
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(a) Schematic of Szilard's engine

(b) Protocol of Szilard's engine

Figure 1.2: The �gure above shows a schematic depiction of the Szilard's engine and the �gure
below shows its operation protocol. Depending on the result of the measurement the demon
provides two different feedback protocols to extract work out of the system.
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the maximum amount of work is extracted from the system. When the piston hits the other side

of the wall, the system gets restored to its initial state completing the cycle. In this cycle, if

performed quasi-statically the heat from a single thermal reservoir is converted to work without

any loss. Thus like Maxwell's original thought experiment, this model also exhibits a seemingly

violation of the second law of thermodynamics.

In both Maxwell's and Szilard's thought experiments the information gathered by measure-

ment is what allows the demon seemingly to violate the 2nd Law. In Szilard's engine, the link

is particularly clear. By measuring whether the molecule is located to the left or the right of the

partition, the demon gathers1 bit of information (equivalent to answering a yes/no question). The

demon uses this information to push the piston and attach the pulley accordingly in such a way

that work is extracted work over the cycle. Thus heat is converted to work by acquiring1 bit of

information about the system per cycle, and the amount of heat that gets converted to work is

Wext = kB T
Z Vf

Vi

dV
V

= kB T ln 2

(1.1)

wherekB is the Boltzmann's constant,T is the temperature of the heat bath,Vi (Vf ) is the ini-

tial(�nal) volume of the container withVf = 2Vi . This calculation of the work is done using the

ideal gas formula for the single molecule gas. See Ref. [7] for a discussion on Szilard engine

with an ensemble picture. Experimental realizations of Szilard engines have also been performed

using single electrons, con�rming the extraction ofkB T ln 2 of work for 1 bit of information [8].
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1.2.2 Landauer's principle and Bennett's exorcism

In this section we discuss Landauer's principle, which connects information processing

with thermodynamics. Landauer's principle can be summarised as follows: anylogically ir-

reversiblestep in a computational process must be associated with with dissipation of heat

[9][10][11]. The idea of logical irreversibility for an operation implies that it is impossible to

reconstruct the logical state of the input from just the logical state of the output, thus the inverse

of the operation does not exist. For example, consider abit erasureoperation that always converts

the input bit to0. The output bit0 can be obtained from two inputsf 0; 1g and thus the inverse of

this operation does not exist. This is an example of a many-to-one mapping. Information about

the input is destroyed in these operations.

The memory device on which computation is performed is a physical object and on a classi-

cal level it is governed by Hamilton's equations of motion, under the assumption that the external

environment and the memory device together form an isolated system. A many-to-one mapping

for the logical state of the memory device is always associated with the contraction of phase

space volume of the device. From Liouville's theorem, we know that phase space volume is con-

served for the entire system under Hamiltonian dynamics. Thus, contraction in phase space in the

memory device must be compensated by the increase of the phase space volume in the external

environment. When an erasure operation takes place, both the phase space volume corresponding

to 0 and1 state is contracted to a single state (say0) in the memory device which means the phase

space volume in the memory device is contracted to the half of its original volume (� 0). For an

isolated system the phase space volume is directly proportional to the available microstates of the

system. Thus reduction of the phase space volume is associated with the reduction of the entropy
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in the system. This phase space volume contraction in the system or the entropy reduction in the

system is compensated in the external environment as dissipation of heat at least of the amount

kB T ln � 0
� 0=2 = kB T ln 2. Here we have assumed that the external environment is a heat bath at

temperatureT. The valuekB T ln 2 is the minimum amount of heat that needs to be dissipated

for the erasure of 1 bit of information. It has been argued that even though erasure is a logically

irreversible operation, it can be done in thermodynamically reversible fashion with arbitrarily low

dissipation for the execution of the protocol [12]. There have been a number of recent experi-

mental studies on the veri�cation of Landauer's principle, such as those of in Refs. [13, 14].

Charles Bennett used Landauer's principle to propose an explanation of Szilard engine

[12]. The key idea is that the demon should be considered as a physical device and we need

to take account of the demon's memory state, along with the states of the single molecule gas.

Imagine the demon has a memory storage where it can store the information about the relative

location of the gas molecule in the container with respect to the partition. The memory register

of the demon can take up three distinct states. It has a stateS which is the default state of the

memory register and two other statesL and R correspond to the relative location of the gas

molecule (left and right) with respect to the partition. Now let us reinspect the Szilard's engine

while accounting for the changes in the memory states of the demon. At the start of the cycle the

demon is in stateS, and the gas molecule can be on either theA or B side of the container with

equal probability. Hence the initial statistical state of the composite system (gas molecule and

demon's memory) can be described by saying that the system can be in the stateAS or the state

BS with equal probability. The protocol for the operation of Szilard engine and the change in

the demon's memory is schematically depicted in the Fig. 1.3. Now the partition is inserted, and

the demon measures about the location of the gas molecule. If the molecule is on the left side of
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Figure 1.3: A schematic depiction of Bennett's analysis of the operation cycle of Szilard's engine
with the memory register. Possible combined states of the engine and demon memory are shown
in the table in the right upper corner. The �rst letter of the two letter description of the state
denotes the state of the particle in gas containerf A; B g and the second letter shows the state of
the demon memoryf S; L; Rg. The state of the register in each step is shown in a circle above
the container pictures. The description of the statistical state of the overall system is depicted
by shading state diagrams. Shaded boxes correspond to the possible state of the overall system.
Note that another additional erasure step is required to take the full system to its initial condition.
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the partition then the demon's register switches to stateL and if the molecule is on the right side

of the partition then the demon's register switches to stateR, thus this act of observation leads to

two mutually exclusive outcomesAL andBR. This switching of the memory state based on the

state of the gas is an example of information copying (the memory state of the demon becomes

correlated with the state of the system). It can be shown that copying operations can be done in

a reversible manner with arbitrarily small energy cost [12]. Now depending on the outcome, the

proper protocol is followed to insert and push the piston to extract work from the system (see

Fig. 1.2). After the work extraction is done and the partition is reinserted again, the particle can

be on either side of the partition and thus bothA andB states equally likely. Clearly, after this

step, both for the left-side protocol and right-side protocol the gas and is back to its initial state

whereA andB has equal probability. However, if we look into the composite system then we

see the overall system has not returned to its initial statistical state. Now, for the case of left-

side protocol the demon memory is in the stateL and for the case of right side protocol the the

demon memory is in the stateR whereas in the initial state of the memory was stateS. In this

con�guration the demon is retaining the memory of the result of the measurement operation, and

to reset the memory to the original state stateS this information needs to be erased, which is a

logically irreversible operation. Thus, to restore the overall system to its initial state, the memory

of the register is set toS both for the left side protocol and right side protocol and this erasure

operation is associated with the dissipation of minimumkB T ln 2 amount of heat in the reservoir.

Once we take account of this heat exchange associated with the erasure step, this heat exchange

can compensate for the decrease in entropy associated with the conversion of heat to work. Thus

overall the second law of thermodynamics is not violated when we consider the effect of the

information processing inside the demon.
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Figure 1.4: A schematic diagram of information engine that illustrates how empty information
reservoir can act as a thermodynamic resource. Here the system extracts heat from a bath and
directly converts it work, at the cost of randomizing the information reservoir which is depicted
as a memory tape.

1.2.3 Information as a thermodynamic resource

This idea of taking the memory of the demon into consideration automatically leads to the

idea of an information reservoir. Instead of doing the reset of the memory of the demon in the last

step of the cycle we could have replaced the memory register of the demon with a new register

which is initialized atS. This way the state of the composite system of demon and gas container

is back to its initial state without dissipation of heat for the erasure process, but we end up with

an additional memory register that contains information about the result of the observation step

(the register is in theL or R state). Clearly, if we do this we are able to complete the cycle at the

cost of randomizing the memory register fromS to L or R, that is by writing information to the
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register.

Now we consider a similar situation where we have a memory tape containingN bits (two

state memory register) with every bit initialized at the blank state0, then we will be able to run the

cycleN times at the cost of randomizing the memory tape by writing down the data to it. Clearly

like a heat or work reservoir (mass-pulley) this memory tape is also acting as a thermodynamic

resource where randomizing the tape allows us to convert heat directly to work from a single

thermal reservoir. Such memory tapes are examples of aninformation reservoir[15, 16]. The

empty information reservoir is a thermodynamic resource, which can be used to rectify thermal

�uctuations from a heat bath to work, at the cost of randomization of information reservoir. This

randomization of the information reservoir corresponds to the recording of information about

system (see Fig. 1.4 for a schematic diagram of an information engine).

1.2.4 A physical picture of information reservoirs

So far we have used this information reservoir in an abstract sense, but as pointed out in

the discussion about Landauer's principle the memory register (or the memory tape) is a physical

memory storage device. In this section, we clarify the connection between logical state of the in-

formation reservoir and the microscopic state of the underlying physical device, using a classical

Hamiltonian approach following Ref. [17]. We consider the case where the information reservoir

consists ofN bits and is connected to a thermal bath. We model the information reservoir as a

many-particle classical system containingK particles. The exact description of the positions and

momentum of all particles together represent classical microstate( ) of the information reser-

voir. This microstate can be described as single point in the6K dimensional phase space. We
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assume that for the time scale under consideration, the ergodicity of the phase space of the reser-

voir is broken and it is split up into2N separate ergodic regions. Thermal transitions between

these ergodic regions are almost negligible in the considered time scale due to large free-energy

barriers. Each of these ergodic region corresponds to alogical stateor informational state(� ) of

the reservoir and can be described by a sequence of bits (e.g.0110:::00100) containing one of the

possible2N combinations ofN bits. We can construct a function̂� : f  g ! f � g that partitions

the whole phase space into different regions corresponding to different logical states. The logical

states of the information reservoir acts as theinformation bearing degrees of freedom(IBD) [18]

which are relevant for the information processing. Under each logical state there are multiple

microstatesf  g that corresponding to thenon-information bearing degrees of freedom(NBD)

which are not directly relevant for the information processing. The Hamiltonian for the isolated

reservoir isH info( ). We assume that under constrained thermal equilibrium with the heat bath,

the information reservoir exists in the logical state� . We de�ne the constrained equilibrium

distribution of the microstates ( ) under this logical state (� ) as

peq( j� ) = � �; �̂ ( )
e� �H info ( )

Z �
(1.2)

where� = 1
kB T andZ � is a normalization constant de�ned by

R
d p eq( j� ) = 1 . The Shannon

entropyS corresponding to a phase space distribution� ( ) is de�ned as

S[� ] = �
Z

d � ( ) ln � ( ) (1.3)
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(Note that we have used natural logarithm in Eq. (1.3) for convenience instead of more common

logarithm of base 2). Using these de�nitions, we write down the expression for the equilibrium

entropy of the distribution of the microstates conditioned on the the logical state of the informa-

tion reservoir as

Seq
� = �

Z
d p eq( j� ) ln peq( j� ): (1.4)

Similarly we write down the average equilibrium energy as

hH info ( )i eq
� =

Z
d p eq( j� )H info ( ): (1.5)

We assume that (i) the NBDs of the information reservoir reach their constrained thermal equi-

librium peq( j� ) very rapidly compared to the time scales of our interest over which any change

in � takes place, and (ii) the average energy and entropy corresponding to all the possible logical

states of the reservoir are equal when at thermal equilibrium, i.e.,hH info ( )i eq
� = hH info ( )i eq

� 0

andSeq
� = Seq

� 0 for any � and� 0. The assumption (i) implies that for all practical purposes the

NBDs of the information reservoir always remain in thermal equilibrium when connected to an

additional system of interest. If the additional system of interest takes the information reservoir

from one logical state to the another, the equality of average energy criteria in assumption (ii)

implies the change in logical state of the information reservoir does not have any energetic cost.

The equality of the entropy of each logical state in the assumption (ii) leads to the conclusion that

under any transformation of the IBDs the entropy change due to the NBDs can be neglected.

At any timet the full statistical description of microscopic state of the reservoir is given by

pt ( ) and it can be related to the conditional distribution of microstates under given logical states
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aspt ( ) =
P

� �pt (� )pt ( j� ) where�pt (� ) is distribution of the logical states of the reservoir and

pt ( j� ) is the conditional distribution of given microstatet. Using this relation and assump-

tions (i) and (ii) , it is possible to show that at any timet, the total entropy of the information

reservoirSIR (t) = �
R

d p t ( ) ln pt ( ) can be split into two parts

SIR (t) = SIBD (t) +
X

�

�pt (� )Seq
� ; (1.6)

whereSIBD (t) = �
P

� �pt (� ) ln �pt (� ) (see Ref. [17] for details). HereSIBD is the Shannon

entropy associated with the logical states(� ). The other part of the contribution to the entropy

comes from the conditional distribution of the microstates given the logical state of the reser-

voir. As we have assumed the conditional distribution of the microstates given the logical state

thermalizes very rapidly andSeq
� = Seq

� 0 , we see that the change in the Shannon entropy of the in-

formation reservoir for a protocol comes almost exclusively from the information bearing degrees

of freedom, and in this limit we have

� SIR = � SIBD : (1.7)

Thus, the change in Shannon entropy of the distribution of logical states of the information reser-

voir is equal to the change in Shannon entropy of the memory storage device. This justi�es the

abstraction of a physical memory-storage device as a memory tape (information reservoir).
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1.2.5 Autonomous and non-autonomous models of Maxwell's demons

In Maxwell's original thought experiment and the Szilard engine, an external agent (the

demon) makes measurements on the system and provides feedback accordingly, to seemingly

violate the second law of thermodynamics. In these models we exclude the details of physical

nature of the agent from our consideration and only focus on the system that is being manipulated.

These models of the Maxwell's demon fall into the paradigm ofnon-autonomousdemons.

Alternatively, one can ask whether it is possible to replace the agent with a purely mechan-

ical contraption or a physical gadget that is programmed to apply a control protocol to rectify

thermal �uctuation to extractable work. We call this paradigm theautonomousdemon [18].

Smoluchowski's trapdoor [19, 20, 21] and Feynman's ratchet-and-pawl [22, 23] are attempts to

design such autonomous gadgets for the recti�cation of the thermal �uctuations to work. How-

ever, a close inspection on these models shows that they cannot cause a violation of the second

law. For example, Feynman in his ratchet-and-pawl analysis showed that if both the thermal

baths are set at the same temperature the ratchet-pawl contraption will also be affected by ther-

mal �uctuations making it ineffective for recti�cation of heat to work [22]. Current consensus

in the scienti�c community is that such mechanical feedback control system by itself cannot op-

erate so as to convert heat directly to work without any dissipation. However, from Bennett's

analysis, we can see that it may be possible to construct an autonomous systems that can convert

heat to work without dissipation but only with the inclusion of an information reservoir in the

model. Bennett argued that it is possible to convert heat from a single thermal reservoir directly

to work using a mechanical device in a cyclic process, but the decrease in entropy due to this

process must be compensated by randomizing the logical states of information reservoir which

15



initially existed in a low entropy state [12]. The construction of such a device is based on the idea

of the physical nature of the information as suggested by Landauer [10]. Thus we can think of

an autonomous version of Maxwell's demon where a device and an information reservoir are in

contact with a heat bath, and the device extracts heat from the heat bath and converts it directly

to work in a cyclic process, while writing information about its physical states in the information

reservoir. We will refer this class of autonomous Maxwell's demons asmemory tape modelsor

information ratchetsas they convert heat to work at the cost of writing information to a memory

storage device. (see Fig. 1.4)

A stochastic model of such an autonomous Maxwell's demon was proposed by Mandal and

Jarzynski (MJ) [15]. The MJ model involves a system which has three states with equal energy,

a pulley system with a mass, and a sliding memory tape containingN bits. The entire setup is

immersed at a heat bath. The information reservoir, the pulley system and the system are coupled

to each other in such a way that each bit of the memory tape interacts with the system for a �xed

amount of time and then it is replaced with the next bit in the memory tape. It was shown that

for proper sets of parameters this system can extract heat from the thermal reservoir to raise the

mass against gravity in the pulley at the cost of writing information to the memory tape.

1.2.6 Information thermodynamics - a transdisciplinary �eld

Models similar to the MJ model have been developed for both classical and quantum sys-

tems [16, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. The computational and

information-theoretic aspects of memory tape autonomous demons have also been explored in

Refs. [39, 40, 41, 42, 43, 44, 45, 46, 47]. Over the last three decades, the �eld of stochastic
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thermodynamics [48, 49] has emerged as a key area of research in the mesoscopic physics where

�uctuations are prevalent. Investigations of models of Maxwell's demons have led to a better un-

derstanding of the connection between information theory and statistical physics and discovery

of several �uctuation relations concerning feedback-controlled systems [49, 50, 51, 52, 53, 54,

55, 56, 57, 58]. These studies now have emerged as sub-�eld of information thermodynamics and

also have lead to several experiments [5, 48, 59]. The design and implementation of these models

of Maxwell's demons or information engines also require ef�cient engineering of mesoscopic

systems which connects information thermodynamics to the �elds of nanotechnology, chemistry,

control systems and quantum technology. [60, 61, 62, 63, 64].

1.3 Organization and thematic overview of the thesis

1.3.1 From feedback-controlled systems to non-feedback systems

A key theme of this thesis is the investigation of the time evolution of thestatistical state

of a system when some form of control is applied to it. The chapters in the thesis are arranged

such that we start our discussion with closed-loop or feedback-controlled systems and progress

towards open-loop or non-feedback systems [62]. Chapters 2, 3 and 4 deal with closed-loop

systems where we have an agent performing measurement-based feedback control on the system

(non-autonomous demon) with the relevant theory presented in Chapter 2 and example toy mod-

els in Chapters 3 and 4 . In Chapter 5 we take the feedback-controlled model (non-autonomous

demon) from Chapter 4 and convert it to a non-feedback model (autonomous demon) that can

achieve the same behavior as the feedback-controlled model. Unlike previous chapters related

to Maxwell's demons, in Chapter 6 we discuss an open-loop (non-feedback) control system that
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is related to the �eld of shortcuts to adiabaticity [65]. In Chapter 7 we conclude the thesis by

presenting future research directions.

1.3.2 Information as fuel in a double quantum dot

A large part of this thesis is related to the “Information as Fuel” (IaF) collaborative project

where the goal is to implement an electronic model of Maxwell's demon [4] in a double quantum

dot (DQD) system [66]. Chapter 2 discusses the theory of continuous monitoring and feedback

control that is required for investigation of the models of feedback-controlled Maxwell's demons

and also presents the multiple-timescale perturbation (MTSP) analysis for studying separation

of timescales in such systems. Chapter 3 discusses a relatively simple toy model of feedback-

control demon and shows how MTSP analysis can be used for analyzing such systems. Chapter 4

introduces a quantum version of the DQD Maxwell's demon and presents trajectory simulations

of the model. Chapter 5 is an independent spin-off from the original goal of the IaF project

where I use the same DQD Maxwell's demon [4] but investigate it in the context of information

ratchets to study the connection between non-autonomous and autonomous paradigms of the

Maxwell's demon, and discuss the accounting of consumption of information resources required

for such a model. Chapter 6 contains independent research work that is not related to the IaF

collaboration but explores ideas related to non-feedback control of a driven system to achieve

quasistatic behavior.
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1.3.3 Modelling frameworks and theoretical tools

We explore various toy models throughout the thesis which are investigated using a vari-

ety theoretical tools and modelling frameworks. Here I give a brief summary of the modelling

frameworks and theoretical tools used in each of the chapters. Chapter 2 presents the theory

for non-autonomous feedback control [61, 62] primarily using a framework in which both the

system of interest and the control parameter evolve under classical diffusive dynamics [48, 67].

Later in the same chapter, the cases of open quantum systems dynamics [63, 64] and discrete

state stochastic dynamics [48] of the system are discussed. In Chapter 3, the dynamics of the toy

model system are modelled with the framework of classical discrete-state stochastic processes

and the control parameter dynamics are modelled with a classical diffusive process. This chapter

focuses on the application of the master equation framework for such processes. Chapter 4 deals

with a system that is modelled within the framework of open quantum systems and the control

parameter is modelled with classical diffusive dynamics. Instead of using a master equation ap-

proach, this chapter explores a simulation-based approach [68] to investigate the properties of

the system under consideration. In Chapter 5 the framework of classical discrete-state stochastic

process is used to model the system and tools from network theory of master equations [69] and

stochastic thermodynamics are used to analyze it. In Chapter 6 we investigate a toy model of

classical periodically driven asymmetric double well system. The framework of this chapter is

based on classical Hamiltonian mechanics [70, 71] of one degree of freedom system, and we

additionally use tools from chaos theory, ergodic theory and dynamical systems theory [72, 73]

to analyze this model.
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1.4 Summary of chapters

The Chapters 2, 3 and 4 of this thesis correspond to works done in collaboration and the

Chapters 5 and 6 correspond to works done independently by the author. Refs. [74, 75, 76] also

deal with topics similar to the Chapters 2, 3 and 4 of this thesis.

Chapter 2: The key publication relevant to this chapter is Ref. [1]. The modelling frame-

work for continuously monitored feedback controlled system is introduced in this chapter. This

chapter contains a pedagogical review of the continuous measurement framework that is required

to study non-autonomous models of Maxwell's demon. Then, a master equation [1] formal-

ism is discussed for studying continuously monitored feedback-controlled system. The master

equation formalism is presented for feedback controlled classical diffusive systems extending of

the original Quantum Fokker-Planck Master Equation (QFPME) [1] to classical diffusive sys-

tems. The multiple-timescale perturbation (MTSP) analysis for time scale separation is also

presented for the classical diffusive feedback-controlled systems following the Fock-Liouville

space based MTSP analysis of QFPME from Ref. [1]. Finally a comparison of the results for the

classical diffusive system with the cases for quantum and discrete state stochastic systems is pre-

sented. Hence, this chapter presents a uni�ed framework for modelling continuously monitored

feedback-controlled classical, quantum and stochastic systems.

Chapter 3: The key publication relevant to this chapter is also Ref. [1]. In this chapter the

formalism introduced in the previous chapter is used to study a toy model of information engine.

This toy model was discussed as an example of the application of QFPME, and two different

analysis methods were presented in Ref. [1]. In this chapter we discuss one of those methods, the

MTSP based analysis, in detail.
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Chapter 4: The key publication relevant to this chapter is Ref. [3]. This chapter discusses

the quantum version of the classical nonatonomous model of DQD Maxwell's demon [4] fol-

lowing Ref. [3]. In Ref. [3], the model was analyzed based on both the master equation and

trajectory simulation methods of which we only discuss the trajectory simulation based approach

in this chapter. The chapter presents the theoretical details of modelling of the quantum version

of the demon and presents methods of implementation details of the simulations. Simulation

results from Ref. [3] are presented in this chapter to discuss different qualitative behavior of the

demon and the emergence of classical model from the quantum model.

Chapter 5: The key publication relevant to this chapter is Ref. [2]. In this chapter we discuss

a simple strategy for constructing an information ratchet or memory-tape model of Maxwell's

demon from a feedback-controlled model. Here, we illustrate our approach by converting the

feedback-controlled double quantum dot model [4] (the classical version of the model discussed

in the previous chapter) to a memory-tape model. We use the underlying network structure of

the original model to design a set of bit interaction rules for the information ratchet. The new

model is solved analytically in the limit of long interaction times. For �nite-time interactions,

semi-analytical phase diagrams of operational modes are obtained. Stochastic simulations are

presented to support the theoretical results. This chapter is directly adapted from Ref. [2].

Chapter 6: The results of this chapter are yet to be published. In this chapter the theory of

�ow-�eld based fast-forward shortcuts to adiabaticity [77] is extended to classical periodically

driven (Floquet) Hamiltonian systems of one degree of freedom. Relevant background theory

relating to the shortcuts to adiabaticity in classical system is presented at the beginning of the

chapter. Then we discuss how the dynamical map for periodic evolution of the angle variable on

the preserved energy shell can be constructed. We analyze a toy model of an asymmetric driven
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double well and show a bifurcation phenomenon in the angle variable map. We also discuss the

transfer operator theory to show how the probability distribution of the angle variable evolves in

the periodic driving using the toy model under consideration.
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Chapter 2: Uni�ed perspective on non-autonomous feedback performed on con-

tinuously measured systems

This chapter is based primarily on work done in collaboration with Björn Annby-Andersson,

Pharnam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and

Patrick P. Potts, which has been published in the article “Quantum Fokker-Planck Master Equa-

tion for Continuous Feedback Control” [1]. Guilherme De Sousa and I together worked on the

Fock-Liouville space based multiple-timescale perturbation (MTSP) analysis of master equation

to calculate the �rst-order corrections to the separation of time scales approximation in Ref. [1].

In this chapter we present the theory of continuous measurement and feedback formalism, the

master equation and MTSP analysis from Ref. [1] in the framework of classical diffusive dy-

namics. Then we compare the classical diffusive case to the quantum and discrete stochastic

counterparts.

2.1 Chapter overview

This chapter develops a theory that describes how the statistical state of a continuously

monitored feedback-controlled system evolves in time. Sec. 2.2 of the chapter reviews classi-

cal measurement theory and the theory of continuous measurements following Refs. [61, 78].

In Sec. 2.3, the feedback-control master equation for classical diffusive and deterministic �ow is
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derived following the steps of the original derivation of the Quantum Fokker-Planck Master Equa-

tion (QFPME) [1, 74, 75]. Sec. 2.4 discusses multiple-timescale perturbation (MTSP) analysis

of feedback-lag for the obtained master equation, in the context of the separation of timescales.

Then the relation to linear response theory is explored. In Sec. 2.5, we compare the feedback-

control master equation for the diffusive �ow, and its perturbation limits, with their analogues for

quantum and discrete-state stochastic systems.

In summary, this chapter presents a pedagogical discussion of continuous measurement and

feedback-controlled dynamics, extending the results of Ref. [1] to classical continuous-degree-of-

freedom systems, and a comparative analysis with the quantum and stochastic jump counterparts

to illustrate the generality of the formalism across different types of systems. The results from

this chapter will be used in Chapters 3 and 4 for analyzing model problems in the context of

non-autonomous feedback control and Maxwell's demons.

2.2 Review of classical continuous measurement formalism

The classical measurement process in the engineering and data assimilation literature is

often described by the namestate based �lteringor probabilistic state space models, and in

mathematics asnonlinear stochastic �ltering theory. Here we present a simpli�ed version of the

key ideas of this theory following Refs. [61, 62, 79, 80], and by drawing classical analogues of

quantum weak measurement theory discussed in Ref. [74, 75, 78].
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2.2.1 Evolution without measurement

First we discuss a situation in which a system evolves without being measured by an ex-

ternal agent. With this discussion, we also introduce the distinction between a system's physical

and statistical states.

We consider a classical one dimensional system whosephysical stateis described by a

continuous variableX at timet. The dynamics of this state variableX can be a deterministic

�ow or a Markovian diffusive process, and can be described by an ordinary differential equation

or a Langevin equation (stochastic differential equation), respectively. If we consider an ensemble

of trajectories generated under these dynamics, then the probability density of the state variable

at timet is given by� (X; t ), which is normalized as
R

dX� (X; t ) = 1 . The master equation for

the time evolution� (X; t ) is

@�(X; t )
@t

= L̂ X � (X; t ): (2.1)

Here,L̂ X is a linear operator that acts on the probability density� (X; t ). The subscriptX in L̂ X

implies that the operator acts on functions of variableX . For example, if the dynamics of the

physical stateX are given by an Ornstein–Uhlenbeck process,

_X = � �X + �; h� (t)i = 0; h� (0)� (t)i = 2� � (t); (2.2)

then the corresponding master equation for the evolution of� (X; t ) is

@�(X; t )
@t

= �
@(X� (X; t ))

@X
+ �

@2(� (X; t ))
@X2

: (2.3)
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In this case the operator̂L X is

L̂ X (� ) = �
@(X � )

@X
+ �

@2( � )
@X2

: (2.4)

We also consider a time-dependent master equation where the linear operatorL̂ X (D(t)) explicitly

depends on a time-dependent parameterD(t):

@�(X; t )
@t

= L̂ X (D(t)) � (X; t ): (2.5)

First, we consider the case whereD(t) represents a predetermined control protocol. Later we will

discuss howD(t) to can be related to measurement outcomes to create a measurement-based,

feedback-controlled system.

To avoid the ambiguity with thephysical stateof the systemX , we will use the term

statistical stateto refer to the probability distribution that captures our knowledge of the system.

Suppose we start with a prior guess about the initial condition of the physical stateX of our

system. This guess or knowledge about the physical state is captured by the a distribution function

� 0(X ), from which, we assume, the initial conditionX has been sampled. This distribution

function � 0(X ) is the initial statistical state of the system. Using� 0(X ) as the initial condition,

one can obtain the distribution at timet as� (X; t ) by solving Eq. (2.5).

If exact knowledge about the initial system state, sayX = X 0 at t = 0 is known, then the

initial statistical state is given as� 0(X ) = � (X � X 0). Now the system evolves from0 � t < � .

We assume that the evolution happens without any measurement on the system. However, it is

possible to make a guess about the �nal state of the system at timet = � , since the statistical state
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� (X; t ) has evolved deterministically under the master Eq. (2.5). The �nal distribution under this

evolution is formally given as

� (X; � ) = T f e
R�

0 dtL̂ X (D (t )) � (X � X 0)g (2.6)

whereT signi�es time ordering in the integral. Similar arguments hold if there is uncertainty in

the knowledge of initial state of the system. For any general initial statistical state� 0(X ), the

�nal statistical state of the system is

� (X; � ) = T f e
R�

0 dtL̂ X (D (t )) � 0(X )g: (2.7)

2.2.2 Evolution with a single purely Bayesian measurement

Now we introduce a single measurement to the setup discussed above. We imagine that an

external agent makes an instantaneous measurement of an observableO(X ) of the system's state

at timet0, where0 < t 0 < � . The initial statistical state of the system is� 0(X ) and let it evolve

without measurement fromt = 0 to t = t0. The statistical state of the system att = t0 is

� (X; t 0) = T f e
Rt 0

0 dtL̂ X (D (t )) � (X; 0)g (2.8)

Suppose the agent obtains the measurement ofO(X ) outcomezt0 for the instantaneous measure-

ment at timet = t0. We emphasize that the measurement process here has noback-action, i.e.,

the measurement process does not perturb the system stateX . In this case the measurement is

a purely Bayesianmeasurement [61], and the post-measurement statistical state of the system
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at timet0 is given by the conditional distribution� (X; t 0jzt ) if the agent keeps a record of the

measurement outcomezt0. The post-measurement statistical state� (X; t 0jzt ) is related to the

pre-measurement statistical state� (X; t 0) by Bayes' theorem:

� (X; t 0jzt ) = M zt 0 [� (X; t 0)] =
� t0(zt0jX )� (X; t 0)R

dX� t0(zt0jX )� (X; t 0)
: (2.9)

Here� t0(zt0jX ) is the distribution function of the measurement outcomezt0 given the system state

is X at timet0. We refer to the distribution function� t0(zt0jX ) as themeasurement model. The

denominator in Eq. (2.9) is the probability distribution of obtaining the outcomezt0 att = t0, when

all possible system con�gurations are considered. We write the denominator as the distribution

function� t0(zt0), which can be understood as the expectation value of the the measurement model

� t0(zt0jX ) when the system stateX is sampled from the distribution� (X; t 0). Hence, we can write

it as

� t0(zt0) =
Z

dX� t0(zt0jX )� (X; t 0) = h� t0(zt0jX )i � (X;t 0) (2.10)

In Eq. (2.9), we have introduced the functional transformationM zt 0 to describe the measurement

operation on the statistical state� (X; t 0). Note that this transformation or Bayesianmeasurement

map[79] given byM zt 0 is non-linear due to the normalization term� t0(zt0) in the denominator.

After the measurement, the statistical state of the system evolves again under the dynamics

generated bŷL X (D(t)) from timet = t0 to t = � . The �nal statistical state of the system is

� (X; � jzt0) = T f e
R�

t 0 dtL̂ X (D (t )) � (X; t 0jzt0)g

= T
n

e
R�

t 0 dtL̂ X (D (t )) M zt 0

h
T f e

Rt 0

0 dtL̂ X (D (t )) � (X; 0)g
io (2.11)
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The �nal statistical state� (X; � jzt0) generally differs from the �nal state� (X; � ) in Eq. (2.7)

when the system evolves without any measurement. The evolution of the statistical state with-

out any measurement (Eq. (2.7)) is completely deterministic, but the measurement operation in

Eq. (2.11) introduces stochasticity in the evolution of the statistical state through the measure-

ment outcomezt0. In this case, for every realization of the experiment the �nal statistical state

� (X; � jzt0) depends on the stochastic quantityzt0.

2.2.3 Evolution with repeated frequent measurements

Now we consider similar dynamics governed by the master equation (2.5); but in contrast

to the single measurement scenario we imagine a repeated measurement process. We discretize

the time intervalt = 0 to t = � into N small time intervals of duration�t ; thusN�t = � . We

assume the instantaneous measurement operations take place in a repetitive fashion after every

�t interval starting fromt = 0 to the �nal one att = ( N � 1)�t . We describe this series of

measurements by the measurement outcomesf zkgN � 1
k=0 = f z0; z1; z2; : : : ; zN � 1g and correspond-

ing measurement mapsfM zk gN � 1
k=0 , wherezk is the outcome of the measurement performed at

tk = k�t . We now introduce the notion of the measurement trajectory as the ordered sequence

� (z)
k = ( z0; z1; z2; : : : ; zk� 1; zk) which denotes the outcomes obtained up to timet = k�t in a

particular realization of the experiment. Between measurements the dynamics are governed by

the master equation (2.5). Due to the time-dependent nature of the operatorL̂ X (D(t)) , the evo-

lution operators in different time intervals�t generally differ from each other. Therefore, we also

discretize the control protocolD(t) as the ordered sequence� (D )
k = ( D0; D1; : : : ; Dk� 1; Dk).

Using the sequence� (D )
k we can write the sequence of operatorsf L̂ X (Dk)gN � 1

k=0 to capture the
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time-dependent nature of the dynamics of Eq. (2.5). Using these notations we describe the time

evolution of the statistical state with repeated measurements as the ordered chain of operations:

� (X; � j� (z)
N � 1) = e�t L̂ X (D N � 1 )M zN � 1 � e�t L̂ X (D N � 2 )M zN � 2 � : : : : : : e�t L̂ X (D 1 )M z1 � e�t L̂ X (D 0 )M z0 [� 0(X )]:

(2.12)

We use the notation� to represent functional composition since the measurement maps are non-

linear transformations, in contrast to exponentiated operators which are linear. The iterative state

evolution in Eq. (2.12) is discussed below in detail.

In the evolution sequence given by Eq. (2.12), at any intermediate timet = tk with k � 1,

we describe the (pre-measurement) statistical state of the system as

� (X; t k j� (z)
k� 1) = e�t L̂ X (D k � 1 )M kN � 1 � : : : : : : e�t L̂ X (D 1 )M z1 � e�t L̂ X (D 0 )M z0 [� 0(X )] (2.13)

The post measurement statistical state att = tk is given as� (X; t k jzk ; � (z)
k� 1) � � (X; t k j� (z)

k ) and

it is obtained from the pre-measurement state� (X; t k j� (z)
k� 1) by the Bayesian update mapM zk ,

following the de�nition from Eq. (2.9) as

� (X; t k j� (z)
k ) = M zk

h
� (X; t k j� (z)

k� 1)
i

=

 
� (m)

tk
(zk jX; � (z)

k� 1)

� (m)
tk

(zk j� (z)
k� 1)

!

� (X; t k j� (z)
k� 1):

(2.14)

Here,� (m)
tk

(zk jX; � (z)
k� 1) is the measurement model at timet = tk and the normalization factor is

� (m)
tk

(zk j� (z)
k� 1) =

R
dX � (m)

tk
(zk jX; � (z)

k� 1)� (X; t k j� (z)
k� 1). The post-measurement state then evolves
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under the master equation (2.5) fromt = tk to t = tk+1 to the state

� (X; t k+1 j� (z)
k ) = e�t L̂ X (D k ) � (X; t k j� (z)

k )

= e�t L̂ X (D k )M zk

h
� (X; t k j� (z)

k� 1)
i

:

(2.15)

Eq. (2.15) is an iterative functional equation that takes the statistical state of the system� (X; t k j� (z)
k� 1)

to � (X; t k+1 j� (z)
k ) due to the instantaneous measurement att = tk and then evolution fort = tk

to t = tk+1 . With Eq. (2.15) the initial state� 0(X ) is evolved to the �nal state� (X; � j� (z)
N � 1)

which is conditioned on the measurement record� (z)
N � 1.

This discretization scheme mentioned above leads to a trajectory of measurement outcomes

� (z)
N � 1 for every realization. Following classical and quantum measurement theory Refs. [52, 55,

74, 78, 80, 81, 82], we introduce the notion of a path integral that corresponds to a sum over all

possible measurement outcome trajectories as,

Z
D[� (z)

N � 1] :=
Z Z

� � �
Z Z

dzN � 1dzN � 1 : : : dz1dz0; (2.16)

which will be useful later. Now we de�ne the distribution function of the measurement trajecto-

ries,

P (m)(� (z)
N � 1) =

"
N � 1Y

k=1

� (m)
tk

(zk j� (z)
k� 1)

#

� (m)
t0

(z0); (2.17)

where, � (m)
t0

(z0) =
R

dX� (m)
t0

(z0jX )� 0(X ), and � (m)
t0

(z0jX ) corresponds to the measurement

model att = t0. The average over all possible measurement trajectories is then given as

E[(� )] :=
Z

D[� (z)
N ] P (m)(� (z)

N � 1) ( � ); (2.18)

31



which we use later to derive the master equation.

2.2.4 Gaussian measurement model and continuous measurement equation

Next we specify our measurement model by choosing the form of the function� (m)
tk

(zk jX; � (z)
k� 1).

We consider that the agent is monitoring an observableO(X ) which is a function of the physical

stateX . We also assume that the observable does not change with time. Now we introduce a

measurement rate or measurement strength� that captures how closezk was to the observable

O(X ) at timet = tk . A higher (lower) value of��t implies more accurate (inaccurate) mea-

surement. In the limit� ! 1 with a �nite �t , we expectzk ! O(X ). We further assume

that the measurement model at timet = tk is independent of previous measurement outcomes:

� (m)
tk

(zk jX; � (z)
k� 1) = � (m)

tk
(zk jX ). With these considerations, we choose a Gaussian measurement

model [61, 80] in spirit of the Gaussian Kraus operators [78] for the quantum weak measurement

model. For anyt = tk , this measurement model is

� (m)
tk

(zk jX ) = N e� 2��t (zk � O(X )) 2
(2.19)

where,N =
p

2��t=� . This measurement model implies the signal generated from the mea-

suring device follows a Gaussian distribution centered aroundO(X ) and has a spread that is

controlled by��t . For a �xed value of� , if we decrease the value of�t the spread of this distri-

bution increases. From this we can write,

� (m)
tk

(zk j� (z)
k� 1) =

Z
dX� (m)

tk
(zk jX )� (X; t k j� (z)

k� 1)

= N
Z

dXe� 2��t (zk � O(X )) 2
� (X; t k j� (z)

k� 1)

(2.20)
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We perform a change in the measure of integration and write

� (m)
tk

(zk j� (z)
k� 1) = N

Z
dO e� 2��t (zk � O)2

~� (O; tk j� (z)
k� 1) (2.21)

where the distribution~� (O; tk j� (z)
k� 1) and� (X; t k j� (z)

k� 1) are related by

dO~� (O; tk j� (z)
k� 1) =

Z
dX� (O � O(X ))� (X; t k j� (z)

k� 1) (2.22)

The variableO should not be confused with the functionO(X ). If �t is small enough, then

the spread of the distributionN e� 2��t (zk � O)2
is much wider than the spread of the distribution

~� (O; tk j� (z)
k� 1) in the variableO. Thus, ~� (O; tk j� (z)

k� 1) can be approximated as a delta function

� (O � h Oi k� 1) located at the mean

hOi k� 1 =
Z

dO O ~� (O; tk j� (z)
k� 1): (2.23)

With this approximation, we rewrite Eq. (2.21) as

� (m)
tk

(zk j� (z)
k� 1) � N exp

�
� 2��t (zk � h Oi k� 1)2

�
: (2.24)

Then the Bayesian update rule from Eq. (2.14) can be rewritten as

� (X; t k j� (z)
k ) = exp

�
� 2��t

�
(zk � O(X ))2 � (zk � h Oi k� 1)2

	�
� (X; t k j� (z)

k� 1): (2.25)
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Sincezk is sampled from a Gaussian distribution� (m)
tk

(zk j� (z)
k� 1) in Eq. (2.24), it has the mean

E[zk ] = hOi k� 1 and varianceV ar[zk ] = 1=4��t . We can make a transformation of variables and

introduce a new Gaussian random variable� Wk :

� Wkp
�t

= 2
p

��t (zk � h Oi k� 1): (2.26)

Here� Wk is sampled from a Gaussian distribution withE[� Wk ] = 0 and varianceE[� W 2
k ] =

�t . Since�t is a small number we can approximate any realization of� W 2
k by its mean as

� W 2
k � E[� W 2

k ] = �t in the spirit of the Ito calculus [48, 78]. Using the expression of� Wk

from Eq. (2.26) in the expression for� (X; t k j� (z)
k ), and expanding the exponential terms, we get

� (X; t k j� (z)
k ) =

�
1 + 2

p
� � Wk(O(X ) � h Oi k� 1) � 2��t (hOi k� 1 � O(X ))2

�
� (X; t k j� (z)

k� 1)

+
1
2

4� � W 2
k (O(X ) � h Oi k� 1)2� (X; t k j� (z)

k� 1) + O(� W 3
k )

(2.27)

Since� W 2
k � �t , the terms quadratic in� Wk become proportional to�t upon averaging. In

the limit �t ! 0 we treat the measurement as a continuous signal� (z)
k � z(t), and we replace

hOi k� 1 ! h Oi t to denote its instantaneous value. Using Ito calculus, the limiting value of� Wk

can be identi�ed as the increment of Brownian motion orWiener incrementdW(t) when�t ! 0.

The Wiener incrementdW has the following properties:E[dW(t)] = 0 anddW 2(t) = d t where

dt is the in�nitesimal differential version of�t and,E[A(t)dW(t)] = 0 for anyA(t). Thus, taking

the limit �t ! 0, we obtain the Ito stochastic differential equation (SDE)

d� (X; t jz(t)) = 2
p

� dW(t)(O(X ) � h Oi t )� (X; t jz(t)) : (2.28)
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This equation in classical stochastic �ltering theory literature known as theKushner Equationor

Kushner–Stratonovich Equation[61, 62, 83] for continuous measurement.

When the measurement is followed by an evolution under the master equation, we use

Eq. (2.27) in Eq. (2.15), and expand the exponential to obtain,

� (X; t k+1 j� (z)
k )

= e�t L̂ X (D k ) � (X; t k j� (z)
k )

=
h
1 + �t L̂ X (Dk) + O(�t 2)

i �
1 + 2

p
� � Wk(O(X ) � h Oi k� 1) � 2��t (hOi k� 1 � O(X ))2

�
� (X; t k j� (z)

k� 1)

+
1
2

4� � W 2
k

h
1 + �t L̂ X (Dk) + O(�t 2)

i
(O(X ) � h Oi k� 1)2� (X; t k j� (z)

k� 1) + O(� W 3
k ):

(2.29)

In the limit �t ! 0 limit the equation above reduces to the following stochastic partial differential

equation (SPDE):

d� (X; t jz(t)) = d tL̂ X (D(t)) � (X; t jz(t)) + 2
p

� dW(O(X ) � h Oi t )� (X; t jz(t)) (2.30)

which is a variation of the Kushner equation (2.28) with a deterministic part. This equation in

context of quantum mechanics is known as theBelavkin equation[61, 78], and here we will refer

to Eq. (2.30)as theclassical Belavkin equationby analogy with the quantum case. Note that

Eq. (2.30) is a nonlinear-SPDE for� (X; t jz(t)) as the averagehOi t depends on the statistical

state� (X; t jz(t)) ashOi t =
R

dXO (X )� (X; t jz(t)) . However the non-linearity is attached to

the stochastic part of Eq. (2.30).

We have derived Eq. (2.28) and Eq. (2.30) following analogies with quantum weak mea-
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surement theory [74, 78]. For simplicity we have kept our discussion limited to the case where

the physical state of the systemX , the observableO(X ) and the control parameterD(t) are

all scalar quantities. The generalization of Eq. (2.28) and Eq. (2.30) to the multivariate case is

possible [61, 62]. A special case of Eq. (2.30) is also of interest: when the operatorL (D(t))

corresponds to linear diffusion or Ornstein–Uhlenbeck (OU) process, we obtain the equation for

the Kalman-Bucy �lter [62].

2.3 Master equation for continuously monitored feedback-controlled diffusive

�ows

In this section, we derive a master equation for continuously monitored, feedback-controlled

diffusive systems as an extension of the QFPME to classical diffusive and deterministic processes.

The derivation shown here follows the same steps as the derivation of the QFPME for quantum

systems given in Ref. [1, 74].

2.3.1 Filtering equation for the measurement signal

So far we have considered the case where the control protocolD(t) (or equivalently� (D )
N )

was predetermined. To introduce the feedback control in our model we now make the value of

the control parameterD(t) at timet = t0 functionally dependent on the past measurement signal

up to that time instantz(t); 0 � t � t0 . In the discrete case we write it asDk � Dk [� (z)
k ].

This also implies that the trajectory of the control parameter� (D )
k is a function of the trajectory of

measurement signal� (z)
k , i.e. � (D )

k � � (D )
k [� (z)

k ]. The choice of this functional relation between

Dk and� (z)
k de�nes a �ltering process that converts the measurement signal from the detector
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to a feedback control protocol. For our model, we chose the �ltering to be a low-pass �lter

(exponential smoothing) over the measurement trajectory:

Dk � Dk [� (z)
k ] =

kX

i =0


�te � 
 (k� i )�t zi (2.31)

For the continuous case this relation is written as

D(t) =
Z t

�1
ds
e � 
 (t � s)z(s) (2.32)

This signal �ltering protocol mimics a detector with a �nite bandwidth [1, 61, 74] where the

control protocol is a smoothed version of the measurement signal. In Eqs. (2.31) and (2.32), we

have introduced the signal �ltering rate (or bandwidth)
 , which controls weighting coef�cients

for the averaging of the measurement signal. A large value of
 implies the �ltering kernel dies

out quickly and does not go back much in the past trajectory; and hence the control parameterDk

will be very close to the state of the current measurement signal outputzk . As a result the noise

from the measurement signal will affect the feedback signal more and feedback will be noisy.

In contrast, a small value of
 implies that the �ltering kernel takes account of the long past of

the measurement trajectory. In this case the control parameterDk will move slowly compared

to the measurement signal variablezk and thus the feedback signal will be lagging behind the

measurement signal but will be relatively smoother.

Notice that the current control parameterDk can be calculated from the state of the control

parameter at the previous time instant (Dk� 1) and the current measurement outcomezk . This can
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be seen by rewriting the Eq. (2.31) as

Dk = 
�tz k +
k� 1X

i =0


�te � 
 (k� i )�t zi

= 
�tz k + e� 
�t Dk� 1

(2.33)

Now by replacingzk with � Wk from Eq. (2.26) and expandinge� 
�t in a Taylor series we get,

Dk � Dk� 1 = 
�t (hOi k� 1 � Dk� 1) +



2
p

�
� Wk + O(�t 2): (2.34)

Taking the limit �t ! 0, and treatingD(t) as a continuous signal, we obtain the stochastic

differential equation (SDE)

dD(t) = 
 (hOi t � D(t)) dt +



2
p

�
dW(t) (2.35)

From Eq. (2.35) we see that the control parameter evolves under an Ornstein–Uhlenbeck process

similar to an overdamped Brownian particle under a time-dependent quadratic potential centered

athOi t . [1]

2.3.2 Derivation of master equation

Using the path averaging introduced in Eq. (2.18), we de�ne a joint distribution

� (X; ~D; t k) = E
h
� (X; t k j� (z)

k� 1)� (Dk [� (z)
k ] � ~D)

i
: (2.36)
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This de�nition can be understood as an average of the function� (X; t k j� (z)
k� 1) over the distribution

of measurement trajectories up to timet = tk , with a constraint that only the measurement

trajectories that result in the feedback variableD(tk) = Dk at time t = tk contribute to the

average. For the continuous case we denote this joint distribution as

� (X; ~D; t ) = E
h
g(D[z(t)]; X; ~D; t )

i

= E
h
� (X; t jz(t)) � (D[z(t)] � ~D)

i (2.37)

where we have de�nedg(D[z(t)]; X; ~D; t ) = � (X; t jz(t)) � (D[z(t)] � ~D). Notice that the depen-

dence ofg(D[z(t)]; X; ~D; t ) on z(t) is implicit and is encoded by the two functionsD(t)[z(t)]

and� (X; t jz(t)) . We already know the stochastic differential equations (SDE) for the evolution of

these quantities from Eq. (2.30) and Eq. (2.35). From now on we will denoteg(D[z(t)]; X; ~D; t )

asg; D(t)[z(t)] asD; and� (X; t jz(t)) as� for conciseness.

We now follow the standard method of derivation of a Fokker-Planck equation from a SDE

[61]. To obtain a stochastic differential equation for the evolution ofg = �� (D � ~D), we �rst

need to obtain the SDE for the evolution of� (D � ~D). UsingIto's Lemmaon Eq. (2.35), we can

write down a SDE of� (D � ~D) for a �xed ~D as

d� (D � ~D)j ~D = d t 
 (hOi t � D)

"
@�(D � ~D)

@D

#

~D

+ d t
1
2

�



2
p

�

� 2
"

@2� (D � ~D)
@D2

#

~D

+ d W
�




2
p

�

� "
@�(D � ~D)

@D

#

~D

(2.38)

Now to obtain the SDE forg (for a �xed ~D, we omit the subscripts from now on) we have

dg = � (D � ~D) d� + � d� (D � ~D) + d � (D � ~D) d� (2.39)
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Using the expression ford� (D � ~D) from Eq. (2.38), the expression ford� from Eq. (2.30), and

dW(t)2 = dt, we write,

dg = d t

"

� (D � ~D)L̂ X (D)� + 
 (O(X ) � D)
@�(D � ~D)

@D
� +


 2

8�
@2� (D � ~D)

@D2
�

#

+d W(t) [: : : ]

(2.40)

where we have collected the terms proportional todt anddW(t) separately. We have omitted the

details of the terms proportional todW(t) for conciseness here since eventually they will vanish.

We now use some properties of delta functions on the terms that are proportional todt. For the

�rst term, using� (x � a)f (x) = � (x � a)f (a), we get

� (D � ~D)L̂ X (D)� = � (D � ~D)L̂ X ( ~D)�

= L̂ X ( ~D)
h
� (D � ~D)�

i
= L̂ X ( ~D)g:

(2.41)

For the second term we use� (x � a)f (x) = � (x � a)f (a) and @�(x� y)
@x = � @�(x� y)

@y to get the

following simpli�cation:


 (O(X ) � D)
@�(D � ~D)

@D
� = � 
 (O(X ) � D)

@�(D � ~D)

@~D
�

= � 

@

@~D

h�
O(X ) � ~D

�
� (D � ~D)�

i

= � 

@

@~D

h�
O(X ) � ~D

�
g
i

(2.42)

For the third term, using@
2 � (x � y)

@x2 = @2 � (x � y)
@y2 , we get


 2

8�
@2� (D � ~D)

@D2
� =


 2

8�
@2� (D � ~D)

@~D 2
� =


 2

8�
@2g

@~D 2
(2.43)

40



Thus we can rewrite Eq. (2.40) as

dg = d t
�
L̂ X ( ~D)g � 


@

@~D

h�
O(X ) � ~D

�
g
i

+

 2

8�
@2g

@~D 2

�
+ d W(t) [: : : ] (2.44)

Now we take average over all measurement trajectories (note thatE[dW(: : : )] = 0 ), and then

de�ning @�
@t :=

dE [g]
dt , we get the �nal result:

@�(X; ~D; t )
@t

= L̂ X ( ~D)� (X; ~D; t ) + 

@

@~D

h�
~D � O(X )

�
� (X; ~D; t )

i
+


 2

8�
@2� (X; ~D; t )

@~D 2

(2.45)

For convenience we de�ne the Ornstein-Uhlenbeck operator of~D with O(X ) as a parameter as

F̂ ~D (X )( � ) = 

@

@~D

h�
~D � O(X )

�
(� )

i
+


 2

8�
@2

@~D 2
(� ) (2.46)

With this we rewrite Eq. (2.45) as

@�(X; ~D; t )
@t

=
h
L̂ X ( ~D) + F̂ ~D (X )

i
� (X; ~D; t ) (2.47)

This equation can be interpreted as follows.� (X; ~D; t ) describes evolving statistical state of an

ensemble of physical system stateX and the control parameter~D, which is being calculated

by measuring the observableO(X ) and then �ltering the measurement outcomes by Eq. (2.32).

The operatorL̂ X ( ~D) generates the dynamics ofX , which depend on the control parameter~D.

The operatorF̂ ~D (X ) generates the dynamics of the control parameter~D, which depends on the

the evolution of the state variableX through the measurements of the observableO(X ). This

equation (Eq. (2.47)) is Markovian and deterministic in comparison to the Classical Belavkin
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equation (Eq. (2.30)), which is non-Markovian [since it has an explicit dependence on the past

trajectoryz(t)] and stochastic. Reducing a non-Markovian equation to a Markovian equation by

adding �ltering and averaging is an example of Markovian embedding of the dynamics.

2.3.3 Effective coupled Langevin equations for the system-detector dynamics

From Eq. (2.45) we can write down Langevin equations that would generate the given

Fokker-Planck Eq. (2.45). Suppose X obeys a Langevin equation with a termF (X; ~D) and a

noise term� X (t) where� X (t), is white noise with the properties,h� (t)i = 0 andh� X (0)� X (t)i =

2� � (t). The associated Fokker-Planck dynamics ofX are given byL̂ X ( ~D), with ~D as the control

parameter. Then we consider a coupled Langevin dynamics ofX and ~D:

_X = F (X; ~D) + � X (t) (2.48)

_~D = 
 (O(X ) � ~D) + � ~D (t) (2.49)

where the noise� ~D (t) is white noise with the following properties

h� ~D (t)i = 0; h� ~D (0)� ~D (t)i =

 2

4�
� (t) (2.50)

These coupled Langevin equations will generate a dynamics that correspond to the joint system-

controller master equation (2.45). These Langevin equations can be directly simulated to gener-

ate the statistical properties of the feedback-controlled system without explicitly simulating the

underlying measurement and �ltering processes.
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2.4 Separation of timescales using multiple-timescale perturbation (MTSP) ap-

proach

2.4.1 General formal solution

In this section we present a multiple-timescale perturbation (MTSP) analysis [1, 72, 84,

85, 86] of the detector and system dynamics, when the detector dynamics are fast. We start with

the feedback control master equation Eq. (2.45) and introduce two natural timescales - for the

system dynamics,(1=� (L X )), and for the control parameter dynamics,(1=
 ). Now introduce a

scaled Ornstein–Uhlenbeck (OU) operator

~F ~D (X ) = � (L X )
@

@~D

�
~D � O(X )

�
+


 � (L X )

8�
@2

@~D 2
(2.51)

We rewrite Eq. (2.45) as

@�(X; ~D; t )
@t

=
�
L̂ X ( ~D) +

1
�

~F ~D (X )
�

� (X; ~D; t ); (2.52)

where� is a slowness parameter de�ned as

� =
� (L X )



: (2.53)
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Next we introduce the two time scales� 1 and� 2 in the spirit of multiple-timescale perturbation

(MTSP) analysis and rewrite Eq. (2.52) as

�
@

@�1
+

1
�

@
@�2

�
~� (X; ~D; � 1; � 2) =

�
L̂ X ( ~D) +

1
�

~F ~D (X )
�

~� (X; ~D; � 1; � 2) (2.54)

where we have replaced� (X; ~D; t ) with its two-time analogue~� (X; ~D; � 1; � 2). If we replace

t = � 1 = �� 2, in Eq. (2.54) we recover the original problem given in Eq. (2.52). Now we

substitute the two-timed perturbation series:

~� (X; ~D; � 1; � 2) =
1X

k0=0

� k0
~� k0(X; ~D; � 1; � 2) (2.55)

in Eq. (2.54), multiply both sides by� and then collect terms in every power of� to get a chain of

perturbation equations. For� 0 we get

�
@

@�2
� ~F ~D (X )

�
~� 0(X; ~D; � 1; � 2) = 0 ; (2.56)

for which we have the following formal solution:

~� 0(X; ~D; � 1; � 2) = e� 2 ~F ~D (X ) ~� 0(X; ~D; � 1; 0): (2.57)

For any� k with k � 1 we have

�
@

@�2
� ~F ~D (X )

�
~� k(X; ~D; � 1; � 2) = �

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; � 2); (2.58)
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for which the formal solution can be written as,

~� k(X; ~D; � 1; � 2) = e� 2 ~F ~D (X ) ~� k(X; ~D; � 1; 0) �
Z � 2

0
dse(� 2 � s) ~F ~D (X )

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; s)

= e� 2 ~F ~D (X ) ~� k(X; ~D; � 1; 0) �
Z � 2

0
dzez ~F ~D (X )

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; � 2 � z):

(2.59)

Setting� 2 = ( � 1=�) in Eqs. (2.57) and (2.59) gives us the regular perturbation solutions to the

original problem Eq. (2.47). Replacing� 2 = ( � 1=�) in Eqs. (2.57) and (2.59) and taking the

strong separation of the timescale limits� ! 0, � 2 ! 1 with �nite � 1 = �� 2, may lead to secular

or divergent behavior. We seek to avoid this problem by the MTSP method.

Next we simplify our analysis by assuming that we are only interested in the dynamics

happening at the slow timescales. To do this we use the spectral properties of the the operator

~F ~D (X ). It can be shown that given a value ofX , for the OU operator~F ~D (X ), there is an unique

normalized stationary distribution

�( ~DjX ) =

s
4�

�

exp
�
�

4�



( ~D � O(X ))2

�
: (2.60)

Thus, the null-spaceker
�

~F ~D (X )
�

of the operator~F ~D (X ) is spanned only by one function

�( ~DjX ). We de�ne the null-space projection operatorP̂ ~F ~D (X ) as

P̂ ~F ~D (X ) (� ) = �( ~DjX )
Z

d ~D (� ) (2.61)
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and the projection operator outside of the null-space is de�ned as

Q̂ ~F ~D (X ) = 1̂ � P̂ ~F ~D (X ) ; (2.62)

where1̂ is the identity operator. From the spectral properties of~F ~D (X ), it can also be shown

that any arbitrary starting distributionP0(X; ~D) gets projected toker
�

~F ~D (X )
�

in the long-time

limit under the dynamics of~F ~D (X ), i.e,

lim
s!1

es ~F ~D (X )P0(X; ~D) = P̂ ~F ~D (X )P0(X; ~D) (2.63)

Now, under a strong separation of timescales we have a �nite� � 1, a �nite � 1, and

� 2 = ( � 1=�) � � 1. Thus, � 2 can be approximated as� 2 ! 1 while keeping� 1 �nite and

independent of� 2. Now we take the limit� 2 ! 1 on the both sides of Eqs. (2.57) and (2.59) to

get

� 0(X; ~D; � 1) = �( ~DjX )f 0(X; � 1); (2.64)

� k(X; ~D; � 1) = �( ~DjX )f k(X; � 1) � lim
� 2 !1

Z � 2

0
dzez ~F ~D (X )

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; � 2 � z)

(2.65)

where the functions� k(X; ~D; � 1) andf k(X; � 1) are de�ned for anyk � 0 as

� k(X; ~D; � 1) = lim
� 2 !1

~� k(X; ~D; � 1; � 2); (2.66)
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f k(X; � 1) =
1

�( ~DjX )
lim

� 2 !1
e� 2 ~F ~D (X ) ~� k(X; ~D; � 1; 0)

=
1

�( ~DjX )
P̂ ~F ~D

~� k(X; ~D; � 1; 0):

(2.67)

Notice that the limit in the second term on the r.h.s. of Eq. (2.65) diverges if the integral has any

term linear in� 2. To avoid this divergent (secular) behavior, we impose the condition that the

source term of Eq. (2.58) must be outside of theker
�

~F ~D (X )
�

. Hence impose the condition,

P̂ ~F D (X )

�
�

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; � 2)

�
= 0; (2.68)

which implies
Z

d ~D
�

@
@�1

� L̂ X ( ~D)
�

~� k� 1(X; ~D; � 1; � 2) = 0 : (2.69)

With the condition above the secular terms in Eq. (2.65), arising due to the null space component

of the source term are avoided. Hence we can rewrite Eq. (2.65) using the condition Eq. (2.68) as

� k(X; ~D; � 1) = �( ~DjX )f k(X; � 1)� lim
� 2 !1

Z � 2

0
dzez ~F ~D (X )Q̂ ~F D (X )

�
@

@�1
� L̂ X ( ~D)

�
~� k� 1(X; ~D; � 1; � 2� z)

(2.70)

Since all the eigenvalues of the operator~F ~D outside the null-space are negative [67], we assume

that any transient generated by the source term almost instantly decays and can be neglected.

With this assumption we rewrite the Eq. (2.70) as

� k(X; ~D; � 1) = �( ~DjX )f k(X; � 1) + ~F +
~D
(X )

�
@

@�1
� L̂ X ( ~D)

�
� k� 1(X; ~D; � 1) (2.71)

where we have introduced the pseudo-inverse or Drazin inverse [63, 87] of the operator~F ~D (X )
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as

~F +
~D
(X ) = �

Z 1

0
dz ez ~F ~D (X )Q̂ ~F ~D (X ) (2.72)

Notice that in this equation the �rst term on the r.h.s. of Eq. (2.71) is completely inside the

ker
�

~F ~D (X )
�

and the second term of the r.h.s. of Eq. (2.71) is completely outside ofker
�

~F ~D (X )
�

.

Thus, for anyk � 0, we have,

f k(X; � 1) =
Z

d ~D� k(X; ~D; � 1) (2.73)

If we write the slow-time scale solution under separation of time scale as

� (X; ~D; � 1) =
1X

k=0

� k � k(X; ~D; � 1); (2.74)

then thef k(X; t )'s are null-space projection weights of the operator~F ~D (X ) for the order of the

perturbation expansion:

P̂ ~F ~D (X ) � (X; ~D; � 1) = P̂ ~F ~D (X )

1X

k=0

� k � k(X; ~D; � 1)

= �( D jX )
1X

k=0

� k f k(X; � 1)

(2.75)

From this equation, we de�ne the overall null-space projection factor of� (X; ~D; � 1) as

f (X; � 1) =
1X

k=0

� k f k(X; � 1) (2.76)

Notice thatf (X; � 1) is the marginal distribution of the system variableX at the slow time-scale
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� 1, under the separation of timescales limit:

f (X; � 1) =
Z

d ~D� (X; ~D; � 1) (2.77)

To determine the complete expression of� k(X; ~D; t ) at any order(k) with k � 1, we must solve

for f k(X; � 1) and the complete expression of the perturbation correction in the previous order,

� k� 1(X; ~D; � 1). To determinef k(X; � 1), we use the expression for� k(X; ~D; t ), (containing an

unknownf k(X; � 1)) in the secularity removal condition (Eq. (2.68)) in the next order(k + 1) :

P̂ ~F ~D (X )

�
@

@�1
� L̂ X ( ~D)

�
� k(X; ~D; � 1) = 0 : (2.78)

Thus for any�( ~DjX ) we have,

Z
d ~D

�
@

@�1
� L̂ X ( ~D)

�
� k(X; ~D; � 1) = 0 (2.79)

Now substituting the expression of� k(X; ~D; � 1) from Eq. (2.65), we get

Z
d ~D

�
@

@�1
� L̂ X ( ~D)

� �
�( ~DjX )f k(X; � 1)

�

+
Z

d ~D
�

@
@�1

� L̂ X ( ~D)
� �

~F +
~D
(X )

�
@

@�1
� L̂ X ( ~D)

�
� k� 1(X; ~D; � 1)

�
= 0

(2.80)

which can be written as

@fk(X; � 1)
@�1

�
� Z

d ~DL̂ X ( ~D)�( ~DjX )
�

f k(X; � 1)

�
Z

d ~D L̂ X ( ~D)
�

~F +
~D
(X )

�
@

@�1
� L̂ X ( ~D)

�
� k� 1(X; ~D; � 1)

�
= 0

(2.81)
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2.4.2 0th and 1st order terms

Next we show the explicit calculation for the0th and1st order terms in the perturbation

expansion. Using Eq. (2.64) in Eq. (2.79) we get the equation forf 0(X; � 1) as

@f0(X; � 1)
@�1

= L̂ (0)
X f 0(X; � 1); (2.82)

L̂ (0)
X =

Z
d ~DL̂ X ( ~D)�( ~DjX ): (2.83)

Eq. (2.82) can be solved for some given initial conditionf 0(X; 0) to obtainf 0(X; � 1).

Now settingk = 1 in Eq. (2.81) and using the expression for� 0(X; ~D; � 1), we obtain

�
@f1(X; � 1)

@�1
� L̂ (0)

X f 1(X; � 1)
�
�

Z
d ~D L̂ X ( ~D)

�
~F +

~D
(X )

�
@

@�1
� L̂ X ( ~D)

�
�( ~DjX )f 0(X; � 1)

�
= 0

(2.84)

Since we have~F +
~D
(X )�( ~DjX ) = 0 , we get the equation forf 1(X; � 1) as:

@f1(X; � 1)
@�1

= L̂ (0)
X f 1(X; � 1) + L̂ (1)

X f 0(X; � 1) (2.85)

where

L̂ (1)
X = �

Z
d ~DL̂ X ( ~D) ~F +

~D
(X )L̂ X ( ~D)�( ~DjX ); (2.86)

andL̂ (0)
X is given in Eq. (2.83). Given an initial conditionf 1(X; 0), and the solutionf 0(X; � 1)

obtained from Eq. (2.82) with the initial conditionf 0(X; � 1), one can solve forf 1(X; � 1) in
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Eq. (2.84). Usingf 0(X; � 1) andf 1(X; � 1) we write the expression of� 1(X; ~D; � 1) as

� 1(X; ~D; � 1) = �( ~DjX )f 1(X; � 1) � ~F +
~D
(X )L̂ X ( ~D)�( ~DjX )f 0(X; � 1): (2.87)

Since we are neglecting the transient dynamics, we choose an initial condition of the joint dy-

namics to be completely inside the null-space of the operator~FD , i.e. of the form:

� (X; ~D; 0) = f (X; 0)�( ~DjX ) (2.88)

Now we have freedom of choice in how to distributef (X; 0) in different orders of perturbation.

It is often convenient to choose

f 0(X; 0) = f (X; 0); (2.89)

f k(X; 0) = 0; k � 1; (2.90)

such that the initial conditionf (X; 0) is completely captured in the0th order term of the pertur-

bation.

2.4.3 Effective master equation for system state under fast feedback

Switching back to the original variable� 1 ! t, truncating the perturbation series in Eq. (2.76)

at orderk = 1 and using Eqs. (2.82), (2.84) we obtain the evolution equation forf [1](X; t ) =
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f 0(X; t ) + �f 1(X; t ), as

@f[1](X; t )
@t

= L̂ (0)
X f 0(X; t ) + � L̂ (0)

X f 1(X; t ) + � L̂ 1
X f 0(X; t )

= L̂ (0)
X f [1](X; t ) + � L̂ (1)

X f [1](X; t ) � � 2L̂ (1)
X f 1(X; t )

(2.91)

Thus replacingf [1](X; t ) by f (X; t ) we obtain an equation that is correct up to the orderO(� ) as

@f(X; t )
@t

=
h
L̂ (0)

X + � L̂ (1)
X

i
f (X; t ) + O(� 2) (2.92)

This equation gives us the evolution of the marginal distribution of the system variable under sep-

aration of timescales and can be solved forf (X; t ) given an initial conditionf (X; 0). From the

solutionf (X; t ), one can also obtain the joint system detector distribution under the separation

of timescales approximation:

� (X; ~D; t ) =
h
1 � � ~F +

~D
L̂ X ( ~D)

i
�( ~DjX )f (X; t ) + O(� 2): (2.93)

Finally, we point out that Eq. (2.92) can alternatively be derived using Nakazima-Zwanzig pro-

jection operator methods [1, 74].

2.4.4 Connection to linear response theory

The separation of timescales calculations shown above can be interpreted in terms of lin-

ear response theory. At leading order, the control parameter is in the equilibrium distribution

�( ~DjX ) when the state of the system isX . The operatorL̂ (0)
X can be then understood as an

averaged ormean �eldoperator of the family of operators:f L̂ X ( ~D)g where the parameter~D has
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been sampled from the distribution�( ~DjX ). Thus we write,

L̂ (0)
X =

Z
d ~D L̂ X ( ~D)�( ~DjX ) = hL̂ X ( ~D)i �( ~D jX ) (2.94)

whereh: : : i � signi�es the ensemble average over a distribution� .

At �rst order in � , there is a small lag in the dynamics of the control parameter~D. The

effect of the lag is to drive the controller distribution away from its stationary state (leading order

distribution). Hence we consider̂L X ( ~D) as an observable (or parameterized operator) of~D,

whose equilibrium average is given bŷL (0)
X . At 0th orderL̂ (0)

X generates the dynamics of the

f (X; t ). We see that̂L (1)
X captures the response away from this equilibrium averageL̂ (0)

X due to

a small perturbation to the equilibrium distribution�( ~DjX ). We note thatL̂ (1)
X can be expressed

as,

L̂ (1)
X =

Z
d ~DL̂ X ( ~D)

Z 1

0
dz ez ~F ~D (X )(I � P ~F ~D (X ))L̂ ( ~D)�( ~DjX ) (2.95)

which can be written as

L̂ (1)
X =

Z 1

0
dz

Z
d ~DL̂ X ( ~D)ez ~F ~D (X ) L̂ X ( ~D)�( ~DjX )

�
Z 1

0
dz

� Z
d ~DL̂ X ( ~D)ez ~F ~D (X ) �( ~DjX )

� � Z
dD 0L̂ X (D 0)�( D 0jX )

� (2.96)

This can be written as a linear response type relation

L̂ (1)
X =

Z 1

0
dz Ĉ�( ~D jX )

L̂ X ( ~D )
(z) (2.97)

whereĈ�( ~D jX )
L̂ X ( ~D )

(z) is the auto-correlation operator ofL̂ X ( ~D) in the equilibrium distribution�( ~DjX )
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(by analogy with auto-correlation function), i.e.,

Ĉ�( ~D jX )
L̂ X ( ~D )

(z) = hL̂ X ( ~Dz)L̂ X ( ~D0)i �( ~D jX ) � h L̂ X ( ~Dz)i �( ~D jX )hL̂ X ( ~D0)i �( ~D jX ) (2.98)

Since the distribution�( ~DjX ) is stationary, we usehL̂ X ( ~Dz)i �( ~D jX ) = hL̂ X ( ~D0)i �( ~D jX ) = L (0)
X

to write

Ĉ�( ~D jX )
L̂ X ( ~D )

(z) = hL̂ X ( ~Dz)L̂ X ( ~D0)i �( ~D jX ) � (L̂ (0)
X )2 (2.99)

Similar to linear response theory, here we also see that in the presence of a small delay in feed-

back, the dynamics of the system is related to the auto-correlations of the operatorL X ( ~D) cal-

culated with the stationary control parameter distribution�( ~DjX ) at the fast feedback limit (i.e.,

when there is no delay).

2.5 Comparison with feedback-control equation for quantum and discrete stochas-

tic systems

2.5.1 Comparison with quantum Fokker-Planck master equation (QFPME)

In this section we compare the discussion presented so far for the classical case with the

original quantum Fokker-Planck master equation of continuous feedback control [1, 74]. For a

single realization of the experiment, the statistical state of the quantum system at discretized time

tk is given by a conditional density matrix̂� k
c(tk), where the superscriptk implies the density

matrix is conditioned on the measurement record� (z)
k� 1 similar to Eq. (2.13) for the classical

case.. In analogy with the Bayesian update rule shown in Eq. (2.14), the update equation for the
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quantum state due to an instantaneous measurement operation at timetk is given by,

�̂ k+1
c (tk) = M zk

�
�̂ k

c(tk)
�

=
K̂ (zk)�̂ k

c(tk)K̂ y(zk)

Tr
n

K̂ (zk)�̂ k� 1
c (tk)K̂ y(zk)

o
(2.100)

Here,M zk denotes a measurement operation that leads to outcomezk andK̂ (zk) are correspond-

ing Kraus operators [78, 88]. In contrast to the classical case, which we considered to be back

action free, we consider a general case here with the possibility of back action due to measure-

ment. In the Gaussian weak measurement model [78], for a Hermitian operatorÂ =
P

a jai � ahaj

corresponding to the observable of interest, the measurement Kraus operator is given as

K̂ (z) =
�

2��t
�

� 1
4

e� ��t (z� Â )2
(2.101)

The probability density function of obtaining the outcomezk , given previous measurement records

� (z)
k� 1, is

� (m)
tk

(zk j� (z)
k� 1) = Tr

n
K̂ (zk)�̂ k� 1

c K̂ y(zk)
o

=
�

2��t
�

� 1
2 X

a

e� 2��t (zk � � a )2
haj�̂ k� 1

c (tk)jai
(2.102)

This equation is the analogue of Eq. (2.21) that we have obtained for the classical case. Similar

to theKushner Equation(Eq. (2.30)) in the classical case, one can derive theBelavkin equation

(see Refs. [1, 61, 74, 78] for the derivation) for the quantum case as

d�̂ c(t) = d tL̂ (D)�̂ c(t) + � dtD[Â]�̂ c(t) + d W(t)
p

� f Â � h Âi c; �̂ c(t)g (2.103)
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wheref X; Y g = XY + Y X is the anti-commutator,hÂi c = Tr
n

Â�̂ c

o
, L̂ (D) is the feedback-

controlled Lindbladian, andD[Â] is a dissipator in the eigenbasis of the operatorÂ. We note

that in Eq. (2.103), we have two terms that are proportional todt. The �rst term on the r.h.s. of

the equation generates the Markovian dynamics of the system due to the LindbladianL̂ (D), the

second term� dtD[Â]�̂ c generates decoherence in the basis of the observableÂ. Thus the second

term creates aback-actiondue to measurement in the quantum state�̂ c. Note that for the classical

case withpurely Bayesianmeasurements [61], the back-action term is absent in the Eq. (2.30).

Now using the �ltering Eq. (2.32) in the Belavkin equation (Eq. (2.103)), and following the same

steps discussed for the classical case, one can obtain the Quantum Fokker Planck Master Equation

[1]:

@̂� t ( ~D)
@t

= L̂ (D)�̂ t ( ~D) + � D[Â]�̂ t ( ~D) + F̂ �̂ t ( ~D); (2.104)

whereF̂ is a superoperator form of the OU operator:

F̂ �̂ ( ~D) = �


2

@

@~D
f Â � ~D; �̂ ( ~D)g +


 2

8�
@2

@~D 2
�̂ ( ~D) (2.105)

and the object̂� ( ~D) is the joint state of the system and the control parameter. From�̂ ( ~D) we

obtain the state of the quantum system by marginalizing over the control parameter~D,

�̂ t =
Z

d ~D �̂ t ( ~D); (2.106)

and the distribution of the control parameter~D at any time instantt, can be obtained as

pt ( ~D) = Tr
n

�̂ ( ~D)
o

(2.107)
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Similar to the classical case, we can also perform a multiple-timescale analysis for the quantum

problem. This analysis can be performed directly with density matrices and superoperators (see

[74]) or alternatively, we cast the master equation into the Fock-Liouville space where superoper-

ators become matrices and perform the analysis in that space (see [1]). Similar to the Eq. (2.92),

it is possible to obtain a Markovian master equation for the quantum state in the limit of separa-

tion of time-scales of the system dynamics and the controller dynamics. If the fastest time-scale

of the system and the measurement back action is given by(1=�) , then we de�ne� = (� =
 ) and

get the Markovian master equation,

�̂ t = ( L̂ (0) + � L̂ (1) )�̂ t (2.108)

where the superoperator̂L (0) is de�ned as

L̂ (0) �̂ t =
Z

d ~DL̂ (D)
X

aa0

jai �( ~Dja; a0)haj�̂ t ja0iha0j (2.109)

with �( ~Dja; a0) is de�ned similar to Eq. (2.60) as

�( ~Dja; a0) =

s
4�
�


exp

"

�
4�



�
~D �

� a + � a0

2

� 2
#

: (2.110)

The superoperator̂L (1) is de�ned as

L̂ (1) �̂ t = �
Z

d ~DL( ~D) ~̂F + L ( ~D)
X

aa0

jai �( ~Dja; a0)haj�̂ t ja0iha0j (2.111)

57



where the superoperator̂~F = �

 F̂ and

~̂F + = �
Z 1

0
dz ez ~̂F Q̂ ~̂F

(2.112)

2.5.2 Comparison with feedback-control master equation for classical discrete-

state stochastic dynamics

One can obtain the feedback control equation for a classical discrete state process as a spe-

cial case of the Quantum Fokker Planck Master Equation (Eq. (2.104)) when the dynamics of the

populations are uncoupled from the dynamics of the coherence (see the supplemental of Ref. [1]).

Alternatively, one can consider a classical, discrete-state, continuous-time Markov jump process

under feedback control and follow the steps used for the continuous case to derive a similar master

equation for the feedback control. In this case the statistical state of the system state and the con-

troller state is described by a probability distribution column vector~P( ~D; t ) = [ Pi ( ~D; t )]T
i =1 ;::;N

where the probability distribution of the system state is obtained by marginalization

~P(t) =
Z

d ~D ~P( ~D; t ) (2.113)

and the distribution of the controller state~D is given by

p( ~D) =
NX

i =1

Pi ( ~D; t ) (2.114)

We consider a measurement of an observableO that gives the valueO(i ) = � i when the system

is in the statei . If the system dynamics are governed by the rate matrixR( ~D), then the master
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equation reads

@
@t

~P( ~D; t ) = R( ~D) ~P( ~D; t ) + F̂ ~P( ~D; t ) (2.115)

whereF̂ is a diagonal matrix of OU operators:

F̂ ij = � ij

�



@

@~D

�
~D � � i

�
+


 2

8�
@2

@~D 2

�
(2.116)

Now if the dynamics generated byR( ~D) are of the order(1=�) , then the Markovian master

equation for~P(t) up to the �rst order of� = �

 can be written as

@
@t

~P(t) = ( R0 + �R 1) ~P(t) (2.117)

where

R0 =
Z

d ~DR( ~D)�( ~D) (2.118)

and�( ~D) is a diagonal matrix with elements de�ned as

� ij ( ~D) = � ij

s
4�
�


exp
�
�

4�



�
~D � � i

� 2
�

: (2.119)

The matrixR1 is de�ned as

R1 = �
Z

d ~DR( ~D) ~̂F + R( ~D)�( ~D) (2.120)
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Here the elements of the matrix̂~F + are de�ned as

~̂F +
ij = � � ij

Z 1

0
dz ez ~̂F ij Q̂ ~̂F ij

(2.121)

where ~̂F = �

 F̂ .
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Chapter 3: A classical two-state toy model of feedback-controlled information

engine

This chapter is based on work done in collaboration with Björn Annby-Andersson, Phar-

nam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and Patrick

P. Potts, which has been published as “Quantum Fokker-Planck Master Equation for Continuous

Feedback Control” in Ref. [1]. Guilherme De Sousa and I worked together on the multiple-

timescale perturbation (MTSP) based analysis of theclassical toy modelof Ref. [1]. In this

chapter we analyze this model using classical stochastic modelling and MTSP methods and show

the results. This model can also be analyzed using full-counting statistics (FCS) methods as

shown in Ref. [1, 74]. At the end of this chapter, in Appendix 3.5, we relate the constants arising

in our MTSP calculation with those arising in the FCS method to show the equivalence of the

results.

3.1 Chapter overview

In this chapter, we discuss a simple toy model of a classical information engine, which

can be considered as a non-autonomous Maxwell's demon and we use the methodologies de-

veloped in the last chapter to analyze the model when measurement error and feedback-delay

are present. A key purpose of this chapter is to illustrate an application of the feedback-control
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Figure 3.1: Schematic diagram of the classical two-state toy model of an information engine.
The two states are labeled asj0i andj1i . The agent (demon) makes continuous measurements
(denoted by the magnifying glass in the �gure) on the two-state system to learn whether the
system is in the statej0i or the statej1i . The ground state and excited state energies of the system
areEg andEe with Ee � Eg = � > 0. When the system absorbs heatQin = � from the
heat reservoir (depicted by the sun in the schematic diagram) to go to the excited state, the agent
instantly provides feedback (denoted by the trident) by switching the levelsj0i (j1i ) ! j 1i (j0i ).
In this process the agent takes the system from excited state energyEe to the ground state energy
Eg and extracts workWext = � , which is stored in a work reservoir (depicted by the battery in
the schematic diagram). After this, the demon repeats the process cyclically (see Fig. 3.2)
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master equation and perturbation results developed in the previous chapter.

Sec. 3.2 of this chapter discusses physical setup and modelling of the system. Then the ideal

protocol for the operation of the demon is explained. Next, we consider a feedback-resolved

model for the imperfect protocol in which measurement error and feedback-delay are present.

This imperfect demon is modeled using the framework presented in Chapter 2 for the classical

discrete-state stochastic system with continuous measurement and feedback.

In section 3.3, we analyze of the feedback-resolved model. We use the feedback control

master equation for a continuously monitored classical discrete state stochastic system (see 2.5.2)

and corresponding multiple time scale perturbation results to solve for the steady state probability

distributions of the feedback-resolved model. Then we coarse-grain the feedback-resolved model

to calculate the average steady state work extraction rate in the presence of measurement error and

feedback lag. We see that the system can act either as an information engine or as a dissipator

when measurement errors are present. Then we analyze two limiting scenarios of the model

corresponding to the cases of fast feedback with inaccurate measurement, and lagging feedback

with accurate measurement.

3.2 Physical setup and stochastic modelling

We consider a two-state system that is weakly coupled to a thermal bath at temperature

T (or at inverse temperature� = 1=kB T, with kB as Boltzmann's constant). The system can

exchange heat from the thermal bath to go from the ground state to the excited state or vice-

versa. This system is continuously being monitored by an external agent (or demon). First we

consider an idealized feedback protocol, where the measurement process is accurate and there is
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no delay in the response to the measurement. In this protocol, the agent instantaneously changes

the energy level con�guration of the two-state system, whenever the system absorbs heat from

the bath (see Fig. 3.1). When changing the energy level con�guration, the agent takes the system

from the excited state to ground state and extracts work in the process. This protocol is repeated

in a cyclic fashion. Thus, in this cyclic protocol, the agent recti�es thermal �uctuations from

the heat bath and directly converts them to work using continuous measurement and feedback.

Hence, this protocol can be considered as a toy system of an information engine. Since we

have an explicit consideration of an external agent doing the measurement and feedback, this

setup represents a non-autonomous Maxwell's demon. Such two-state information engines are

ubiquitous in the stochastic and information-thermodynamics literature and similar toy models

can also be found in Refs. [27, 89, 90].

3.2.1 Stochastic modelling

To create a stochastic model of the protocol, we assign labelsj0i andj1i to the system's

states (in the spirit of a quantum two-level model) and denote their energies byE0 andE1 re-

spectively. We also de�ne the ground state and excited state energy of the system asEg andEe

with Ee � Eg = � > 0. The two possible energy level con�gurations (energy landscapes) of the

system are denoted as the `(� )' con�guration: (E0 = Eg; E1 = Ee) and the (̀+) ' con�guration:

(E1 = Eg; E0 = Ee) and we suggestively write them as the HamiltoniansĤ � andĤ+ (see Fig.

3.2):

Ĥ � = Egj0ih0j + Eej1ih1j; (3.1)

Ĥ+ = Eej0ih0j + Egj1ih1j: (3.2)
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The demon makes measurements on the state of the system and then provides feedback by chang-

ing the energy landscape of the system. Hence both the state of the system and the energy level

con�gurations, are dynamical quantities. The complete description of the system is provided by

specifying thejoint stateof the system –the system state (j0i or j1i ) and energy level con�guration

(Ĥ � or Ĥ+ ) together. Thus, there are four possible joint states of the system:(0; � ); (0; +) ; (1; � )

and(1; +) . Here the �rst entry of the tuple refers to the system state and the second entry to the

energy level con�guration. For example,(0; � ) implies the system is in statej0i and the energy

level con�guration is given by the Hamiltonian̂H � . The energies corresponding to these joint

states areE(0;� ) = Eg, E(0;+) = Ee, E(1;� ) = Ee, andE(1;+) = Eg.

We assume the system is weakly coupled to a thermal bath of inverse temperature� . For

thermodynamic consistency, the transitions between the statesj0i $ j 1i at any of the energy level

con�gurations (Ĥ � or Ĥ+ ) must followlocal detailed balance. We denote the transition rate for

j0i ! j 1i (j1i ! j 0i ) under the energy level con�guration̂H � asR(� )
10 (R(� )

01 ) and similarly for

the energy level con�guration̂H+ asR(+)
10 (R(+)

01 ) (see Fig. 3.2). Then the local detailed balance

relations are

R(� )
10

R(� )
01

= e� � (E (1 ; � ) � E (0 ; � ) ) = e� � (Ee � Eg ) = e� � � ; (3.3)

R(+)
10

R(+)
01

= e� � (E (1 ;+) � E (0 ;+) ) = e� � (Eg � Ee) = e+ � � ; (3.4)

Eqs. (3.3) and (3.4) only de�ne the ratios of the transition rates but do not completely specify

them. We model the thermal bath as a weakly coupledbosonic bathwith which the two-state

system exchanges the quantum of energy� . The coupling constant of the system with the bath is

given as� , which de�nes the natural timescale(1=�) of the dynamics due to bath coupling. We
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denote the average number of bosons of energy� at inverse temperature� as

nB =
1

e� � � 1
(3.5)

which is the Bose-Einstein distribution function. Now we �x the transition rates as

R(� )
01 = �( nB + 1) ; R(� )

10 = � nB ; (3.6)

R(+)
01 = � nB ; R(� )

10 = �( nB + 1) : (3.7)

These rates satisfy the detailed balance relations presented in Eqs. (3.3), (3.4).

3.2.2 Idealized feedback protocol

In the ideal protocol the agent (demon) continuously monitors state of the system by mak-

ing measurements in the basis offj 0i ; j1ig with the observablê� z = ( � 1)j0ih0j + (+1) j1ih1j,

which implies that an error-free measurement will give the outcome� 0 = � 1 for the statej0i ,

and� 1 = +1 for the statej1i . Based on the measurement outcome, the agent provides feedback

by changing the energy level con�guration of the two-state system. The protocol starts with the

system in statej0i and the energy level con�guration in̂H � . Thus, the joint state of the system

is (0; � ) (see Fig. 3.2) and the corresponding energy isE(0;� ) = Eg. Now due to interaction

with the weakly coupled thermal bath, the system absorbs heatQ(1)
in = � , and goes fromj0i to

j1i with the energy level con�guration still at̂H � . After this transition, the system state isj1i ,

and the energy con�guration iŝH � , i.e., the joint state is(1; � ) and the corresponding energy is

E(1;� ) = Ee. As soon as there is an excitation of the system (i.e., the measurement outcome of
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Figure 3.2: Stochastic model for the two state information engine. The graphG and the corre-
sponding joint states of the systems are shown here. Beside every every node ofGthe correspond-
ing physical system is depicted in the boxes. The desired behavior (information engine mode)
of the protocol corresponds to counter-clockwise cycleC in the networkG shown above. The
transitions(0; � ) $ (1; � ) and(0; +) $ (1; +) correspond to excitation and de-excitation of
the system due to interactions with the thermal reservoir (depicted by the sun). The correspond-
ing transition rates from Eqs. (3.4) and Eq. (3.3) are shown shown by the arrows between the
physical pictures of the joint states. The transitions(0; � ) $ (0; +) and(1; � ) $ (1; +) corre-
spond to feedback steps (denoted by the trident) and involves interaction with the work reservoir
(battery). For the feedback-resolved model, the feedback HamiltonianH (D) from Eq. (3.8) is
represented here by showing the control parameter (D) below the corresponding joint states. The
grey colored states(1; � ) and(0; +) show the situations when the control parameterD(t) (which
is a �ltered form measurement signalz(t)) fails to capture the actual state of the system, whereas
white colored states(0; � ) and (1; +) are the situation when the actual state of the system is
captured by the control parameterD(t).
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�̂ z changes from� 1 to +1), the agent provides instantaneous feedback to switch the energy level

con�guration fromĤ � to Ĥ+ . By doing this the demon extracts workW (1)
ext = � , as the system

at the statej1i is taken fromEe to Eg. After the feedback step by the demon, the joint state is

given as(1; +) with energyE(1;+) = Eg. Now a similar sequence is repeated, with the setup

going from(1; +) to (0; +) by absorbing heatQ(2)
in = � , and thus we haveE(0;+) = Ee. Then

the demon applies instantaneous feedback by switching the levels, and taking the joint state of

the system from(0; +) to (0; � ) while extracting workW (2)
ext = � . After this sequence of steps

the system and the energy level con�guration both are restored to their initial states:(0; � ). We

represent this as the cyclic protocolC : (0; � ) �! (1; � ) =) (1; +) �! (0; +) = ) (0; � );

where �̀! ' signi�es a thermal excitation step and `=) ' signi�es an instantaneous feedback.

The cycleC corresponds to traversing the network shown in Fig. 3.2 in the counter-clockwise

(CCW) direction. In one cycle ofC, in totalQcycle
in = Q(1)

in + Q(2)
in = 2� heat has been extracted

from the heat reservoir and completely converted to workW cycle
ext = W (1)

ext + W (2)
ext = 2� . In the

ideal feedback limit the system spends almost no time at states(1; � ) and(0; +) . Hence, these

two states act as transients (shown as grey circles in Fig. 3.2) for the transitions between two

stable states(0; � ) and(1; +) (shown as white circles in Fig. 3.2).

3.2.3 Imperfect feedback protocol: the feedback-resolved model

Now we consider the situation where the agent makes measurement errors due to an im-

perfect measurement device and also there is a �nite bandwidth of detection, implying that the

feedback response lags behind the actual state of the system. In this situation, the directed nature

of the cycleC is lost because of the possibility of thermal de-excitation and incorrect feedback
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due to �nite bandwidth and measurement errors. The system can now spend �nite time in the

states(1; � ) and(0; +) and also can return the states(0; � ) and(1; +) against the direction of

the desired protocol inC. Hence, the system executes stochastic dynamics on the corresponding

graph with bi-directional edgesG : (0; � ) $ (1; � ) $ (1; +) $ (0; +) $ (0; � ) as shown in

the Fig. 3.2.

To model such system, we introduce a`feedback-resolved'model where the change in

the energy level con�guration takes place through a continuous control parameterD 2 R. We

consider that the energy level con�guration of the system is described by thethreshold feedback

[1] HamiltonianĤ (D):

Ĥ (D) = (1 � � (D))Ĥ � + � (D)Ĥ+ (3.8)

whereD is the control parameter and� (D) is the Heaviside step function. At any timet, the

value of the control parameterD(t) is calculated as the low-pass �ltered (with a smoothing rate

or bandwidth
 ) version of the continuous measurement signalz(t) (see Eq. (2.32) and other

details in Sec: 2.3.1)

D(t) =
Z t

�1
ds
e � 
 (t � s)z(s): (3.9)

Thus, 1=
 is the natural time-scale for the evolution of the control parameter. To obtain the

measurement signalz(t), the agent measures the observable�̂ z. We assume that the measurement

signalz(t) is generated through an imperfect continuous measurement device that follows the

Gaussian measurement model (see Sec: 2.2.4):

� (zj j i i ) =

r
2��t

�
e� 2��t (z� � i )2

; i 2 f 0; 1g; (3.10)

69



where� is the measurement strength.

Since the feedback Hamiltonian̂H (D) depends on the control parameterD, the transition

rates betweenj0i andj1i are also dependent onD. Similar to Eq. (3.8), we de�ne a threshold

feedback rate matrixR(D) using Eq. (3.6) and Eq. (3.7) as

R(D) = (1 � � (D))R(� ) + � (D)R(+) ; (3.11)

R(� ) = �

0

B
B
@

� nB (nB + 1)

nB � (nB + 1)

1

C
C
A ; R(+) = �

0

B
B
@

� (nB + 1) nB

(nB + 1) � nB

1

C
C
A (3.12)

to describe the control parameter dependent transition rates betweenj0i $ j 1i . At any timet, the

probability of the system being in statej0i (j1i ) and the control parameter at the valueD is given

by the joint distribution functionP0(1) (D; t ). Following the discussion in Sec. 2.5.2 of Chapter 2,

we describe the master equation for the joint statistical state of the system and control parameter

~P(D; t ) = [ P0(D; t ); P1(D; t )]T for the feedback-resolved model as

@
@t

~P(D; t ) = R(D) ~P(D; t ) + F̂ ~P(D; t ) (3.13)

whereF̂ is a diagonal matrix of OU operators:

F̂ ij = � ij

�



@
@D

(D � � i ) +

 2

8�
@2

@D2

�
(3.14)

Now from this feedback-resolved model, we can obtain a coarse-grained description of the model

by integrating the control parameterD in appropriate domains to obtain the probability vectors
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of system state corresponding tôH � and(Ĥ+ ) energy level con�gurations:

0

B
B
@

P(0;� )

P(1;� )

1

C
C
A =

Z
dD(1 � � (D)) ~P(D; t );

0

B
B
@

P(0;+)

P(1;+)

1

C
C
A =

Z
dD� (D) ~P(D; t ); (3.15)

3.3 Analytical treatment of the model

In this section, we present an analytical treatment of the model in the multiple time scale

approach with the smallness parameter� = (� =
 ) using the results from the Chapter 2. We

discuss the analytical expression of the steady state work extraction rate both in strong separation

of timescales (0th order approximation) limit when� ! 0, and then also discuss the corrections

to in the �rst order. From the0th order expression of power we discuss the criteria for information

engine operation mode vs. the dissipator operation mode. Then we discuss the power production

in another limiting case when the feedback delay is captured up to the 1st order in� but the

measurement strength (accuracy) is in�nite.

3.3.1 Steady state power calculation

We calculate the average steady state work extraction rate orpowerash _W ss
ext i = (2�) J ss,

whereJ ss is the stationary current in the graphG along the direction of the desired protocolC,

i.e. in the CCW direction. Since there is only one cycle in the graphG, the current across all

the edges ofG are same(J ss) due to conservation of probability. Thus, we can calculate the

stationary current (or power) from any edge. We choose to calculate the current from(1; +) to
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(0; +) across the edge(1; +) $ (0; +) . Hence we have,

h _W ss
ext i = 2� J ss

= 2� J(0;+)  (1;+)

= 2�
h
R(+)

01 P ss
(1;+) � R(+)

10 P ss
(0;+)

i

(3.16)

Next, we discuss how to obtain expressions forP ss
(1;+) andP ss

(0;+) , that are required for the power

calculation by Eq. (3.16). Using the MTSP method (see Appendix. 3.4) we obtain the steady

state solution to Eq. (3.13) as,

~P ss(D) =
1
2

0

B
B
@

� 00(D)

� 11(D)

1

C
C
A + �

0

B
B
@

~̂F +
00h(D)

� ~̂F +
11h(D)

1

C
C
A + O(� 2) (3.17)

where� 00(11)(D) is a Gaussian distribution located at� 1(+1) with variance
= 8� :

� ii (D) =

s
4�

�

exp
�
�

4�



(D � � i )2

�
(3.18)

The functionh(D) is given as

h(D) =
1
2

[R10(D)� 00(D) � R01(D)� 11(D))] : (3.19)

The operatorŝ~F +
ii are the Drazin inverse [63, 87] of the scaled OU operator~̂F ii = (� =
 )F̂ ii , and

is de�ned in Eq. (2.121) in Chapter. 2 (also discussed in the Appendix. 3.5.2). The expressions

for ~̂F +
00h(D) and ~̂F +

11h(D) can be calculated using the eigenfunctions of~̂F ii which are presented

in the Appendix. 3.5.1.
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From Eq.(3.17) and Eq. 3.18, we see that, even in the fast feedback� ! 0 limit, the

distributionsP ss
0(1) (D) = 1

2 � 00(11)(D) will have some spread in the control parameter spaceD

due to error in the measurement process (i.e., due to �nite value of�=
 ). Hence there is a �nite

probability of the wrong feedback being applied, characterized by theerror probability � , given

in Eq. (3.28) of Appendix 3.4, which represents the stationary state probability of �nding the

control parameterD in the wrong feedback regime for a given system state (j0i or j1i ).

Using Eq. (3.15) and (3.16), Eq. (3.17) we can obtain the expression of_W ss
ext , which we

write as a power series in� :

h _W ss
ext i = h _W ss;[0]

ext i + � h _W ss;[1]
ext i + O(� 2); (3.20)

where, the0th-order expression of the power is given ash _W ss;[0]
ext i

h _W ss;[0]
ext i = �� [ nB (1 � � ) � (nB + 1) � ] ; (3.21)

Notice that even the 0th-order expression of power contains the error probability� . For the

accurate measurement limit (� ! 0) we get the maximum value of_W ss;[0]
ext as�� nB . Eq. 3.21

implies any nonzero error probability� reduces the power from it due to feedback mistakes. For

a �xed � and� the maximum power production is controlled by the average number of bosons

(nB ) of energy� in the bath which decreases with decreasing temperature (increasing� ). Thus

we see( _W ss;[0]
ext )=�� decreases with� � as seen in Fig. 3.3.

From Eq. (3.20) we see that the �rst-order correction to the steady state work extraction
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rate is� h _W ss;[1]
ext i , where

h _W ss;[1]
ext i = � 2�

�
nB

Z 1

�1
dD � (D) ~̂F +

11h(D) + ( nB + 1)
Z 1

�1
dD � (D) ~̂F +

00h(D)
�

= � �� [(2 nB + 1)( m + z + knB )] ;

(3.22)

andm; z andk are dimensionless parameters with de�ned by Eqs.(3.32), (3.33), (3.34) and the

expressions given in Eqs. (3.58), (3.66), (3.74). See Appendix. 3.5 for details of the calculation

of these constants. Thus using Eqs. (3.20), (3.21), (3.22), we write the power, including the

�rst-order correction due to �nite bandwidth effect (feedback delay effect), as

h _W ss
ext i = �� [ nB (1 � � ) � (nB + 1) � ] � 
 � 1�� 2 [(2nB + 1)( m + z + knB )] (3.23)

3.3.2 Thermodynamic operation modes: dissipator vs. information engine

Since the system under consideration interacts with a single heat bath, the �rst law of

thermodynamics at steady state is given as

h _Qss
in i = h _W ss

ext i (3.24)

whereh _Qss
in i is the average heat intake rate from the thermal reservoir at steady state, andh _W ss

ext i

is the average work extraction rate at steady state. Now ifh _W ss
ext i > 0, the agent is directly

converting heat from the thermal reservoir to work by measurement and feedback, thus it is

acting as aMaxwell's demonor information engine. Whereas ifh _W ss
ext i < 0, the performs work

on the system, which is converted to heat and is dissipated to the reservoir. Thus in this case
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Figure 3.3: Steady state work extraction rate for the two state toy model in the fast feedback limit
(� � 0). The vertical axis of the plots represent the ratio�=
 . The horizontal axis of the plots
represent� � . The �gure above shows values ofh _W ss

ext i =�� , (see Eq. (3.21)) i.e., steady state
work extraction by the agent in the fast feedback limit, scaled by the factor�� .

the overall setup is acting as adissipatorwhere the work, a useful thermodynamic resource, is

getting converted to thermal �uctuations, i.e. it is being wasted. The dissipator behavior of the

system arises due to the imperfect nature of measurement-feedback by the demon.

3.3.3 Criteria for information engine mode in fast feedback limit (� � 0)

In the fast feedback limit (
 � � or � � 1), we approximate� � 0 in the expression for

h _W ss
ext i in Eq.(3.20), we can write the criterion for the information engine operational mode of

the modelh _W ss
ext i � h _W ss;[0]

ext i > 0 as :

� < � � =
nB

2nB + 1
=

e� � �

e� � � + 1
(3.25)
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Figure 3.4: Operation mode phase diagram in fast feedback limit. The �gure shows the sign
of h _W ss

ext i from Fig. 3.3. For the information engine region we haveh _W ss
ext i > 0 and for the

dissipator mode we haveh _W ss
ext i < 0. The separation between these two operation modes are

captured by the critical ratior �
fast (see Eq. (3.26)).

where� � the critical error probability of feedback (in the fast-feedback limit) that leads to a

change in the operational mode from information engine to dissipator once crossed. Note that

� is a monotonically decreasing function of the ratio of measurement strength and feedback

bandwidth(�=
 ) (see Eq. (3.29)). Thus the criteria for the information engine operation mode

(for � � 0 limit) in Eq (3.25) can also be expressed as

�



> r �
fast =

1
4

�
erfc� 1(2� � )

� 2
=

1
4

�
erfc� 1

�
2e� � �

e� � � + 1

�� 2

(3.26)

wherer �
fast depends on the inverse temperature of the bath� and the energy gap of the two state

model � anderfc� 1 stands for the inverse of the co-error function [91]. Hence for(�=
 ) >

r �
fast we get the information engine operation mode and, for(�=
 ) < r �

fast we get dissipator
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operation mode. The variation of ofr �
fast with � � is shown in the Fig. 3.4, wherer �

fast creates

a boundary between the information engine and dissipator regime which can be understood as

follows. For a �xed � with increasing� (decreasing temperature)_W ss;[0]
ext decreases (due to

decreasingnB ). Hence feedback errors become more costly with increasing� , and more accuracy

(stronger measurements) are required to compensate for the decrease in power production to

achieve the information engine regime. This leads to the increasing nature ofr �
fast with � � in the

Fig. 3.4.

3.3.4 Steady state power in strong measurement (� � 
 ) but lagging controller

(� 6= 0)

When � � 
 , limit the error probability becomes extremely small (� � 0) since the

distribution� 00(11)(D) is sharply peaked at its mean� 1(+1) , as re�ected in Eq. (3.29). In this

limit, we have� (D)� 00(D) � 0 and� (D)� 11(D) � 0, which imply m � 0 andz � 0 from

Eq. (3.32) and Eq. (3.33). It can also be shown that in this limitk � ln 2 (see Appendix. 3.5.4).

Thus in this limit the average work extraction is

h _W ss
ext i = � nB � [1 � � (2nB + 1) ln 2] (3.27)

Thus the lag of the control parameter with respect to system dynamics causes a decrease in the

steady-state average work extraction.
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3.4 Appendix: MTSP solution for steady states

Here we discuss the steady state solution to Eq. (3.13) in the separation of time scales limit

following the results shown in Sec. 2.5.2 of Chapter 2. For convenience we de�ne� (D) =

1 � � (D), and using the expression of� ij from Eq. (3.18) de�ne theerror probability � as

� =
Z 1

�1
dD� (D)� 00(D)

=
Z 1

�1
dD� (D)� 11(D)

(3.28)

which can be written as

� =
1
2

"

1 � erf

 s
4�



!#

(3.29)

Now we solve for the 0th order effective rate matrixR0 from Eq. (2.118) as

R0 =
Z

dDR(D)�( D) = �( nB + � )

0

B
B
@

� 1 1

1 � 1

1

C
C
A ; (3.30)

and for the 1st order effective rate matrixR1, using Eq. (2.120) we get,

R1 = �
Z

dDR(D) ~̂F + R(D)�( D) = �( m � z � knB )

0

B
B
@

� 1 1

1 � 1

1

C
C
A ; (3.31)

78



where,m; z andk are dimensionless parameters that are determined by the ratio�=
 and formally

can be written as

m = �
Z 1

�1
dD� (D) ~̂F +

00� (D)� 00(D) = �
Z 1

�1
dD� (D) ~̂F +

11� (D)� 11(D) (3.32)

z = �
Z 1

�1
dD� (D) ~̂F +

11� (D)� 00(D) = �
Z 1

�1
dD� (D) ~̂F +

00� (D)� 11(D) (3.33)

k = �
Z 1

�1
dD� (D) ~̂F +

11� 00(D) = �
Z 1

�1
dD� (D) ~̂F +

00� 11(D) (3.34)

Now we de�ne marginal distribution of the states of the two-state system when the control pa-

rameterD is integrated out as~P(t) = [ P0(t); P1(t)]T , and assume that it can be expressed as a

series
P 1

k=0 � k ~P (k)(t). Then the equations for the~P (0) (t) and ~P (1) (t) are given as

d~P (0) (t)
dt

= R0
~P (0) (t) (3.35)

d~P (1) (t)
dt

= R0
~P (1) (t) + �R 1

~P (0) (t) (3.36)

Solving these for the steady-state solution with the normalization conditionsP (0)
0 (t)+ P (0)

1 (t) = 1

andP (1)
0 (t) + P (1)

1 (t) = 0 , we get

~P ss;(0) =

0

B
B
@

1=2

1=2

1

C
C
A ; ~P ss;(1) =

0

B
B
@

0

0

1

C
C
A : (3.37)

Thus we have~P ss = [1=2; 1=2]T + O(� 2), which implies the distribution ofj0i andj1i remains

the same in the steady state, which is expected from the symmetry of the problem. Using the
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expression of~P ss, we write the steady state joint system-controller distribution as,

~P ss(D) = �( D) ~P ss � � ~̂F + R(D)�( D) ~P ss + O(� 2) (3.38)

where�( D) = diag ([� 00(D); � 11(D)]) and ~̂F + = diag
�h

~̂F +
00(D); ~̂F +

11(D)
i�

. The equation

above can also be written in the form presented in Eq. (3.17).

3.5 Appendix: Evaluation of the dimensionless parameters(m; z; k) arising in

�rst order perturbation scheme

3.5.1 Eigenspectrum of Fokker-Planck operator for Ornstein–Uhlenbeck (OU)

process

We denote thenth eigenvalue of the OU operator̂~F ii as� (i )
n and the corresponding right

eignevector asj� (i )
n i � � (i )

n (D) and the left eigenvector ash� (i )
n j � ~� (i )

n (D). Where we have

~̂F ii j� (i )
n i �

�
� @D (D � � i ) +


 �
8�

@2
D

�
� (i )

n (D) = � (i )
n � (i )

n (D) � � (i )
n j� (i )

n i ; (3.39)

h� (i )
n j ~̂F ii �

�
� �( D � � i )@D +


 �
8�

@2
D

�
~� (i )

n (D) = � (i )
n

~� (i )
n (D) � h � (i )

n j� (i )
n : (3.40)

The eigenvalue and eigenfunctions[67] are given as

� (i )
n = � n� ; n = 0; 1; 2; 3; ::: (3.41)
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j� (i )
n i � � (i )

n (D) =
1

2nn!
Hn

" s
4�



(D � � i )

#

� ii (D)

=
1

2nn!

s
4�

�

Hn

" s
4�



(D � � i )

#

e[� 4�

 (D � � i )2];

(3.42)

h� (i )
n j � ~� (i )

n (D) = Hn

" s
4�



(D � � i )

#

(3.43)

. where,Hn is the Hermite polynomial [92] of ordern. If we de�ne the inner-product between

two functions ashf jgi =
R

dDf (D)g(D), then we have a bi-orthogonality relation among the

eigenfunctions of the OU operator̂~F ii :

h� (i )
m j� (i )

n i = � mn : (3.44)

We now de�ne the null space projector of the operator~̂F ii as

P̂ ~̂F ii
= j� (i )

0 ih� (i )
0 j � � ii (D)

Z
dD(� ) (3.45)

and, for convenience, we de�ne a dimensionless quantity

� =
4�



: (3.46)

The projector outside the null-space can be written as

Q̂ ~̂F ii
=

1X

n=1

j� (i )
n ih� (i )

n j � � ii (D)
1X

n=1

1
2nn!

Hn
� p

� (D � � i )
� Z

dD 0Hn
� p

� (D 0 � � i )
�

(� )

(3.47)
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andP̂ ~̂F ii
andQ̂ ~̂F ii

sum to identity operator

P̂ ~̂F ii
+ Q̂ ~̂F ii

= 1̂ (3.48)

3.5.2 Evaluating integrals containing Drazin inverses

To evaluate the constantsm; z andk, we will evaluate integrals of the form

Z 1

�1
dDf (D) ~̂F +

ii g(D) � h f j ~̂F +
ii jgi (3.49)

where the pseudo-inverse operator is

~̂F +
ii = �

Z 1

0
dzez ~̂F ii Q̂ ~̂F ii

(3.50)

Now using the eigenfunction expansion of the operator~̂F +
ii we write

hf j ~̂F +
ii jgi = �

1X

n=1

Z 1

0
dzhf jez ~̂F ii j� (i )

n ih� (i )
n jgi

= �
1X

n=1

Z 1

0
dze� n� zhf j� (i )

n ih� (i )
n jgi

= �
�

1
�

� 1X

n=1

�
1
n

�
hf j� (i )

n ih� (i )
n jgi

(3.51)
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Expressing the inner-products as integrals we get,

Z 1

�1
dDf (D) ~̂F +

ii g(D) = �
�

1
�

� 1X

n=1

�
1
n

� � Z 1

�1
dDf (D)� (i )

n (D)
� � Z 1

�1
dD 0~� (i )

n (D 0)g(D 0)
�

(3.52)

3.5.3 Series expansion expressions form; z andk

We now obtain series sum expressions for the dimensionless constantsm; z andk. These

series sum expressions can be used to evaluate the constantsm; z andk to desired accuracy. We

also relate these constants to three other constants,C0; C1 andC2, that arises in the Full Counting

Statistics (FCS) based analysis of this model as given in Ref. [1, 74].

3.5.3.1 Expression form

Using Eq. (3.32), we write

m = �
Z 1

�1
dD� (D) ~̂F +

00� (D)� 00(D) (3.53)

then using Eq. (3.52) we get

m = �
1X

n=1

�
1
n

� � Z 1

�1
dD� (D)� (0)

n (D)
� � Z 1

�1
dD 0~� (0)

n (D 0)� (D 0)� 00(D 0)
�

= �
1X

n=1

�
1
n

�
1

2nn!

� Z 1

0
dDH n

� p
� (D + 1)

�
� 00(D)

� � Z 1

0
dD 0Hn

� p
� (D 0+ 1)

�
� 00(D 0)

�

= �
1X

n=1

�
1
n

�
1

2nn!

� �
�

� � Z 1

0
dDH n

� p
� (D + 1)

�
e� � (D +1) 2

� 2

(3.54)
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Now substitutingy =
p

� (D + 1) we get,

m = �
1X

n=1

�
1
n

�
1

2nn!

�
1
�

� " Z 1

0
dyHn [y] e� y2

�
Z p

�

0
dyHn [y] e� y2

#2

(3.55)

Finally, using the Hermite inde�nite integration formula (see Ref. [91])

Z x

0
dyHn [y] e� y2

= Hn� 1(0) � e� x2
Hn� 1[x] (3.56)

we obtain the expression ofm as

m = �
1X

n=1

�
1
n

�
1

2nn!

�
1
�

�
e� 2� H 2

n� 1[
p

� ] (3.57)

changing the sum indexk = n � 1, and replacing� = (4 �=
 ) we write

m = �
e� 8�




�

1X

k=0

�
1

k + 1

�
�

Hk+1

hq
4�



i� 2

2(k+1) (k + 1)!
= � C1 (3.58)

where the constantC1 is de�ned in Refs. [1, 74].

3.5.3.2 Expression forz

Before evaluating the constantz, we present two integrals involving Hermite polynomials

that will be useful. The �rst integralI (n)
1 (� ) is

I (n)
1 (� ) =

Z 1

0
dDH n [

p
� (D � 1)]e� � (D � 1)2

=
e� �

p
�

(� 1)n� 1Hn� 1
� p

�
�

; (3.59)
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which has been calculated in similarly asm using the formula in Eq. (3.56) and the Hermite

symmetry relationHn [� y] = ( � 1)nHn [y]. The next integralI (n)
2 (� ) is given as

I (n)
2 (� ) =

Z 1

0
dDH n [

p
� (D � 1)]e� � (D +1) 2

(3.60)

Now using the Hermite expansion formula [93]

Hn [x + y] =
nX

k=0

�
n
k

�
Hk [x](2y)n� k ;

�
n
k

�
=

n!
k!(n � k)!

; (3.61)

we can show:

I (n)
2 (� ) = ( � 4

p
� )n

Z 1

0
dDe� � (D +1) 2

+
nX

k=1

�
n
k

�
(� 4

p
� )n� k

Z 1

0
dDH k [

p
� (D � 1)]e� � (D +1) 2

:

(3.62)

Now using the de�nition of� from Eq. (3.28), we get

I (n)
2 (� ) = ( � 4

p
� )n

r
�
�

� +
nX

k=1

�
n
k

�
(� 4

p
� )n� k

Z 1

0
dDH k [

p
� (D + 1)] e� � (D +1) 2

(3.63)

Using Eq. (3.56), and the Hermite symmetry relationHn [� y] = ( � 1)nHn [y] leads to

I (n)
2 (� ) =

Z 1

0
dDH n [

p
� (D � 1)]e� � (D +1) 2

= ( � 4
p

� )n

r
�
�

� +
e� �

p
�

nX

k=1

�
n
k

�
(� 4

p
� )n� kHk� 1

� p
�

�
(3.64)
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Now we evaluatez using the integral formula with Drazin inverse presented in Eq. (3.52) as

z = �
1X

n=1

�
1
n

�
1

2nn!

� �
�

�
I (n)

1 (� )I (n)
2 (� ) (3.65)

Substituting the integralsI (n)
1 (� ) andI (n)

2 (� ) from Eq. (3.59) and Eq. (3.64) and simplifying we

get

z = �C 0 � C2; (3.66)

where

C0 = 2e� 4�



s
4�

�

1X

n=0

�
2
q

4�



� n

(n + 1)!( n + 1)
Hn

" s
4�



#

; (3.67)

C2 = e� 2�
1X

n=0

nX

k=0

(� 1)k
�

2
q

4�



� n� k

2k+1 (n + 1)!( k + 1) �

�
n
k

�
Hn

" s
4�



#

Hk

" s
4�



#

(3.68)

This expression forC0 andC2 match with the ones obtained using the full counting statistics

(FCS) based calculation presented in [1, 74].

3.5.3.3 Expression fork

Using Eq. (3.34) we write,

k = �
Z 1

�1
dD� (D) ~̂F +

11� 00(D) (3.69)

using Eq. (3.52) we get

k = �
1X

n=1

1
n

� Z 1

�1
dD� (D)� (1)

n (D)
� � Z 1

�1
dD 0~� (1)

n (D 0)� 00(D 0)
�

(3.70)
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which using Eq. (3.59), can be written as

k = �
1X

n=1

1
n

� r
�
�

1
2nn!

I (n)
1 (� )

� � Z 1

�1
dD 0Hn

� p
� (D 0 � 1)

�
� 00(D 0)

�
(3.71)

using the expansion formula in Eq. (3.61), we can write

k = �
1X

n=1

1
n

� r
�
�

1
2nn!

I (n)
1 (� )

� "
nX

k=0

�
n
k

�
(� 4� )n� k

Z 1

�1
dD 0~� (0)

k (D 0)� 00(D 0)

#

(3.72)

From the bi-orthonromality property of the eigenfunctions of~̂F00, we haveh� (0)
k j� (0)

0 i = � k0.

This gives us

k = �
1X

n=1

1
n

� r
�
�

1
2nn!

I (n)
1 (� )

� "
nX

k=0

�
n
k

�
(� 4

p
� )n� k � k0

#

= �
1X

n=1

1
n

� r
�
�

1
2nn!

I (n)
1 (� )

�
�
� 4

p
�

� n

(3.73)

Finallyy, substituting the expression ofI (n)
1 (� ) from Eq. (3.59) we get

k = 2e� �

r
�
�

1X

n=1

(2
p

� )n� 1

n!n
Hn� 1

� p
�

�
� C0 (3.74)

where� = (4 �=
 ) and this matches with the expression ofC0 in Eq. (3.67).

3.5.4 Limiting value ofk for accurate measurements

We introduce a Gaussian distribution function ofD centered aty as

�( D; y) =

s
4�

�

e� [� 4�

 (D � y)2]: (3.75)
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If the propagatores ~̂F 11 is applied to a Gaussian initial state, the evolved state also remains a

Gaussian with the mean and standard deviation decaying towards their equilibrium values. Thus

we can write

es ~̂F 11 � 00(D) = �( D; 1 � 2e� s); (3.76)

es ~̂F 00 � 11(D) = �( D; 2e� s � 1) (3.77)

Now we evaluate the integralk from Eq. (3.34):

k =
Z 1

�1
dD� (D) ~̂F +

11� 00(D)

= �
Z 1

0
dD

Z 1

0
ds es ~̂F 11 (1̂ � P̂ ~̂F 11

)� 00(D)

= �
Z 1

0
ds

Z 1

0
dD

�
�( D; 1 � 2e� s) � � 11(D)

�

� �
Z ln 2

0
ds(� 1) = ln 2 ;

(3.78)

where in the last line we have made the approximation that the integrand is non-zero only when

the center of the Gaussian�( D; 1 � 2e� s) is in the left ofD = 0, i.e. froms = 0 to s = ln 2 .
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Chapter 4: Feedback controlled Maxwell's demon in a double quantum dot

(DQD) - quantum trajectory analysis

This chapter is based on the work done in collaboration with Björn Annby-Andersson,

Pharnam Bakhshinezhad, Daniel Holst, Guilherme De Sousa, Christopher Jarzynski, Peter Samuels-

son and Patrick P. Potts. A preprint related to this work has been posted as “Maxwell's demon

across the quantum-to-classical transition” [3]. I worked on the implementation and execution

of the quantum jump trajectory simulations of the DQD Maxwell's demon of Ref. [3] with help

from Björn Annby-Andersson. In this chapter we present the quantum trajectory simulation based

analysis of the DQD Maxwell's demon model following Ref. [3] using the same datasets. Pa-

rameters for different characteristic behavior of the simulation were calculated theoretically and

provided to me by Bj̈orn Annby-Andersson. For master equation based approach to the model

and further details on energetics, see Ref. [75, 76].

4.1 Chapter overview

In this chapter we investigate the qualitative behavior of a double quantum dot (DQD)

Maxwell's demon, by simulating quantum trajectories. This model of Maxwell's demon is based

on a protocol originally introduced by Averin et. al. [94] and later used for DQD system [66,

95, 96] by Annby-Andersson et. al. [4]. The classical version of this Annby-Andersson model
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(AA model) has been analyzed in the Ref. [4] which considers both the ideal and non-ideal

feedback control. In this chapter we focus on the case of this model when quantum effects

are present and the measurement-feedback is imperfect. The model is investigated using the

continuous weak measurement and feedback formalism for non-autonomous (quantum) systems

discussed in Chapter. 2. However, instead of using the master equation approach of Chapter 3,

we use an alternate simulation-based approach to investigate the model. This chapter serves as an

investigation of the non-autonomous Maxwell's demon starting from the microscopic quantum

description. We will revisit this model in Chapter 5 to discuss the connection between non-

autonomous and autonomous Maxwell's demon.

Sec. 4.2 of this chapter discusses the physical setup of the model and presents the details

of modelling. Sec. 4.2.1 discusses a brief overview of AA model [4], which is relevant for both

this and the next chapter in this thesis. The description of the AA model [4] in Sec. 4.2.1 has

been adapted from Ref. [2]. In Sec. 4.2.2 we present the open quantum systems approach based

modelling of the DQD Maxwell's demon following Ref. [3]. Sec. 4.3 discusses the equations of

motion of the joint dynamics of the the DQD and the control parameter. Sec. 4.4 discusses results

from the trajectory simulations to show some of the key features of the model that arise due to

the interplay of coherence generation, weak measurements and feedback delay. In this section we

also present a qualitative discussion on how the classical jump picture emerges from the quantum

coherent transport in this model.

Lastly, we point out that in this chapter we only investigate the trajectory simulations of the

model and its qualitative features. The analytical approach to this model has not been presented

in this thesis. For the master equation based analysis of the microscopic quantum model and dis-

cussion on the emergence of the classical description (AA model, [4]) from the quantum model,
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Figure 4.1: A schematic diagram for the double quantum dot Maxwell's demon (Annby-
Andersson model [4]). The two quantum dots are separated by a tunneling barrier. The agent
(demon) is making measurement into the DQD system and providing feedback accordingly. The
DQD is coupled to two electron reservoirsL and R with chemical potentials� L and � R re-
spectively. The agent transports the electron from lower to higher chemical potential through
measurement and feedback.

we refer the reader to Refs. [3, 75].

4.2 Physical Setup and modelling

4.2.1 Idealized classical protocol

Here we consider a model of Maxwell's demon (information engine) in a system of two

quantum dots coupled in a series (see Fig. 4.1). A quantum dot (QD) is an arti�cial nano-scale

structure that can con�ne an electron and act as `arti�cial atom' with tunable energy levels

[95, 96, 97]. The charge state of a quantum dot can be labeled as either empty or occupied

based on the absence or presence of an con�ned electron. The physical system in this model

consists of two coupled QDs in series with a tunneling barrier, and each of the QD is connected
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to an electron reservoir maintained at a �xed chemical potential (� L=R ) and temperatureT ; see

Refs. [4, 94]. We consider a situation where an external agent (demon) controls the energy levels

of each dot, and switches the energy level con�guration of the double quantum dot (DQD) among

three possible con�gurations:� l ; � 0; and� u with, � l < � 0 < � u. Due to Coulomb blockade only a

single electron can reside in the DQD system. Hence the possibleoccupation statesof the DQD

are: (i) jL i : the left dot contains the excess electron, (ii)jRi : the right dot contains the excess

electron, (iii)j0i : both dots are unoccupied. The agent is continuously monitors the DQD system

and applies the feedback protocol accordingly. The electron reservoirs coupled to the left and

right dots are maintained at chemical potentials� L and� R . If � R > � L , transferring an electron

from the left to the right reservoir requires electrical work of(� R � � L ) to be performed against

a voltage bias. Thus, if by the feedback protocol, the agent transfers one electron from the left to

the right reservoir, it is equivalent to charging up an battery with the energy of(� R � � L ).

In the ideal (classical) mode of operation the DQD starts in the empty state, with the energy

level of the left dot at� 0 and that of the right dot at� u, where(� u � � L=R ) � kB T andkB is

Boltzmann's constant. The steps of the protocol are shown in the Fig. 4.2. When (a) an electron

enters the left dot from the left reservoir, (b) the agent instantaneously applies feedback to change

the energy levels of both the left and right dots to� l , where(� L=R � � l ) � kB T. During this

�rst feedback step, the external agent extracts(� 0 � � l ) work. Next, the system is monitored until

(c) the electron tunnels from the left to the right dot, at which point (d) feedback is applied to

change the energy level of the left dot to� u and the right dot to� 0. The external agent performs

(� 0 � � l ) work during this second feedback step, cancelling the work extraction of the previous

step. Finally, (e) when the electron jumps from the right dot to the right reservoir, (f) feedback

is applied again to switch the energy levels of the DQD back to their initial values. No work is
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(a) Protocol steps (b) Feedback scheme

Figure 4.2: Schematics of the idealized classical protocol for the DQD Maxwell's demon (AA
model) and the encoding of the protocol in feedback variables(D1; D2). The �gure in the left
shows the steps of the ideal feedback protocol of the AA model. The �gure on the right shows
the encoding of the protocol in the feedback variables(D1; D2). The red dots represent the
eigenvalues ofÂ1 andÂ2 as(� (1) ; � (2) ) corresponding to state of the DQD that feedback regions
represent and the arrows show the desired direction of cycle of the control parameters.

performed during this step, as the DQD is empty. This cyclic protocol transfers an electron from

the left to the right reservoir. Since no net work is performed by the external agent, the energy for

this transfer must come from the thermal reservoirs. Thus the feedback-driven cycle ultimately

converts heat into chemical work, of the amountWext = ( � R � � L ); see Ref. [4] for more details.

4.2.2 The feedback-resolved model: quantum model with weak measurement

and �nite-bandwidth feedback

Now we present a quantum description of the DQD system and also consider a situation

where the feedback by the agent (demon) can be imperfect, where the measurement by the agent

affects the quantum state of the system (back action). We consider the situation when the demon
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is monitoring the system in a way that can be modelled by weak continuous quantum measure-

ments [63, 78] and the feedback of the demon is also not instantaneous and can have response

delay due to the �nite bandwidth detector [61]. We model this system under the formalism dis-

cussed in Chapter 2 following Ref. [1].

The Hamiltonian for the DQD system is,

Ĥ (� L ; � R) = � L jL ihL j + � R jRihRj + g(jL ihRj + jRihL j); (4.1)

where� L (� R) stands for energy of the left (right) quantum dot andg is the inter-dot coupling. The

quantum dot is also weakly coupled with two electron reservoirs with the coupling constant� ,

with the left (right) dot being coupled to the left (right) electron reservoir. Note that this Hamilto-

nian generates coherence betweenjL i andjRi but does not generate any coherence betweenj0i

andjL i (jRi ). We label the electron reservoirs by� 2 L; R for left (L) and right (R) reservoirs.

The transition rate for an electron from (to) the reservoir� to (from) the quantum dot� at energy

level � is given as
 � (� )( � � (� )) and these transition rates can be expressed as


 � (� ) = � f FD
� (� ) (4.2)

� � (� ) = �(1 � f FD
� (� )) ; (4.3)

wheref FD
� (� ) is the Fermi-Dirac distribution:

f FD
� (� ) =

1
e� (� � � � ) + 1

: (4.4)
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Here � = 1=kB T is the inverse temperature and� � is the chemical potential of the electron

reservoir. Note that the ratio of the transition rates satisfy the generalized local detailed balance

relation:


 � (� )
� � (� )

= e� � (� � � � ) : (4.5)

We model the dynamics of the state of the DQD system,�̂ t , by the Lindblad master equation [64]

@t �̂ t = L(� L ; � R)�̂ t , where the Lindbladian superoperatorL (� L ; � R) is de�ned as

L (� L ; � R)�̂ = � i
h
Ĥ (� L ; � R); �

i
+

X

� = L;R

(
 � (� � )D [j� ih0j] + � � (� � )D [j0ih� j]) ; (4.6)

whereD[�̂ ]�̂ = �̂ �̂ �̂ y � (1=2)(�̂ y�̂ �̂ + �̂ �̂ y�̂ ). The �rst term on the r.h.s. of Eq. (4.6) is the von-

Neumann term (with~ = 1) that generates unitary evolution and the terms under the summation

are dissipators corresponding to coupling with the electron reservoir that generates transitions of

electron between the reservoir and quantum dots.

Here we consider a situation where the agent is making measurement of two observable:

Â1 = �j L ihL j + jRihRj andÂ2 = j0ih0j � (jL ihL j + jRihRj). The use of two observables is

required to avoid incorrect interpretation of the state of the system [3, 4, 76]. Here,Â1 measures

which of the QD the electron is located it; and the corresponding outcomes� (1)
L = � 1 (� (1)

R = +1)

corresponds to the electron being in the left (right) dot. The observableÂ2 measures the overall

charge state of the DQD, and the corresponding outcome� (2)
0 = +1 implies the DQD is empty,

and the outcome� (2)
L;R = � 1 implies the DQD is occupied. Note that the measurement ofÂ2

does not give any information about which of the dot in DQD the electron is in. The measure-

ment ofÂ1 causes decoherence in thejL i ; jRi basis but the measurement ofÂ2 does not. The
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Hamiltonian in Eq. (4.1) does not create any coherence betweenj0i andjL i (jRi ) and we have
h
Ĥ (D ); Â2

i
= 0. Thus, the measurement of̂A2 act as a completely classical measurement.

Note that since the observablêA1 andÂ2 commute with each-other,[Â1; Â2] = 0, we can simul-

taneously measure both the observable and also reduce their uncertainties independently. The

observableŝA1 andÂ2 are continuously monitored by the agent, and we model these measure-

ments using the Gaussian POVM for weak measurements, (discussed previously in Chapter 2,

see also Eq. (4.10) in Sec. 4.3.1 of this chapter for additional details) with measurement strength

� 1 and� 2 respectively. The measurement signals from these observable are then �ltered with

exponential smoothing with bandwidth
 1 and
 2 respectively to obtained �ltered measurement

signalsD1(t) andD2(t). These �ltered signalsD (t) = ( D1(t); D2(t)) are used by the agent

to estimate the state of the system and to provide feedback accordingly (discussed previously in

Chapter 2, see also Eq. (4.11) in Sec. 4.3.1 of this chapter for additional details).

The agent provides feedback by changing the energy levels of the DQD. We describe the

feedback protocol by making the energy levels (� � ) dependent on the �ltered measurement out-

come (D ) which now acts as the control parameter, i.e.,� � ! � � (D ). Thus, we replace the

Hamiltonian in Eq.(4.1) and the Lindbladian in Eq. (4.6) with their feedback-controlled ana-

logues:Ĥ (� L ; � R) ! Ĥ (D ) � Ĥ (� L (D ); � R(D )) andL (� L ; � R) ! L (D ) � L (� L (D ); � R(D )).

Now in the feedback protocol discussed Sec. 4.2, the energy level con�guration(� L (D ); � R(D ))

of the DQD cycles through three energy landscapesA : (� 0; � u), B : (� l ; � l ) andC : (� u; � 0)

and we label the corresponding Hamiltonian and Lindbladians asĤ j andL j respectively, where

j 2 A; B; C . We now encode the feedback protocol in the feedback Hamiltonian as:

Ĥ (D ) = � (D2)ĤA + [1 � � (D1)][1 � � (D)2]ĤB + � (D1)[1 � � (D2)]ĤC (4.7)
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and correspondingly for the feedback Lindbladian as:

L (D ) = � (D2)L A + [1 � � (D1)][1 � � (D)2]L B + � (D1)[1 � � (D2)]L C ; (4.8)

where� (D) is Heaviside step function. The encoding of the feedback protocol can be understood

as follows (see Fig. 4.2). The control parameterD is the �ltered version of the measurement

outcomes. ForD2 > 0 we interpret that the measurement of the observableÂ2 as 1, which

implies that the DQD is unoccupied, for this situation we set the energy level con�guration of the

DQD to A. ForD2 < 0, we interpret that the DQD is occupied by the electron and based on the

measurement of the observableÂ1 we try to determine whether the electron is in the left or right

dot and apply the feedback protocol accordingly. GivenD2 < 0, for D1 < 0 we interpret the

outcome of the observablêA1 is � (1)
L = � 1 and the electron is in the left dot and set the energy

level con�guration of the DQD toB. Similarly, forD2 < 0 andD1 > 0 we interpret the location

of the electron to be in the right dot and set the energy level con�guration of the DQD toC.

4.3 Theory and methods

4.3.1 Evolution map of the quantum state

Here we discuss the evolution of the quantum state of the DQD for a single run of the ex-

periment. We model the stochastic evolution of the quantum state of the DQD by the conditional

density matrix�̂ c(t), which describe the state of the DQD system at anytime, conditioned on the

entire past measurement record of the observableÂ1 andÂ2 and the entire record of exchange

of the electron between DQD and the electron reservoirs. Under the measurement and feedback
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scheme discussed previously in Sec. 4.2, the time evolution of�̂ c from any timet to t + dt is

described by the evolution map

�̂ c(t + dt) =

 
4X

j =1

dNj (t)E
(j )
J (D ) + dN0(t)ENJ (D )

!

M 2(z2)M 1(z1)�̂ c(t): (4.9)

The Eq. (4.9) represents a stochastic quantum map, and details of the each of the operations in

this map are described below. Here ,M 1(z1) andM 2(z2) represent measurement operations

corresponding to detector 1 and detector 2, respectively:

M l (z)�̂ =
K̂ l (z)�̂ K̂ y

l (z)

tr f K̂ y
l (z)K̂ l (z)�̂ g

; K̂ l (z) =
�

2� ldt
�

� 1=4

e� � l dt(z� Â l )
2

; l = 1; 2: (4.10)

The distribution of the measurement outcomeszl (t) is given byP (t )
l (z) = tr f K̂ y

l (z)K̂ l (z)�̂ c(t)g.

E(j )
J (D ) andENJ (D ) correspond to `Jump' and `No Jump' evolution of the quantum-jump un-

ravelling of the Lindbladian given in Eq. (4.6). In the evolution map given in Eq. (4.9), the

random variablesf zlg capture the stochasticity due to the measurement process and the random

variablesf dNj g capture the stochasticity due to the interaction with the electron reservoirs. At

any instant, the value of the control parameterD (t) = ( D1(t); D2(t)) is calculated from the past

measurement outcomes(z1(t); z2(t)) through the �ltering relation [1, 61]

D j (t) =
Z t

�1
ds
 j e� 
 j (t � s)zj (s); j = 1; 2: (4.11)

The unravelling of the Lindbladian term in Eq. (4.6) leads to four possible quantum jumps which

we describe by the jump operators:ĉ1(D ) =
p


 L (� L (D )) jL ih0j, ĉ2(D ) =
p

� L (� L (D )) j0ihL j,

ĉ3(D ) =
p


 R(� R(D )) jRih0j andĉ4(D ) =
p

� R(� R(D )) j0ihRj. The corresponding evolution
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of the quantum state is given by

E(j )
J (D ) ~̂� c =

ĉj (D ) ~̂� cĉ
y
j (D )

tr f ĉy
j (D )ĉj (D ) ~̂� cg

; j = 1; ::; 4; (4.12)

where the state of the DQD iŝ~� c(t) at time instantt. Here we usê~� c(t) instead of�̂ c to imply

that the evolution operation are being applied on the conditional density matrix~̂� c(t) which is

obtained from�̂ c by applying the measurement operation. The probability of a particular jumpj

happening during the time intervalt to t + dt is given bypj (t) = dt tr f ĉy
j (D )ĉj (D ) ~̂� cg, and the

stochastic jump random variablesf dNj (t); j = 1; ::; 4g are distributed as

dNj (t) =

8
>>><

>>>:

1; Pr[1] = pj (t);

0; Pr[0] = 1 � pj (t);

(4.13)

where Pr[0(1)] denotes the probability of observingdNj (t) = 0(1) . The stochastic jump variables

satisfy E[dNj (t)] = pj (t), anddNi (t)dNj (t) = � ij dNj (t), with E[�] being the ensemble average

over all possible trajectories of jumps. We also de�ne a similar stochastic variable

dN0(t) = 1 �
4X

j =1

dNj (t) (4.14)

for the `No Jump' evolution during the interval[t; t + dt]. For dN0(t), we have the expectation

value E[dN0(t)] = p0(t) = 1 �
P

j pj (t). For the `No Jump' case, the quantum state evolves
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under the effective non-unitary Hamiltonian,

Ĥe� (D ) = Ĥ (� L (D ); � R(D )) �
i
2

4X

j =1

ĉy
j (D )ĉj (D ); (4.15)

where,Ĥ (� L (D ); � R(D )) is the feedback Hamiltonian as de�ned in the Eq. (4.1). The No-Jump

(NJ) evolution is given by,

ENJ (D ) ~̂� c =
e� i Ĥ e� (D )dt ~̂� cei Ĥ y

e� (D )dt

tr f e� i Ĥ e� (D )dt ~̂� cei Ĥ y
e� (D )dtg

: (4.16)

4.3.2 Trajectory and ensemble level equations of motion

It can be shown (see Appendix 4.5) that under the continuous weak measurement frame-

work joint dynamics of the quantum state�̂ c from the map Eq. (4.9) can be written as

d�̂ c = � idt [Ĥ (D ); �̂ c]

+
4X

j =1

 

�
dt
2

f ĉy
j (D )ĉj (D ); �̂ cg + dt tr f ĉy

j (D )ĉj (D )�̂ cg�̂ c + dNj (t)
ĉj (D )�̂ cĉ

y
j (D )

tr f ĉy
j (D )ĉj (D )�̂ cg

� dNj (t)�̂ c

!

+ dt� 1D[Â1]�̂ c + dW1

p
� 1f Â1 � h Â1i c; �̂ cg + dW2

p
� 2f Â2 � h Â2i c; �̂ cg;

(4.17)

wheref dNj gare Poisson jump variables for quantum jumps. For detector variableD = ( D1; D2)

the dynamics be written as

dDj = dt
 j (hÂ j i c � D j ) + dWj

 j

2
p

� j
; j = 1; 2 (4.18)
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where,dW1 anddW2 are Wiener increments that captures the effect of the measurement of the

observableŝA1 andÂ2 respectively (see Chapter 2). Eq. (4.17) and Eq. (4.18) together form a

set of coupled stochastic differential equations that describe the joint dynamics of the quantum

state of the DQD and the feedback control parameter. Here the �rst term in Eq. (4.17) represents

unitary evolution due to the feedback Hamiltonian. The term under the summation arises from

the quantum jump unravelling [63, 78] of the Lindbladian Eq. (4.6), and represents the effect of

coupling with the electron reservoirs. The �rst terms in the third line captures the backaction due

to the measurement of the observableÂ1. The last two terms of the equations, containing Wiener

increments, capture the effect of the stochastic kicks in the quantum state due to the measurement

processes.

Equations (4.17) and (4.18) together describe the equations of motion for the model. We

generate the trajectories of the state of our model by using a modi�cation of the Monte Carlo

wave function (MCWF) algorithm [68, 98] to incorporate the feedback. For our simulations we

directly use the evolution map in the Eq. (4.9) with an assumption that the charge detection by the

detector-2 is accurate. See Appendix. 4.6 for the details of ideal-charge detection approximation

and Appendix. 4.7 for the details of simulation scheme. In the next section we present the results

of the simulation studies.

Alternatively, one can investigate the model in an equivalent ensemble picture using the

QFPME [1] with the feedback LindbladianL (D ) from Eq. (4.6):

@t �̂ t (D ) = L (D )�̂ t +
X

j =1 ;2

�

 j @D j A j (D j )�̂ t (D ) +


 2
j

8� j
@2

D j
�̂ t (D )

�
; (4.19)

whereA j (D j )�̂ = (1 =2)f Â j � D j ; �̂ g. In this chapter we are keeping our discussion limited
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to the study of the qualitative behavior of the model using the trajectory approach only, for the

discussion on the master equation approach and further discussion on the quantitative energetics

of the demon, see Refs. [3, 75].

4.4 Qualitative features from trajectory simulations

By simulating the quantum trajectories of the DQD system we see different interesting

behaviors emerge for different parameter regimes. We set the model in the ideal charge detector

regime thus the detector-2 is accurate, fast and does not cause any decoherence as discussed in

the Appendix 4.6. For our simulations we have taken the parameters: the inverse temperature

� = 1:0, the coupling constant with the electron reservoirs� = 0 :1, the chemical potential for

the electron reservoirs as� R = 1:5; � L = � 1:5, and the energy level con�gurations of the dots

� 0 = 0:0; � u = 5:0; � l = � 5:0. We illustrate the interplay between the interdot-coupling constant

g, measurement strength� 1 of the detector-1 and the bandwidth
 1 of detector-1 by showing

three different con�gurations of these parameters showing three different qualitative features in

the model. Figures 4.3, 4.4 and 4.5 shows the evolution ofD1; hÂ1i c = Tr
n

�̂ cÂ1

o
andĤ (D )

obtained from trajectory simulations.

4.4.1 Delayed feedback effect

For Fig. 4.3 we haveg = 25; 
 1 = 10; � 1 = 1, and in this setup we see that the measure-

ment strength is very weak(� 1=g = 0:04; � 1=
 1 = 0:1). Thus the evolution of instantaneous

expectation value of the detector 1 observablehÂ1i c preserves the quantum Rabi oscillation like

behavior with some stochasticity from weak measurements. We also see that thedetector vari-
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Figure 4.3: Detector is lagging behind the quantum state. The �gure above shows the evolution
of the feedback variable and instantaneous expectation value of the observableÂ1. The �gure
below plots the evolution of the feedback Hamiltonian. Parameters:� = 1:0; � = 0 :1; � R =
1:5; � L = � 1:5; � 0 = 0:0; � u = 5:0; � l = � 5:0; g = 25; 
 1 = 10:0; � 1 = 1:0 and simulation time
step�t = 10� 4
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Figure 4.4: Suppression of interdot tunneling due to quantum Zeno effect. Parameters:� =
1:0; � = 0 :1; � R = 1:5; � L = � 1:5; � 0 = 0:0; � u = 5:0; � l = � 5:0; g = 0:1; 
 1 = 10:0; � 1 = 80:0
and simulation time step�t = 10� 4

ableD1 and correspondingly the feedback HamiltonianĤ (D ) are lag behind the evolution of

the quantum state(g=
1 = 2:5). This can be particularly seen around� t � 26:42 in Fig. 4.3,

where we see thathÂ1i c has switched to positive value but the feedback variableD1 is still �uc-

tuating around� 1 and the the feedback Hamiltonian is set toĤB instead of the ideal feedback

con�gurationĤC .

4.4.2 Quantum Zeno effect

For Fig. 4.4 we haveg = 0:1; 
 1 = 10:0; � 1 = 80:0, and we observe the quantum Zeno

effect [99] on the trajectory level. For this setup we see that the measurement is strong (� 1=
 1 =

8; � 1=g = 800). The feedback is fast compared to the coherence generation (
 1=g = 100).

Whenever coherence between the the statejL i andjRi is generated, it is destroyed quickly by
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Figure 4.5: Suppression of the interdot tunneling due to random shuf�ing of the feedback Hamil-
tonain, Parameters:� = 1:0; � = 0 :1; � R = 1:5; � L = � 1:5; � 0 = 0:0; � u = 5:0; � l = � 5:0; g =
0:1; 
 1 = 10:0; � 1 = 1:0, and simulation time step�t = 10� 4

the continuous measurement, and thus the coherent transport of the electron between left and

right quantum dot is suppressed. This can be seen in the Fig. 4.4 by observing thathÂi c � � 1

as long as the electron is inside the DQD, thus the electron fails to tunnel to the right dot from

the left dot inĤB con�guration due to strong continuous measurement and eventually jumps

back to the left electron reservoir directly from the energy level� l and the feedback then instantly

switchesĤB ! ĤA due to fast feedback.

4.4.3 Phase damping effect due to random feedback

For Fig. 4.5, we haveg = 0:1; 
 1 = 10:0; � 1 = 1:0 we see aZeno-like phase damping

effect due to random shuf�ing the feedback HamiltonianĤ (D ) due to a noisy feedback (� 1=
 1 =

0:1; g=
1 = 0:01). The ratio of measurement strength and interdot coupling is� 1=g= 10, which
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is higher than the very weak measurement scenario of Fig. 4.3 but lower than the case of the

strong-measurement Zeno-effect scenario of Fig. 4.4. The ratio of the measurement strength and

feedback bandwidth (� 1=
 1 = 0:1) here is kept the same as in the case of Fig. 4.3. However, in

this situation (Fig. 4.5) we also get a Zeno-like suppression of quantum tunneling between the

dots due to fast switching of the feedback Hamiltonian compared to generation of the coherence

(Note, that for Fig. 4.3 we hadg=
1 = 2:5, wheras here in Fig. 4.5 we haveg=
1 = 0:01). Due

this fast nature of feedback we get a random change in the detuning(j� L � � R j) of the Hamiltonian

Ĥ (D ) = ĤB $ ĤC , which leads to a decay in the coherence of the the quantum state� c without

affecting the population, eventually leading to aphase-dampingeffect [88]. Due to this phase-

damping, the electron the coherent transport of the electron is suppressed similar to the case of

the quantum Zeno effect. Note that here (Fig. 4.5) this suppression of coherent quantum transport

happens due to quick random shuf�ing of the feedback Hamiltonian in contrast to the suppression

of quantum transport in Fig. 4.4, which was primarily due to strong measurement.

4.4.4 Quantum to classical transition

Figures 4.6 and 4.7 show the evolution of the quantum state�̂ c by plotting the population

and coherence parts of the density matrices during and interdot tunneling. For both �gures we

haveg = 0:1; 
 1 = 1:0 but for the quantum case (Fig. 4.6) we have taken� 1 = 0:6 and for

the classical case (Fig. 4.7) we have,� 1 = 6:0. For both plots we see that the population is

transferred from the statejL i to jRi . However, for the quantum case this interdot transition

is relatively slow and associated with an oscillation in the coherence (Fig. 4.6). Whereas for

the classical case, we see the change is population is relatively sharp and the interdot transition
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Figure 4.6: Evolution of population (above) and the coherence (below) during interdot electron
transfer. This �gure illustrates the quantum nature of the interdot transport of the electron. Pa-
rameters:� = 1:0; � = 0 :1; � R = 1:5; � L = � 1:5; � 0 = 0:0; � u = 5:0; � l = � 5:0; g = 0:1; 
 1 =
1:0� 1 = 0:6 and simulation time step�t = 10� 4

happens with a short spike in the coherence (Fig. 4.7). Thus we see that for stronger measurement

(� 1=
 1 = 6; � 1=g = 60) here, the transport of electron from left to the right dot behaves like a

discrete stochastic jump event even though the microscopically the transport is coherent in nature.

It is possible to assign an effective classical jump rate to this transition using the master equation

approach [3, 75] and obtain a classical discrete state model for the DQD demon described in [4]

from this underlying microscopic picture.

4.5 Appendix: Quantum evolution map to the stochastic master equation

Under the weak measurement scheme [78], we model the measurement process by gener-

ating a Gaussian white noise around the instantaneous conditional expectation value (hA j i c =
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Figure 4.7: Evolution of population (above) and the coherence (below) during interdot electron
transfer. This �gure illustrates the classical jump like behavior of the interdot transport of the
electron. Parameters:� = 1:0; � = 0 :1; � R = 1:5; � L = � 1:5; � 0 = 0:0; � u = 5:0; � l =
� 5:0; g = 0:1; 
 1 = 1:0� 1 = 6:0 and simulation time step�t = 10� 4
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tr f Â j �̂ c(t)g) of the observable as,

zj (t) = hÂ j i c +
1

2
p

� j dt
dWj ; j = 1; 2 (4.20)

wheredW1 anddW2 are Wiener increments with the properties:E[dW1;2] = 0 and indWi dWj =

� ij dt, under Ito calculus. After the measurement operations the quantum state�̂ c(t) evolves to

�̂ �
c(t) = �̂ c(t) + dt� 1D[Â1]�̂ c(t) + dt� 2D[Â2]�̂ c(t)

+
p

� 1dW1f Â1 � h Â1i c; �̂ cg +
p

� 2dW2f Â2 � h Â2i c; �̂ cg

(4.21)

where,�̂ �
c(t) = M 1(z1(t))M 2(z2(t)) �̂ c(t). The measurement operatorÂ2 = j0ih0j � (jL ihL j +

jRihRj) does not cause any decoherence in thejL ihL j � j RihRj subspace. Thus we can drop the

back-action term containingD[Â2] from our consideration; and thus we get,

�̂ �
c(t) = �̂ c(t)+ dt� 1D[Â1]�̂ c(t)+

p
� 1dW1f Â1 �h Â1i c; �̂ cg+

p
� 2dW2f Â2 �h Â2i c; �̂ cg (4.22)

After the measurement, we apply the evolution of the DQD under the effect of the electron to

obtain the �nal time evolved statê� c(t + dt) as

�̂ c(t + dt) =
4X

j =1

dNj (t)E
(j )
J (D (t)) �̂ �

c(t) +

 

1 �
4X

j =1

dNj (t)

!

ENJ (D (t)) �̂ �
c(t) (4.23)

We expand the exponential in the the no-jump evolution up toO(dt) and get the following

expression,

ENJ (D )�̂ �
c(t) =

�̂ �
c(t) + dt(� i Ĥe� (D )�̂ �

c(t) + i �̂ �
c(t)Ĥ y

e� (D ))

1 + dt tr f� i Ĥe� (D )�̂ �
c(t) + i �̂ �

c(t)Ĥ y
e� (D )g

(4.24)

109



Now using the de�nition ofHe� (D ) from Eq. (4.15) in the expression above we get,

ENJ (D )�̂ �
c(t) =

h
�̂ �

c(t) � idt [Ĥ (D ); �̂ �
c(t)] � dt

2

P 4
j =1 f ĉy

j (D )ĉj (D ); �̂ �
c(t)g

i

h
1 � dt

P 4
j =1 tr f ĉy

j (D )ĉj (D )�̂ �
c(t)g

i (4.25)

Expanding the denominator and keeping terms uptoO(dt) we get,

ENJ (D )�̂ �
c(t) = �̂ �

c(t)� idt [Ĥ (D ); �̂ �
c(t)]�

dt
2

4X

j =1

f ĉy
j (D )ĉj (D ); �̂ �

c(t)g+ dt
4X

j =1

tr f ĉy
j (D )ĉj (D )�̂ �

c(t)g�̂ �
c(t)

(4.26)

Note thatdNkdWj , anddNkdt contribute to evolution terms that are of order(dt)
3
2 and

(dt)2. Since we are interested in the evolution equation up toO(dt), we use Eqs.(4.22) and

(4.26) in Eq. (4.23), and by dropping the terms withdNkdWj , dWj dt anddNkdt, we get

�̂ c(t + dt) � �̂ c(t) = � idt [Ĥ (D ); �̂ (t)] + dt� 1D[Â1]�̂ c(t)

�
dt
2

4X

j =1

f ĉy
j (D )ĉj (D ); �̂ (t)g + dt

4X

j =1

tr f ĉy
j (D )ĉj (D )�̂ (t)g�̂ (t)

+
4X

j =1

dNj (t)(E(j )
J (D (t) � 1)�̂ c(t)

+
p

� 1dW1f Â1 � h Â1i c; �̂ c(t)g +
p

� 2dW2f Â2 � h Â2i c; �̂ c(t)g

(4.27)

Finally by replacingd�̂ c = �̂ c(t + dt) � �̂ c(t) in the equation above we get the stochastic master

equation shown in Eq. (4.17).

4.6 Appendix: Ideal charge detection assumption

Since the detector 2 performs classical back action-free measurement on the system, we

can consider the limit of accurate detector by taking� 2=
 2 ! 1 without affecting the sys-
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tem. We assume here that the feedback due to the detectror 2 is fast (responsive) enough in

comparison to the other timescales of the system and the bandwidth of the detector 2 satis�es


 2 � maxf � ; g;j� u=l � � 0j; 
 1g. For the fast and accurate measurement of the detector-2 we

get an ideal-charge detection of the DQD. Thus, under these assumptions, whenever an electron

enters or leaves the DQD, the corresponding changes of the feedback HamiltonianĤA $ ĤB or

ĤA $ ĤC are instantaneous.

To implement this approximation, discretize the Eq. (4.11) in time as a deference equation:

D j (k�t ) = �t
 j zj (k�t ) + (1 � �t
 j )D j ((k � 1)�t ); (4.28)

where�t is the time-step andt = k�t . Here(
 j �t ) is the smoothing factor of the �lter and for

simulating quantum trajectories�t needs to be chosen such that we have0 � (
 j �t ) � 1. To

achieve the fast limit of the detector we take the maximum possible value of
 2 in the simulation

by setting
 2�t = 1. Thus, for the fast detector 2 we have,

D2(k�t ) = z2(k�t ): (4.29)

This implies that the measurement signalz2(t) from the detector 2 is directly converted to feed-

back variableD2(t) without any �ltering.

For detector 2, (observable:̂A2 = + j0ih0j � (1̂ � j 0ih0j)) we have the POVMK̂ 2(z) in the

measurement basis as

K̂ 2(z2) =
�

2� 2�t
�

� 1=4 h
e� � 2 �t (z2 � (+1)) 2

j0ih0j + e� � 2 �t (z2 � (� 1))) 2
(1̂ � j 0ih0j)

i
: (4.30)
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Next we want to increase the measurement strength of the detector 2 to the in�nite limit(� 2 !

1 ) while keeping�t �xed to achieve the strong measurement limit in the POVM̂K 2(z2), which

we can approximate as projective measurement POVM:

K̂ 2(z2) =

8
>>>>>>>><

>>>>>>>>:

j0ih0j; z2 = +1 ;

(1̂ � j 0ih0j); z2 = � 1

0; otherwise

(4.31)

and for a quantum statê�� c(t), the corresponding distribution ofz2 is given asP (t )
2 (z2 = +1) =

tr fj 0ih0j �̂� c(t)g andP (t )
2 (z2 = � 1) = 1 � tr fj 0ih0j �̂� c(t)g. For the implementation of the effect

of detector-2 measurements in the simulations, we use this ideal-charge detection approximation

(See Appendix. 4.7).

4.7 Appendix: Monte Carlo wave function simulation scheme with feedback

control

Here we implement the quantum jump trajectory [100, 101] simulation under feedback

control by modifying the standard Monte Carlo wave function (MCWF) [68, 98] algorithm to

incorporate measurement and feedback. To study the model under consideration, we implement

a simulation scheme that captures the dynamics of the detector and the quantum state together.

At any time instantt, we describe the quantum state of the DQD system by the wave function:

j (t)i = c0(t) j0i + cL (t) jL i + cR(t) jRi (4.32)
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Here the coef�cientsf cj (t)gj = L;R;E depend on the complete history of the measurement out-

comes. The conditional density matrix corresponding to this quantum state is by�̂ c(t) = j (t)i h (t)j.

We have eitherc0(t) = 1 ; cL (t) = cR(t) = 0 or, c0(t) = 0 ; jcL (t)j2 + jcR(t)j2 = 1. The quantum

state vectorj (t)i is represented as a3 � 1 normalized column vector. The control parameter

starts with unupdated state atD (t � �t ) = ( D1(t � �t ); D2(t � �t )) .

Detector 1 measurement:To simulate the effect of the measurement, �rst a random variable

� 2 f� 1; 0; +1g is sampled based on the distribution

Pr(� ) =

8
>>>>>>>><

>>>>>>>>:

jcL (t)j2; � = � 1

jc0(t)j2; � = 0

jcR(t)j2; � = +1 :

(4.33)

Then the measurement outcome is sampled from the normal distribution with� mean (� ) and

1=(2
p

� 1�t ) standard deviation (� ):

z1(t) � N
�

� = �; � 2 =
1

4� 1�t

�
: (4.34)

Then using the sampled value ofz1(t), the matrix representation of̂K 1(z1(t)) is calculated. We

then modify the quantum statej (t)i to a intermediate new state as

�
�
� ~ (t)

E
=

K̂ 1(z1(t)) j (t)i�
�
�K̂ 1(z1(t)) j (t)i

�
�
�
: (4.35)
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Next the updated control parameterD1(t) is calculated using the measurement outcomez1(t) as:

D1(t) = �t
 1z1(t) + (1 � �t
 1)D1(t � �t ): (4.36)

Detector 2 measurement: The second detector performs projective measurements in the system.

Thus, we havez2(t) 2 f� 1; 1g and the distribution ofz2(t) is given as

Pr(z2(t)) =

8
>>><

>>>:

jh0j ~ (t)ij 2; z2(t) = 1 ;

1 � jh 0j ~ (t)ij 2; z2(t) = � 1:

(4.37)

Now the updated control parameter is given as

D2(t) = z2(t); (4.38)

since we are working at the ideal detector limit where
 2 ! 1 . The post measurement state after

detector 2 measurementj 0(t)i is given as

j 0(t)i =

8
>>><

>>>:

j0i ; z2(t) = 1 ;

(1̂ � j 0ih0j)j ~ (t)i ; z2(t) = � 1:

(4.39)

Since we are working in the ideal charge detection approximation, the quantum state
�
�
� ~ (t)

E
is

eitherj0i or of the formcL (t) jL i + cR(t) jRi , and thus the post-measurement statej 0(t)i remains

unchanged from the state
�
�
� ~ (t)

E
under the measurement by detector 2.

State Update:
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The �nal time-evolved statej (t + dt)i can be obtained by the stochastic evolution equa-

tion

j (t + �t )i =
4X

k=0

dNk(t)
ĉk(D1(t); D2(t)) j 0(t)i

jĉk(D1(t); D2(t)) j 0(t)i j
; (4.40)

whereĉ1 =
p


 L (� L ) jL ih0j, ĉ2 =
p

� L (� L ) j0ihL j, ĉ3 =
p


 R(� R) jRih0j, ĉ4 =
p

� R(� R) j0ihRj

and ĉ0 = e� i�t Ĥ e� , where,� L=R � � L=R (D1(t); D2(t)) and the effective non-unitary Hamilto-

nian He� (D1(t); D2(t)) is given by Eq. (4.15). The matrix representation of the operatorĉ0 is

calculated numerically by direct exponentiation of the matrix� i�tH e� (D1(t); D2(t)) . Each of

the stochastic variables are de�ned by the Eqs. (4.13) and (4.14). To simulate this step, �rst the

stochastic variable corresponding to No-Jump evolutiondN0(t), is sampled as

Pr(dN0(t)) =

8
>>><

>>>:

�t
P 4

k=1 h 0(t)jĉy
k ĉk j 0(t)i ; dN0 = 0

1 � �t
P 4

k=1 h 0(t)jĉy
k ĉk j 0(t)i ; dN0 = 1:

(4.41)

If the sampling results indN0(t) = 1 , then the updated state is calculated directly as

j (t + �t )i =
ĉ0j 0(t)i
jĉ0j 0(t)ij

: (4.42)

If the sampling results indN0(t) = 0 then another Monte Carlo step is made to determine which

jump is happening by sampling the variablek� wherek� 2 f 1; 2; 3; 4g. The distribution ofk� is

given as,

Pr(k� ) =
h 0(t)jĉy

k � ĉk � j 0(t)i
P 4

k0=1 h 0(t)jĉy
k0ĉk0j 0(t)i

; k� 2 f 1; 2; 3; 4g: (4.43)
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Then the quantum state is updated by applying the corresponding jump operator tok� as,

 (t + �t ) =
ĉk � j 0(t)i
jĉk � j 0(t)ij

: (4.44)
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Chapter 5: From the feedback-controlled DQD demon to autonomous informa-

tion ratchet

This chapter is adapted from an independent research project that has been published as the

paper “From a feedback-controlled demon to an information ratchet in a double quantum dot”

[2]. This project started as a spin-off of the IaF project related to the DQD Maxwell's demon.

Here we convert the classical version of the model discussed in Chapter 4 to an autonomous

Maxwell's demon and and identify and analyze its modes of operation..

5.1 Chapter overview

In this chapter we use the double quantum dot (DQD) electronic Maxwell's demon model

from Ref. [4], which we refer to in this chapter as the Annby-Andersson (AA) model, to develop

and illustrate a general strategy for converting a non-autonomous, feedback-controlled model

of Maxwell's demon into an autonomous, memory-tape model, or information ratchet, as illus-

trated schematically in Fig. 5.1. A number of authors have previously explored the connections

between feedback-controlled and memory-tape models [27, 33, 89, 102, 103]. Horowitzet al

[89] designed a feedback-controlled information motor based on the system-bit interactions of

Ref. [15]. Barato and Seifert [27, 28] discussed a stochastic-thermodynamics [49] framework that

encompasses both feedback-controlled and memory-tape models. Shiraishiet al [103] showed
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Figure 5.1: Two paradigms of Maxwell's demon. The left �gure depicts the AA model, a
feedback-controlled model. On the right we show the corresponding memory-tape model or
information ratchet. In both cases, heat from a thermal reservoir is converted to work, either
through measurement and feedback, or through interaction with an information reservoir. We
explore a strategy to convert a feedback-controlled model to a memory-tape model. The �gure is
taken from Ref. [2].
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that the measurement-feedback model introduced in Ref. [89] can be reduced to the simpli�ed

MJ model of Ref. [26, 27, 28]. Strasberget al [33] described a system with a spin-valve and a

quantum dot that can mimic the thermodynamic behaviour of the MJ model and can be mapped to

a Brownian ratchet. They also presented a feedback-controlled model that captures the effective

dynamics of the corresponding memory-tape model, and they compared how the second law of

thermodynamics applies to these two paradigms.

Our approach uses network-based modelling [49, 104] of a system of master equations,

originally introduced by Schnakenberg[69], to show how a non-autonomous demon with a seem-

ingly complicated feedback protocol can systematically be modi�ed to construct a memory-tape

model that mimics its behavior. We then present a theoretical analysis of the resulting memory-

tape model. Our model has distinct regions in parameter space where it operates either as an

information engineor as aLandauer eraser. We solve the model exactly in the limit when each

bit interacts with the DQD for an in�nite amount of time, obtaining analytic expressions for

thermodynamic quantities and critical parameter values. We also semi-analytically explore the

�nite time bit-interaction situation and construct the corresponding phase diagrams. Lastly, we

discuss a scheme for the stochastic simulation of memory-tape models and use it to simulate our

model and to verify our semi-analytical results. We limit our discussion to a completely classical

stochastic model and leave quantum models as a future avenue for research.

This chapter is organized as follows. Details of network-based stochastic modelling [49,

69, 104] are presented in Sec. 5.2. In Sec 5.2.1 we map the AA model to a nine-state network by

converting its control parameter to a stochastic variable. In Sec. 5.2.2 and Sec. 5.2.3, we discuss

how to couple the DQD with incoming bits to mimic the behavior of the feedback-controlled

demon. A summary of the general modelling scheme is presented in Sec. 5.2.4. The analysis of

119



Figure 5.2: States of the double quantum dot systemx � (�; � ) and the protocol (CAA ) for the
AA model. Feedback steps (changes in� , i.e, steps (b), (d) and (f)) are shown using double
arrows, and electron jumps (changes in� , i.e, steps (a), (c) and(e)) are shown using single arrow.
The �gure is taken from Ref. [2]

memory-tape models is discussed in Sec. 5.3.1. In Sec. 5.3.2 we discuss the thermodynamics of

our model and solve for analytical expressions of thermodynamic quantities in Sec. 5.3.3. Phase

diagrams of operational modes are discussed in Sec. 5.3.4 and the stochastic simulation scheme

for the model is presented in Sec. 5.3.5. Finally a discussion of the content of this chapter and

some related future research directions are discussed in Sec. 5.4
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Figure 5.3: Reduced networkGr = ( V x ; Ex ). Energies of the states inV x are shown to the
right of the network. Edges shown in red correspond to the feedback steps of the original AA
model, and involve the �ipping of the bit in the memory-tape model. The edges shown in blue
correspond to the transitions where the electron hops into (out of) the DQD from (to) an electron
reservoir and the dotted arrows show the corresponding energy exchange. The �gure is taken
from Ref. [2]

121



5.2 Memory-tape model of Maxwell's demon in DQD system

The (ideal classical) protocol of the AA model has been reviewed previously in Sec. 4.2.1

and here we show it again in Fig. 5.2, where electron transition events are indicated by single

arrows, and feedback steps by double arrows. The labels of the arrows in Fig. 5.2 refer to the

steps of the protocol discussed in Sec. 4.2.1. The states in Fig. 5.2 that are not included in the

ideal protocol for the AA model are relevant for the memory tape model, as discussed later in

this chapter.

5.2.1 DQD demon with thermal feedback control

5.2.1.1 DQD+controller joint state space: the reduced network

We now construct a network representation of the states of the AA model, as a �rst step

toward designing a corresponding memory-tape model. In the AA model, the DQD occupa-

tion state� is a dynamic variable with three possible states,� 2 � = f L; E; R g, as described

in Sec. 4.2.1. (Here the state E correspond toket0 of Chapter. 4). The DQDenergy con�g-

uration � acts as a control parameter, also with three possible states:� 2 � = f A; B; C g

whereA � (� 0; � u); B � (� l ; � l ) andC � (� u; � 0). Combining the energy con�gurations

and the occupation states leads to nine possible states for theDQD state variable: x 2 V x =

� � � = f AL; AE; � � � CRg. The ideal cyclic protocolCAA , described above, follows the path

AE �! AL =) BL �! BR =) CR �! CE =) AE , where double arrows signify

feedback steps; see Fig. 5.2.

We now consider a situation in which the energy con�guration� is no longer a control
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parameter, but instead is a dynamical variable on the same footing as the occupation state� . In

our model, the entire system is maintained at a temperatureT using a thermal bath, and� is

now a stochastic variable that evolves under the effect of the thermal noise from the bath. The

system-variablex � (�; � ) evolves among the nine states inV x as a continuous time Markov

jump process. We justify the Markov assumption by assuming that the system-bath coupling

is weak and the correlations between the system and the bath decay on a timescale faster than

that of the jumps. We make the following assumptions about our model: (i) The elementary

transitions in our process involve a change in either� , or � , but not both simultaneously, i.e., the

system isbipartite [104]. (ii) If � = B , then the excess electron cannot hop into or out of the

electron reservoirs; thus, the transitionsBE $ BL andBE $ BR are not allowed. (iii) Direct

transitions betweenA andC states are forbidden. These assumptions are modelling choices, but

all of the forbidden transitions can be justi�ed physically by assuming suf�ciently high energy

barriers between corresponding states.

Under these assumptions, we obtain a networkGr = ( V x ; Ex ) whereV x � V (Gr ) is the

set of 9 vertices andEx � E(Gr ) is the set of 11 bidirectional edges (see Fig. 5.3), describing

the stochastic dynamics [49, 69, 104] of the variablex � (�; � ). The subscriptr in Gr indicates

a reduced9-state network, in contrast with afull 18-state networkGf to be de�ned later. As the

control parameter� is now converted to a stochastic variable which evolves under the thermal

noise, the statex � (�; � ) will not in general follow the protocolCAA and is free to explore all

the states in the networkGr .
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5.2.1.2 Dynamics in the reduced network

We set the energies of the empty statesAE; BE; CE to zero and assign energies to all

other states based on the energy level of the dot that contains the electron: statesBL andBR

have energy� l ; statesAL andCR have energy� 0; and statesAR andCL have energy� u, with

� l < � 0 < � u as in Sec. 4.2.1. We impose the condition of local detailed balance on the transition

rates for the thermal transitionsx i $ x j with x i ; x j 2 V(Gr ), when there is no exchange of

electron with the left or the right reservoir:

Rr
x i x j

Rr
x j x i

= e� � (E r
i � E r

j ) ; (5.1)

where� = ( kB T)� 1 is the inverse temperature, and the superscriptr again refers to the reduced

network. E r
i (E r

j ) is the energy of the statex i (x j ) andRr
x i x j

is the transition rate for the jump

x j ! x i . The right-hand side of Eq. (5.1) is the ratio of probabilities of the system being in state

x i andx j , in the canonical ensemble. Strictly speaking, the DQD system is quantal in nature

and the tunneling events of the excess electron between two dots (i.e.,� = L $ � = R) are

coherent transfers, a purely quantal phenomenon (see Chapter 4 for discussion on the quantum

model). However, in our model we treat these events as classical thermal jumps in the spirit of

Ref. [4]. Thus, we assume the local detailed balance relation Eq. (5.1) for the edges:AL $

AR; BL $ BR andCL $ CR.

When an electron jumps from the right reservoir, maintained at the chemical potential� R to

the energy level� 0 of the right dot, there is an energy cost of(� 0 � � R) and similarly if an electron

jumps from the level� 0 of the left dot to the left electron reservoir set at the chemical potential
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� L the energy exchange is(� L � � 0). Thus for the transitionsAL $ AE andCR $ CE (shown

in blue in Fig. 5.3), we can write the local detailed balance relations as,

Rr
AE AL

Rr
AL AE

= e� � (� L � � 0 ) ;

Rr
CR CE

Rr
CE CR

= e� � (� 0 � � R ) .

(5.2)

The coupling with the electron reservoir createsthermodynamic forces[49, 69, 105, 106] inGr

and leads to violation of global detailed balance when� L 6= � R . When Eqs. (5.1) and (5.2) are

satis�ed and� L 6= � R , the dynamics ofx in Gr reach a non-equilibrium steady state (NESS)

[49]. In this state, electrons �ow in the thermodynamically preferred direction, i.e., from the

right (left) reservoir to the left (right) reservoir when� R > � L (� L > � R), resulting in an overall

counterclockwise (clockwise) �ow (which we will abbreviate as CCW (CW) �ow throughout the

article) of probability current inGr . This �ow is in contrast with the feedback-controlled model,

which transfers electrons against the thermodynamically preferred direction. Therefore we next

consider how to couple the DQD to an information reservoir, in the form of a stream of bits, so

as to make the evolution of the DQD mimic that of the AA model.

5.2.2 Conversion to autonomous demon: bit-coupling strategy

Our information reservoir is a memory tape containingn classical bits. Each bit (b) can be

in one of the two states inB = f 0; 1g. The energies of the two bit states are degenerate, and we

set them to zero. As in Ref. [15] the DQD interacts with a bit for an interval of duration� , after

which the next bit arrives. We can visualize this process by imagining that the bits are placed,

equally spaced, on a tape that moves frictionlessly past the DQD, which interacts with the bit that
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is nearest to it at any given time.

In our model the coupling between the DQD and the bit occurs along the four edges of

Gr that correspond to instant feedback steps in the AA model. These edges are shown in red in

Fig. 5.3. (Note that we have split theCE =) AE feedback step of the original AA model

into two steps:CE $ BE andBE $ AE in our model.) Speci�cally, the DQD transitions

corresponding to these four edges can occur only when the state of the interacting bitbalso �ips.

We set up the coupling rules so that CW �ow of probability current alongCAA is favoured when

b�ips from 0 to 1, and CCW �ow is favored whenb�ips from 1 to 0. For example, the transition

AL ! BL must be accompanied by a bit �ip0 ! 1, and the reverse transitionBL ! AL occurs

only if the interacting bit �ips from1 to 0. Similar comments apply to the edgesBR $ CR,

CE $ BE andBE $ AE . These DQD-bit coupling rules are indicated by curved red arrows

in Fig. 5.3. With this coupling scheme, an excess of0's in the incoming bit stream biases the

�ow of probability in the CW direction. This bias opposes the thermodynamic direction of the

probability current when� R > � L . Similarly, if � L > � R then an excess of1's opposes the

thermodynamic direction of the probability current.

5.2.3 Details of the memory-tape model

5.2.3.1 DQD+controller+bit joint state space: full network

The joint evolution of the DQD state (x) and the nearest bit (b) occurs in thebit-coupled

networkGf = ( V y ; Ey ), which call as thefull network; see Fig. 5.4. HereV y � V (Gf ) = V x �

B is the set of vertices representing the 18 possible states of the variabley = ( x; b) � (�; �; b ),

andEy � E(Gf ) is the set of 18 bidirectional edges that re�ect on the bit-coupling rules described
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Figure 5.4: Full networkGf = ( V y ; Ey ) showing all 18 states of the combined DQD and bit. The
full network Gf is obtained from Fig. 5.3 by accounting for the bit-coupling inGr . The states in
the full network are given byV y = V x � B and the edges follow directly from the edges of the
networkGr , and the mapping of the edges is described in the Sec. 5.2.3.1. Equation (5.6) governs
the dynamics of the variabley � (�; �; b ) in this network. The �gure is taken from Ref. [2]
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in Sec. 5.2.2. Each edge ofGr that does not involve bit coupling is represented by two different

edges ofGf , corresponding to the two possible bit states. That is, an edgex i $ x j 2 E(Gr )

corresponds to the edges(x i ; 0) $ (x j ; 0) and(x i ; 1) $ (x j ; 1) in E(Gf ), whenx i $ x j does

not involve bit coupling. An edgex0
i $ x0

j 2 E(Gr ) that is coupled to the bit transition0 $ 1

is mapped to only one edge,(x0
i ; 0) $ (x0

j ; 1) 2 E(Gf ). There are four such edges inGf :

BE 0 $ AE 1; AL 0 $ BL 1; BR0 $ CR1; andCE0 $ BE 1; see Figs. 5.3 and 5.4.

5.2.3.2 Dynamics in the full network and repeated bit interaction

As theb = 0 and1 bit states are energetically degenerate, the transition rates for the edges

in E(Gf ) obey the same detailed balance conditions as the corresponding edges inE(Gr ). Edges

yi $ yj in E(Gf ) with no electron reservoir coupling satisfy

Ryi yj

Ryj yi

= e� � (E i � E j ) ; (5.3)

whereE i andE j are the energies of the statesyi andyj respectively (compare Eq. (5.3) with

Eq. (5.1)). When there is coupling with the electron reservoirs, the local detailed balance relations

are given as,

RAE 0 AL 0

RAL 0 AE 0
=

RAE 1 AL 1

RAL 1 AE 1
= e� � (� L � � 0 ) ;

RCR0 CE 0

RCE 0 CR0
=

RCR1 CE 1

RCE 1 CR1
= e� � (� 0 � � R ) .

(5.4)

(compare Eq. (5.4) with Eq. (5.2)). Equations (5.3) and (5.4) ensure the thermodynamic consis-

tency of the model, but do not yet completely specify the dynamics ofy. We assume that the
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timescale of the stochastic dynamics ofy due to thermal jumps is on the order of unity, and our

choice of the transition rates consistent with Eqs. (5.3) and (5.4) are shown in Table 5.1. Ap-

pendix 5.5 presents a detailed discussion of the choice of the transition rates and corresponding

timescales.

During every interaction interval of duration� , the joint dynamics of the DQD and bit are

described by a Markov jump process for the state variabley = ( x; b) in Gf , with transition rates

shown in Table 5.1. In a continuous time Markov jump process, the jump times follow a Poisson

distribution as discussed in detail in Appendix 5.7. At the end of each interaction interval, when

a new bitbin arrives, the state of the DQDx remains unchanged, and the state of the interacting

bit b takes on the value of the incoming bitbin . Thus when the outgoing and incoming bit states

differ, there is an effectivevirtual jump, due to the fact that the “old” interacting bit is replaced

by the next bit in the memory tape.

5.2.4 Summary of the modelling strategy

Here we summarize our approach for creating an autonomous, memory-tape model of

Maxwell's demon from the non-autonomous, feedback-controlled AA model. We �rst create

a network representation of the states of the feedback-controlled model by identifying the dy-

namical states of the system(� 2 � ) and the states of the control parameter(� 2 � ). We then

convert the control parameter� to a stochastic dynamic variable that jumps among the states of

� . The joint state of the system and parameter is given byx � (�; � ) 2 V x . The next step is

to identify a networkGr = ( V x ; Ex ) whose edges correspond to possible transitions. For ther-

modynamic consistency, the transition rates must satisfy Eqs. (5.1) and (5.2). There is no unique
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way to construct the networkGr and different choices of the allowed transitions lead to different

memory-tape models. For our DQD system, we focused on designing a model that mimics the

feedback-controlled model's behavior, and is simple enough for analytical and semi-analytical

treatment.

Next, the DQD is connected to a sliding memory-tape (information reservoir). By inter-

acting with only the nearest bit on the tape, the DQD interacts with each bit for a �xed time� .

During that time, the coupling between the DQD and the interacting bitb occurs along those

edges in the networkGr that correspond to the instantaneous feedback steps of the AA model.

The bit coupling rules are chosen so that incoming bits in the0 state bias the resulting current in

one direction (CW in our model) and incoming bits in the1 state bias it in the other direction.

In this way a memory tape with a surplus of0's or 1's generates an effective force, which can

be harnessed to oppose the thermodynamic forces arising from reservoirs at different chemical

potentials.

The joint state of the DQD and interacting bit is described by a variabley � (x; b) that

evolves by a Markov jump process in the networkGf = ( V y ; Ey ). As we assume the bit states

0 and1 to be energetically degenerate, the transition rates in theGf follow from those inGr ; see

Eqs. (5.3) and (5.4).

While we illustrate our strategy with the AA model and a speci�c network structure of

its dynamics, this approach can be implemented with other feedback controlled models where

an underlying network structure can be identi�ed and then modi�ed in a similar fashion as our

approach, to obtain a memory-tape model.
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Table 5.1: Transition rates for jumps of the variabley in Gf . Ryi yj denotes the transition rate
from yj to yi . Here we have takenr = e� �� with � = ( � u � � 0) = ( � 0 � � l ). These rates are used
construct the matrixR which is shown in Eq. (5.34) in Appendix 5.6

.

RCL 0 CR0 = r
RCR0 CL 0 = 1
RCL 1 CR1 = r
RCR1 CL 1 = 1
RBL 0 CL 0 = 1
RCL 0 BL 0 = r 2

RBL 1 CL 1 = 1
RCL 1 BL 1 = r 2

RBL 0 BR 0 = 1
RBR 0 BL 0 = 1
RBL 1 BR 1 = 1
RBR 1 BL 1 = 1
RAR 0 BR 0 = r 2

RBR 0 AR 0 = 1
RAR 1 BR 1 = r 2

RBR 1 AR 1 = 1
RAL 0 AR 0 = 1
RAR 0 AL 0 = r
RAL 1 AR 1 = 1
RAR 1 AL 1 = r

RAE 0 AL 0 = e� � (� L � � 0 )

RAL 0 AE 0 = 1
RAE 1 AL 1 = e� � (� L � � 0 )

RAL 1 AE 1 = 1
RCR0 CE 0 = 1

RCE 0 CR0 = e� � (� R � � 0 )

RCR1 CE 1 = 1
RCE 1 CR1 = e� � (� R � � 0 )

RBE 0 AE 1 = 1
RAE 1 BE 0 = 1
RCE 0 BE 1 = 1
RBE 1 CE 0 = 1
RAL 0 BL 1 = r
RBL 1 AL 0 = 1
RBR 0 CR1 = 1
RCR1 BR 0 = r
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5.3 Analysis and results

5.3.1 Methods

Following Ref. [15], letp(tn ) be a column vector with nine entries that describes the prob-

ability distribution of the states of the DQD state variablex in Gr (in the orderAE , BE , CE,

BL , BR, AL , CR, AR, CL) at time tn � n� that marks the start of an interaction interval.

Each incoming bit is independently sampled from the same probability distribution, withp0 (or

p1) denoting the probability of the bit to arrive in state0 (or 1). It is convenient to specify this

distribution by the single parameter� = p0 � p1, which measures the excess of0's among the

incoming bits. The statistical state of the variabley � (x; b) in Gf at timetn (just after the arrival

of then'th bit) is given by the 18-dimensional vector

p f (tn ) = Mp (tn ); M =

0

B
B
@

p0I

p1I

1

C
C
A ; (5.5)

with I being a9 � 9 identity matrix. The �rst nine elements ofp f (t) correspond to the bit state

b = 0 and the last nine elements to the the stateb = 1. From t = tn to tn+1 the probability

distribution inGf evolves under the master equation

d
dt

p f (t) = Rp f (t); (5.6)

whereR is the18� 18 rate matrix whose off-diagonal elements are the transition rates listed in

Table 5.1, and whose diagonal elements areRyi yi = �
P

yj 6= yi
Ryj yi ; see Eq. (5.34) for an explicit

expression forR. At the end of the interaction interval, just before the next bit arrives, the joint
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probability distribution is obtained from the solution of Eq. (5.6), namely

p f (tn + � ) = eR � Mp (tn ): (5.7)

To obtain the probability distribution ofx in Gr at the end of the interaction interval, we

project from the 18-state networkGf to the 9-state networkGr ,

p(tn + � ) = PD eR � Mp (tn ); PD =
�

I I

�
: (5.8)

Equivalently,

p((n + 1) � ) = Tp (n� ); T = PD eR � M : (5.9)

This transition matrixT (which depends on the parameter� ) evolves the probability distribu-

tion of x in Gr over a single interaction interval. The evolution overn successive intervals is

described by the transition matrixT n . From the Perron-Frobenius theorem [107] it follows that

any distributionp in Gr evolves asymptotically to a unique periodic steady state

qpss = lim
n!1

T np : (5.10)

The periodic steady stateqpss is a function of the interaction interval� , and can be calculated by

solving for the invariant vector of the matrixT ,

T q pss = qpss: (5.11)
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Once the periodic steady state for the DQD has been reached, the joint state of the DQD

and bit at the start of every interaction interval is given byMq pss, and the joint state at a time

tn + � t, with 0 � � t < � , is

p f (tn + � t) = eR � tMq pss : (5.12)

For the remainder of this chapter, when analyzing the behavior of our model, we will assume that

the periodic steady state has been reached.

5.3.2 Thermodynamics of the memory-tape model

5.3.2.1 Calculation of work

Let thecirculation �( � ) denote the average number of electrons transferred from the left

to the right reservoir during each interaction interval. The average chemical work performed by

the DQD system per time interval� is then

W(� ) = ( � R � � L )�( � ): (5.13)

If the sign of� R � � L is the same as that of�( � ), then electrons �ow from the lower to higher

chemical potential, that is against the thermodynamic force. From Fig. 5.3 we see that

�( � ) =
Z �

0
dt J r

CR! CE =
Z �

0
dt J r

CE ! BE

=
Z �

0
dt J r

BE ! AE =
Z �

0
dt J r

AE ! AL ;

(5.14)
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whereJ r
x j ! x i

� J r
x i x j

is the probability current alongx j ! x i in Gr , projected from the corre-

sponding currents inGf . We can determine�( � ) by calculating any one of these integrals.

The probability current alongyj ! yi of Gf is

Jyi yj = Ryi yj pyj (t) � Ryj yi pyi (t). (5.15)

When two edgesx j 0 $ x i 0 andx j 1 $ x i 1 in Gf correspond to the edgex j $ x i in Gr , we have

J r
x i x j

(t) = Jx i 0 x j 0(t) + Jx i 1 x j 1(t); (5.16)

but when the transitionx j ! x i is coupled with a bit �ipb0 ! b00, we have

J r
x i x j

(t) = Jx i b00 x j b0(t). (5.17)

Since theCE $ BE transition is coupled to the bit �it0 $ 1, the edgeCE $ BE in Gr

corresponds to a single edge,CE0 $ BE 1 in Gf , hence

�( � ) =
Z �

0
dt J r

BE CE =
Z �

0
dt J BE 1 CE 0: (5.18)

Moreover, sinceBE 1 is connected to only one edge,CE0 $ BE 1, we have_pBE 1 = JBE 1 CE 0;

see Fig. 5.4. Therefore,

�( � ) =
Z �

0
dt _pBE 1 = [ pBE 1(� ) � pBE 1(0)]

=
��

eR � � I
�

Mq pss
�

y= BE 1
; (5.19)
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where we have used Eq. (5.12) to get to the second line. We will use this result in Sec. 5.3.3.1.

5.3.2.2 Calculation of entropy change of the bit

Let p0
0 andp0

1 denote the probabilities of the outgoing bit to be in the states0 and1. These

values are determined by summing over the appropriate statesy = ( x; b) in Gf at the end of an

interaction interval:

p0
0 =

X

x2 V (Gr )

(eR � M q pss)y=( x;0)

p0
1 =

X

x2 V (Gr )

(eR � M q pss)y=( x;1) :

(5.20)

The parameter

� 0 = p0
0 � p0

1; (5.21)

speci�es the distribution of the outgoing bit. The entropy corresponding to this distribution is

S0 = �
P

i =0 ;1 p0
i ln p0

i , while that of the incoming bit isS = �
P

i =0 ;1 pi ln pi . Thus in the

periodic steady state, the change insingle-symbol entropy[39] of the interacting bit is� S =

S0� S. Because� S does not account for correlations that develop between successive outgoing

bits, it provides only an upper bound on the net entropy change (per bit) of the information

reservoir. We discuss this point in detail in the next section (5.3.2.3), in the context of the second

law of thermodynamics.
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5.3.2.3 The �rst and the second laws of thermodynamics

In the periodic steady-state, the change in the internal energy of the DQD over one inter-

action interval is zero, on average. If chemical work is performed by the �ow of electrons from

low to high chemical potential, then the energy required for this process must be extracted as heat

from the thermal reservoir that maintains the entire system at a �xed temperatureT. We write

the �rst law of thermodynamics at the periodic steady state for this model as

Q(� ) = W(� ) = ( � R � � L )�( � ); (5.22)

whereQ(� ) is the average heat extracted from the thermal reservoir, per interaction interval.

In Refs. [39, 40], a general form of the second law for information ratchets, called the

Information Processing Second Law(IPSL), was derived. In the periodic steady state the IPSL is

written as

(ln 2)� h� � �W; (5.23)

where� h� is the change in theShannon entropy rate(see Refs. [39, 40]) andW is the average

work extracted during one interaction interval. The entropy rate� h� includes the effect of corre-

lations among the bits in the incoming and outgoing bit-streams. In our model we have assumed

that incoming bits are uncorrelated with each other and have been generated through amemory-

less[40] process. For �nite� , the outgoing bits become correlated with each other, and thus the

output ismemoryful[40]. However, in the limit� ! 1 these correlations become lost, and the

Shannon entropy rate� h� reduces to the change in single-symbol entropy� S=(ln 2), hence for
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our model Eq. (5.23) becomes (in that limit)

� S � �W : (5.24)

Equation (5.23) is a general result for any memory-tape Maxwell demon and Eq. (5.24) is a

limiting case of the IPSL when correlations are neglected. When correlations are non-negligible,

Eq. (5.23) can identify functional modes of operation that are not indicated by Eq. (5.24); see

Refs. [39, 42, 44]. However, it is common to use the single symbol entropy for the analysis

of memory-tape models [15, 16, 26, 27, 33] and Eq.( 5.24) has been derived previously in the

context of Hamiltonian dynamics [17] and stochastic dynamics [28]. In our model, we ignore

the effect of the correlations among the bits for simplicity and assume the validity of Eq. (5.24)

as an approximation to Eq. (5.23) even for �nite� . The analysis of the effect of correlations

among the bits and calculation of� h� is outside the scope of this chapter; see Ref. [44] for

the � h� calculation in context of the MJ model. Henceforth, by “entropy” we always refer to

single-symbol entropy unless otherwise speci�ed.

5.3.3 Analytical results for� ! 1

5.3.3.1 Thermodynamic quantities

There are two relevant time scales in our model. We have taken the time scale associated

with the thermal jumps inGf , which are governed by Eq. (5.6), to be of order unity. The other

time scale is the parameter� that de�nes how long the DQD interacts with each bit. From the
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