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Schematic diagram of the classical two-state toy model of an information engine.
The two states are labeled as |0) and |1). The agent (demon) makes continuous
measurements (denoted by the magnifying glass in the figure) on the two-state
system to learn whether the system is in the state |0) or the state|1). The ground
state and excited state energies of the system are £, and I, with B, — E;, = A >
0. When the system absorbs heat ();, = A from the heat reservoir (depicted by
the sun in the schematic diagram) to go to the excited state, the agent instantly
provides feedback (denoted by the trident) by switching the levels |0) (]1)) —
|1) (]0)). In this process the agent takes the system from excited state energy £,
to the ground state energy £, and extracts work W, = A, which is stored in a
work reservoir (depicted by the battery in the schematic diagram). After this, the
demon repeats the process cyclically (see Fig.3.2) . . . . .. ... ... .....
Stochastic model for the two state information engine. The graph G and the cor-
responding joint states of the systems are shown here. Beside every every node of
G the corresponding physical system is depicted in the boxes. The desired behav-
ior (information engine mode) of the protocol corresponds to counter-clockwise
cycle C in the network G shown above. The transitions (0, —) « (1,—) and
(0,4) <> (1,4) correspond to excitation and de-excitation of the system due to
interactions with the thermal reservoir (depicted by the sun). The corresponding
transition rates from Egs. (3.4) and Eq. (3.3) are shown shown by the arrows be-
tween the physical pictures of the joint states. The transitions (0, —) <> (0, +)
and (1,—) < (1,+) correspond to feedback steps (denoted by the trident) and
involves interaction with the work reservoir (battery). For the feedback-resolved
model, the feedback Hamiltonian H (D) from Eq. (3.8) is represented here by
showing the control parameter (D)) below the corresponding joint states. The
grey colored states (1, —) and (0, +) show the situations when the control param-
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D(t).
Steady state work extraction rate for the two state toy model in the fast feedback
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axis of the plots represent 3A. The figure above shows values of (W25)/TA,
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5.1

A schematic diagram for the double quantum dot Maxwell’s demon (Annby-
Andersson model [4]). The two quantum dots are separated by a tunneling barrier.
The agent (demon) is making measurement into the DQD system and providing
feedback accordingly. The DQD is coupled to two electron reservoirs L and R
with chemical potentials ;7 and p g respectively. The agent transports the elec-
tron from lower to higher chemical potential through measurement and feedback.
Schematics of the idealized classical protocol for the DQD Maxwell’s demon
(AA model) and the encoding of the protocol in feedback variables (D1, D5).
The figure in the left shows the steps of the ideal feedback protocol of the AA
model. The figure on the right shows the encoding of the protocol in the feed-
back variables (D;, Dy). The red dots represent the eigenvalues of Al and Ag as
(€W, ¢?) corresponding to state of the DQD that feedback regions represent and
the arrows show the desired direction of cycle of the control parameters. . . . . .
Detector is lagging behind the quantum state. The figure above shows the evo-
lution of the feedback variable and instantaneous expectation value of the ob-
servable A;. The figure below plots the evolution of the feedback Hamiltonian.
Parameters: § = 1.0,I' = 0.1, ugr = 1.5, u, = —1.5,¢¢g = 0.0,¢, = 5.0,¢, =
—5.0, g = 25,7, = 10.0, \; = 1.0 and simulation time step t = 10~% . . . . . .
Suppression of interdot tunneling due to quantum Zeno effect. Parameters: § =
1.0,I'=0.1,ugr = 1.5, up = —1.5,¢9 = 0.0,¢, = 5.0,¢, = —5.0,9g = 0.1,v; =
10.0, A\; = 80.0 and simulation time step 6t = 10~% . . . . ... .. ... .. ..
Suppression of the interdot tunneling due to random shuffling of the feedback

Hamiltonain, Parameters: = 1.0, = 0.1,ug = 1.5,u;, = —1.5,¢g =
0.0,¢, = 5.0, = —5.0,9g = 0.1,7; = 10.0,A\; = 1.0, and simulation time
step 0t = 1074 . L L

Evolution of population (above) and the coherence (below) during interdot elec-
tron transfer. This figure illustrates the quantum nature of the interdot transport of
the electron. Parameters: 5 = 1.0,I' = 0.1, ugr = 1.5, u;, = —1.5,¢9 = 0.0, ¢, =
5.0, = —5.0,g = 0.1,7; = 1.0\; = 0.6 and simulation time step ¢t = 10~*

Evolution of population (above) and the coherence (below) during interdot elec-
tron transfer. This figure illustrates the classical jump like behavior of the inter-
dot transport of the electron. Parameters: § = 1.0,I' = 0.1,ugr = 1.5, u;, =
—1.5,¢9 = 0.0,¢, = 5.0,¢, = =5.0,9 = 0.1, = 1.0\; = 6.0 and simulation
timestep 0t = 1074 . . . . .

Two paradigms of Maxwell’s demon. The left figure depicts the AA model, a
feedback-controlled model. On the right we show the corresponding memory-
tape model or information ratchet. In both cases, heat from a thermal reservoir is
converted to work, either through measurement and feedback, or through interac-
tion with an information reservoir. We explore a strategy to convert a feedback-
controlled model to a memory-tape model. The figure is taken from Ref. [2]. . . .
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5.2

5.3

54

55

5.6

5.7

5.8

6.1

States of the double quantum dot system = = (A, o) and the protocol (C4) for
the AA model. Feedback steps (changes in ), i.e, steps (b), (d) and (f)) are shown
using double arrows, and electron jumps (changes in o, i.e, steps (a), (c) and(e))
are shown using single arrow. The figure is taken from Ref. [2] . . . . . . . . ..
Reduced network G, = (Vy, E). Energies of the states in V are shown to the
right of the network. Edges shown in red correspond to the feedback steps of the
original AA model, and involve the flipping of the bit in the memory-tape model.
The edges shown in blue correspond to the transitions where the electron hops
into (out of) the DQD from (to) an electron reservoir and the dotted arrows show
the corresponding energy exchange. The figure is taken from Ref. [2] . . . . . . .
Full network G; = (Vy, E,) showing all 18 states of the combined DQD and bit.
The full network Gy is obtained from Fig. 5.3 by accounting for the bit-coupling
in G,. The states in the full network are given by Vy, = V, x B and the edges
follow directly from the edges of the network G,., and the mapping of the edges is
described in the Sec. 5.2.3.1. Equation (5.6) governs the dynamics of the variable
y = (A, 0,b) in this network. The figure is taken from Ref. [2] . . ... ... ..
Plots of AS/5 and W when (a) 0 is varied at fixed ug = 1.5 and py, = 0, and
(b) BAp is varied by changing up at fixed p, = 0 and 6 = 0.002. In both
cases we set 3 = 1, r = e !, ¢ = 0, and we take the limit 7 — oo. In
both plots we see that AS > SW is satisfied. The regions corresponding to the
information engine (AS > 0, W > 0), Landauer eraser (AS < 0,W < 0) and
dud (AS > 0,W < 0) are shaded green, red and white respectively. The figure
istaken from Ref. [2] . . . . . . . . oo
Analytically obtained phase diagram when 7 — oco. In the green region the
system operates as an information engine (AS > 0, W > 0) and in the red region
it acts as a Landauer eraser. The critical parameter values 6*, ¢’ and —¢’ are shown
as function of SAu with Ay = pugr — pr with g, = 0. We have taken ¢ = 0,
= 1andr = e ! here. The figure is taken fromRef. [2] . . . . . ... ... ..
Numerically obtained phase diagrams for different values of the interaction time,
7 = 0.2, 2, 20 and 200. For finite 7, the final distribution of the memory-tape
(") depends on the initial distribution (), but this dependence vanishes in the
limit 7 — oo. With increasing 7, the phase diagram approaches the one shown in
Fig. 5.6. We have fixed r = e~!, 3 = 1, ¢, = 0. The figure is taken from Ref. [2] .
Work and entropy production in (a) the Landauer eraser mode and (b) the infor-
mation engine mode. Semi-analytical results and stochastic simulation results are
compared. AS,, and W, represent the change in single symbol entropy of the nth
bit and average extracted work in the nth interval. For all the simulations, we
have taken 3 = 1, r = e~ ! and ¢, = 0. Errors are calculated with the bootstrap
method. The figure is taken from Ref. [2] . . . . .. ... ... ... ... ...

Evolution of the energy shell Sg = {#'|j = 1,.., M} t0 S, = {8Y)]j =1, .., M}
for A = 14, 7 = 1 and adiabatic energy £ = 50. We have taken M = 1000
here. The points in S are microcanonically distributed, i.e., uniformly spaced in
in the angle variables Géj ) from 0 to 2. The evolution under A rr 1s done using a
symplectic integrator of fourth-order with time step 6t = 1076, . . . . . ... ..
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Angle variable map 6y = @gﬂo] (6;), corresponding to the energy shell evolution
shown in Fig. 6.1. 0; is the initial angle coordinate and ¢; is the final angle

coordinate. The angle map @gﬂo] has been constructed from the points (Géj ), 99 ))

which are also plotted with the color representing the initial location Géj ). The
identity map 0y = 0; is also shown using the dotted line. Since 0; = @gﬂo](ei)
does not intersect ¢y = 0;, there is no fixed point under the evolution of the map
@gﬂo](éi) for the parameters A = 14, By =50. . . . . . . .. ... ... ....
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Evolution of the energy shells. Parameters are same as Fig. 6.1 except with A = 18.169

Angle variable map 0; = @%ﬁflﬂ] (6;), corresponding to the energy shell evolution

shown in Fig. 6.3. Here, 0; = ©7.1, ,(0;) intersects 0; = 0; at two points: (6, 6,)
and (0,,0,). Thus there are two fixed points under the evolution of the map
O {1, (0:) for the parameters A = 18, Ey = 50. Here we have [007.1,1(0a)| < 1
and |8@1T$ﬂ01(0r)| > 1, hence 6, (6,) is an attracting (repelling) or stable (unsta-
ble) fixed point of the map G;[Fh}' .........................
The Fig. 6.5a shows the transition probability matrix T and the Fig. 6.5b shows
the evolution of probability distribution P, = [Pj(nT)}]TZOM 1 under the tran-
sition probability matrix T'; for parameters A = 14,7 = 1.0 and energy shell
E = 50. We have created KX = 100 bins and the index j = 0, .., K — 1 is used
for the label of the bins. The starting distribution for the evolution is taken as the
uniform P;(0) = (1/K). The evolved distribution P, = T" P, are plotted. The
stationary distribution P, has been calculated by solving TP, =P,. .......
The Fig. 6.6a shows the transition probability matrix T and the Fig. 6.6b shows
the evolution of probability distribution B, = [P;(nT)]j_0, s, under the tran-
sition probability matrix T'; for parameters A = 18,7 = 1.0 and energy shell
E = 50. We have created K = 100 bins and the index j = 0, .., K — 1 is used
for the label of the bins. The starting distribution for the evolution is taken as the
uniform P;(0) = (1/K). The evolved distribution P, = T"P, are plotted. The
stationary distribution P, has been calculated by solving TP, = P,. The station-
ary distribution P, = [0j5+]7=0.. k1> Where jx is the index for the bin containing
the attractive fixed point 6,. . . . . . . . ... ... .
Eigenvalues {s;};—1 x of T is shown for the case with no fixed point E; =
50, A = 14. The Perron-Frobenius eigenvalue spr = 1 is highlighted with a
red circle. Total K = 100 eigenvalues are plotted. The observed number of
eigenvalues in the plot appear less than K due to degeneracy and near degeneracy
of eigenvalues. Eigenvalues with |s;| ~ 1 correspond to the metastable modes of
the dynamics thattake. . . . . . . .. .. ..o Lo L
Eigenvalues {si}izl,__7 i of T is shown for the case with fixed points Fy = 50, A =
18. The Perron-Frobenius eigenvalue spr = 1 is highlighted with a red circle.
Total K = 100 eigenvalues are plotted. The observed number of eigenvalues in
the plot appear less than K due to degeneracy and near degeneracy of eigenval-
ues. Absence of eigenvalues with |s;| ~ 1 implies that the dynamics relaxes to
the stationary state quickly. Eigenvalues are real indicating absence of the cyclic
modes in the dynamics. . . . . . . .. ..o
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Chapter 1: Introduction and background

1.1 Chapter overview

Sec. 1.2 presents a historical overview of Maxwell’s demon and the field of information
thermodynamics. Sec. 1.3 presents the organization of the thesis, summary of theoretical tools

and a thematic overview of the thesis. Sec. 1.4 summarizes the remaining chapters.

1.2 Historical overview of Maxwell’s demon

1.2.1 Maxwell’s thought experiment and Szilard’s engine

In a thought experiment described in 1867, Maxwell presented the idea that the second
law of thermodynamics can be violated by manipulating a system at the microscopic level. This
thought experiment involves a gas of molecules in a rigid, closed container with adiabatic walls.
This gas starts in thermal equilibrium. There is a partition in the middle of the container, which
splits the system into subsystems A and B as shown in Figure 1.1. The partition contains a
trapdoor that allows only one molecule to pass from one side to another at a given time. Now
we imagine that there exists a small intelligent being who is able to observe the motion of each
molecule and provide feedback control on the trapdoor based on its observations. This intelligent

being, or “demon”, observes the molecules that are going to hit the trapdoor in the each of the
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Figure 1.1: A schematic depiction of the original Maxwell’s demon thought experiment. Initially
both subsystems A and B are in thermal equilibrium. The demon creates a temperature difference
between the subsystem by observing the system and providing feedback accordingly.

subsystems and controls the trapdoor based on the following rules:

(i) if a molecule of subsystem A approaches the trapdoor then it will be allowed to pass to
subsystem B only if its kinetic energy is higher than the average kinetic energy of the molecules
of subsystem B at that instant of time.

(i1) If a molecule of subsystem B approaches the trapdoor then it will be allowed to pass to
subsystem A only if its kinetic is lower than the average kinetic of the molecules of the subsystem
A at that instant of time.

If the demon implements these rules, then with time the average kinetic energy of molecules in

subsystem A decreases and the average kinetic energy of molecules in subsystem B increases.



Thus, even though we started in a situation where subsystems A and B had the same temperature,
due to the microscopic manipulation of the system by the demon, subsystem A will have lower
temperature than that of subsystem B after some time. In other words the demon has driven the
system from a state with a uniform temperature to a state with a temperature difference without
doing any work, which is a violation of the second law of thermodynamics.

A number of different versions of Maxwell’s demon have been introduced since Maxwell’s
thought experiment [5]. Among these, an important model is the “Szilard engine” presented
by Leo Szilard in 1929, which is relatively simple to analyse and highlights a deep connection
between information processing and thermodynamics [6]. In this engine, the system is a single-
molecule gas in a container with pistons on both ends (see Fig. 1.2). A thin partition can be
inserted frictionlessly in the middle of the container, The process begins without the partition,
and the container is placed in contact with a heat bath with temperature 7. Then the partition is
inserted into the container. Now a “demon” measures the location of the molecule with respect to
the partition, i.e. whether it is to the left or to the right of the partition. The demon then slides the
piston that is opposite the location of the particle to the partition and attaches a frictionless pulley
system where a small mass is lifted when the piston moves towards its original location. For
example, the mass is lifted when the piston moves towards the right if the molecule was located
on the left side of the partition as can be seen in Fig. 1.2. The partition is removed to allow the
single molecule gas to expand. Whenever the molecule hits the piston, it transfers some of its
kinetic energy to the piston and this energy in turn gets converted to potential energy of the mass
that is being lifted against gravity. Thus the system performs work by lifting the mass. The loss
in the kinetic energy of the molecule is compensated as it absorbs heat from the bath throughout

the process. If the lifting of the mass and the motion of the piston happens quasi-statically, then
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(b) Protocol of Szilard’s engine

Figure 1.2: The figure above shows a schematic depiction of the Szilard’s engine and the figure
below shows its operation protocol. Depending on the result of the measurement the demon
provides two different feedback protocols to extract work out of the system.



the maximum amount of work is extracted from the system. When the piston hits the other side
of the wall, the system gets restored to its initial state completing the cycle. In this cycle, if
performed quasi-statically the heat from a single thermal reservoir is converted to work without
any loss. Thus like Maxwell’s original thought experiment, this model also exhibits a seemingly
violation of the second law of thermodynamics.

In both Maxwell’s and Szilard’s thought experiments the information gathered by measure-
ment is what allows the demon seemingly to violate the 2nd Law. In Szilard’s engine, the link
is particularly clear. By measuring whether the molecule is located to the left or the right of the
partition, the demon gathers 1 bit of information (equivalent to answering a yes/no question). The
demon uses this information to push the piston and attach the pulley accordingly in such a way
that work is extracted work over the cycle. Thus heat is converted to work by acquiring 1 bit of

information about the system per cycle, and the amount of heat that gets converted to work is

Vi d
Wext = kBT/ 7‘/
vi (1.1)
= kBTln2

where kp is the Boltzmann’s constant, 7" is the temperature of the heat bath, %(Vf) 18 the ini-
tial(final) volume of the container with V; = 2V;. This calculation of the work is done using the
ideal gas formula for the single molecule gas. See Ref. [7] for a discussion on Szilard engine
with an ensemble picture. Experimental realizations of Szilard engines have also been performed

using single electrons, confirming the extraction of k37" In 2 of work for 1 bit of information [8].



1.2.2 Landauer’s principle and Bennett’s exorcism

In this section we discuss Landauer’s principle, which connects information processing
with thermodynamics. Landauer’s principle can be summarised as follows: any logically ir-
reversible step in a computational process must be associated with with dissipation of heat
[91[10][11]. The idea of logical irreversibility for an operation implies that it is impossible to
reconstruct the logical state of the input from just the logical state of the output, thus the inverse
of the operation does not exist. For example, consider a bit erasure operation that always converts
the input bit to 0. The output bit 0 can be obtained from two inputs {0, 1} and thus the inverse of
this operation does not exist. This is an example of a many-to-one mapping. Information about
the input is destroyed in these operations.

The memory device on which computation is performed is a physical object and on a classi-
cal level it is governed by Hamilton’s equations of motion, under the assumption that the external
environment and the memory device together form an isolated system. A many-to-one mapping
for the logical state of the memory device is always associated with the contraction of phase
space volume of the device. From Liouville’s theorem, we know that phase space volume is con-
served for the entire system under Hamiltonian dynamics. Thus, contraction in phase space in the
memory device must be compensated by the increase of the phase space volume in the external
environment. When an erasure operation takes place, both the phase space volume corresponding
to 0 and 1 state is contracted to a single state (say 0) in the memory device which means the phase
space volume in the memory device is contracted to the half of its original volume ( I'y). For an
isolated system the phase space volume is directly proportional to the available microstates of the

system. Thus reduction of the phase space volume is associated with the reduction of the entropy



in the system. This phase space volume contraction in the system or the entropy reduction in the
system is compensated in the external environment as dissipation of heat at least of the amount
kgT In %}2 = kg1 In2. Here we have assumed that the external environment is a heat bath at
temperature 7. The value kg7 In 2 is the minimum amount of heat that needs to be dissipated
for the erasure of 1 bit of information. It has been argued that even though erasure is a logically
irreversible operation, it can be done in thermodynamically reversible fashion with arbitrarily low
dissipation for the execution of the protocol [12]. There have been a number of recent experi-
mental studies on the verification of Landauer’s principle, such as those of in Refs. [13, 14].
Charles Bennett used Landauer’s principle to propose an explanation of Szilard engine
[12]. The key idea is that the demon should be considered as a physical device and we need
to take account of the demon’s memory state, along with the states of the single molecule gas.
Imagine the demon has a memory storage where it can store the information about the relative
location of the gas molecule in the container with respect to the partition. The memory register
of the demon can take up three distinct states. It has a state .S which is the default state of the
memory register and two other states L and R correspond to the relative location of the gas
molecule (left and right) with respect to the partition. Now let us reinspect the Szilard’s engine
while accounting for the changes in the memory states of the demon. At the start of the cycle the
demon is in state .S, and the gas molecule can be on either the A or B side of the container with
equal probability. Hence the initial statistical state of the composite system (gas molecule and
demon’s memory) can be described by saying that the system can be in the state AS or the state
B.S with equal probability. The protocol for the operation of Szilard engine and the change in
the demon’s memory is schematically depicted in the Fig. 1.3. Now the partition is inserted, and

the demon measures about the location of the gas molecule. If the molecule is on the left side of
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Figure 1.3: A schematic depiction of Bennett’s analysis of the operation cycle of Szilard’s engine
with the memory register. Possible combined states of the engine and demon memory are shown
in the table in the right upper corner. The first letter of the two letter description of the state
denotes the state of the particle in gas container { A, B} and the second letter shows the state of
the demon memory {5, L, R}. The state of the register in each step is shown in a circle above
the container pictures. The description of the statistical state of the overall system is depicted
by shading state diagrams. Shaded boxes correspond to the possible state of the overall system.
Note that another additional erasure step is required to take the full system to its initial condition.



the partition then the demon’s register switches to state L and if the molecule is on the right side
of the partition then the demon’s register switches to state R, thus this act of observation leads to
two mutually exclusive outcomes AL and BR. This switching of the memory state based on the
state of the gas is an example of information copying (the memory state of the demon becomes
correlated with the state of the system). It can be shown that copying operations can be done in
a reversible manner with arbitrarily small energy cost [12]. Now depending on the outcome, the
proper protocol is followed to insert and push the piston to extract work from the system (see
Fig. 1.2). After the work extraction is done and the partition is reinserted again, the particle can
be on either side of the partition and thus both A and B states equally likely. Clearly, after this
step, both for the left-side protocol and right-side protocol the gas and is back to its initial state
where A and B has equal probability. However, if we look into the composite system then we
see the overall system has not returned to its initial statistical state. Now, for the case of left-
side protocol the demon memory is in the state L and for the case of right side protocol the the
demon memory is in the state R whereas in the initial state of the memory was state S. In this
configuration the demon is retaining the memory of the result of the measurement operation, and
to reset the memory to the original state state S this information needs to be erased, which is a
logically irreversible operation. Thus, to restore the overall system to its initial state, the memory
of the register is set to .S both for the left side protocol and right side protocol and this erasure
operation is associated with the dissipation of minimum A7’ In 2 amount of heat in the reservoir.
Once we take account of this heat exchange associated with the erasure step, this heat exchange
can compensate for the decrease in entropy associated with the conversion of heat to work. Thus
overall the second law of thermodynamics is not violated when we consider the effect of the

information processing inside the demon.
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Figure 1.4: A schematic diagram of information engine that illustrates how empty information
reservoir can act as a thermodynamic resource. Here the system extracts heat from a bath and
directly converts it work, at the cost of randomizing the information reservoir which is depicted
as a memory tape.

1.2.3 Information as a thermodynamic resource

This idea of taking the memory of the demon into consideration automatically leads to the
idea of an information reservoir. Instead of doing the reset of the memory of the demon in the last
step of the cycle we could have replaced the memory register of the demon with a new register
which is initialized at S. This way the state of the composite system of demon and gas container
is back to its initial state without dissipation of heat for the erasure process, but we end up with
an additional memory register that contains information about the result of the observation step
(the register is in the L or R state). Clearly, if we do this we are able to complete the cycle at the

cost of randomizing the memory register from S to L or R, that is by writing information to the
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register.

Now we consider a similar situation where we have a memory tape containing /V bits (two
state memory register) with every bit initialized at the blank state 0, then we will be able to run the
cycle N times at the cost of randomizing the memory tape by writing down the data to it. Clearly
like a heat or work reservoir (mass-pulley) this memory tape is also acting as a thermodynamic
resource where randomizing the tape allows us to convert heat directly to work from a single
thermal reservoir. Such memory tapes are examples of an information reservoir [15, 16]. The
empty information reservoir is a thermodynamic resource, which can be used to rectify thermal
fluctuations from a heat bath to work, at the cost of randomization of information reservoir. This
randomization of the information reservoir corresponds to the recording of information about

system (see Fig. 1.4 for a schematic diagram of an information engine).

1.2.4 A physical picture of information reservoirs

So far we have used this information reservoir in an abstract sense, but as pointed out in
the discussion about Landauer’s principle the memory register (or the memory tape) is a physical
memory storage device. In this section, we clarify the connection between logical state of the in-
formation reservoir and the microscopic state of the underlying physical device, using a classical
Hamiltonian approach following Ref. [17]. We consider the case where the information reservoir
consists of /V bits and is connected to a thermal bath. We model the information reservoir as a
many-particle classical system containing K particles. The exact description of the positions and
momentum of all particles together represent classical microstate (1)) of the information reser-

voir. This microstate 1) can be described as single point in the 6 X' dimensional phase space. We
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assume that for the time scale under consideration, the ergodicity of the phase space of the reser-
voir is broken and it is split up into 2V separate ergodic regions. Thermal transitions between
these ergodic regions are almost negligible in the considered time scale due to large free-energy
barriers. Each of these ergodic region corresponds to a logical state or informational state (o) of
the reservoir and can be described by a sequence of bits (e.g. 0110...00100) containing one of the
possible 2V combinations of N bits. We can construct a function 6 : {1/} — {c} that partitions
the whole phase space into different regions corresponding to different logical states. The logical
states of the information reservoir acts as the information bearing degrees of freedom (IBD) [18]
which are relevant for the information processing. Under each logical state there are multiple
microstates {1} that corresponding to the non-information bearing degrees of freedom (NBD)
which are not directly relevant for the information processing. The Hamiltonian for the isolated
reservoir is Hiyo(1). We assume that under constrained thermal equilibrium with the heat bath,
the information reservoir exists in the logical state . We define the constrained equilibrium

distribution of the microstates (¢/) under this logical state (o) as

e_ﬁHinfo (1/1)

p*i(¥)o) = 50,&(¢)Z— (1.2)

where § = kBLT and Z, is a normalization constant defined by [ di p*4(¢|o) = 1. The Shannon

entropy S corresponding to a phase space distribution ¢(1)) is defined as

Slg) = - / &y $() In $(1)) (1.3)
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(Note that we have used natural logarithm in Eq. (1.3) for convenience instead of more common
logarithm of base 2). Using these definitions, we write down the expression for the equilibrium
entropy of the distribution of the microstates conditioned on the the logical state of the informa-

tion reservoir as

$E—/wwwmmwwm. (1.4)

Similarly we write down the average equilibrium energy as

@MWﬁ—/wwwmmmw. (L.5)

We assume that (i) the NBDs of the information reservoir reach their constrained thermal equi-
librium p*4(1)|o) very rapidly compared to the time scales of our interest over which any change

in o takes place, and (ii) the average energy and entropy corresponding to all the possible logical

eq
o!

states of the reservoir are equal when at thermal equilibrium, i.e., (Hiup (1)) = (Hingo (1))
and S¢4 = S/ for any ¢ and ¢’. The assumption (i) implies that for all practical purposes the
NBDs of the information reservoir always remain in thermal equilibrium when connected to an
additional system of interest. If the additional system of interest takes the information reservoir
from one logical state to the another, the equality of average energy criteria in assumption (ii)
implies the change in logical state of the information reservoir does not have any energetic cost.
The equality of the entropy of each logical state in the assumption (i) leads to the conclusion that
under any transformation of the IBDs the entropy change due to the NBDs can be neglected.

At any time ¢ the full statistical description of microscopic state of the reservoir is given by

p:(1)) and it can be related to the conditional distribution of microstates under given logical states
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as pi(v) = >, pi(o)pi(¢|o) where p,(o) is distribution of the logical states of the reservoir and
p:(1|o) is the conditional distribution of ¢ given microstate ¢. Using this relation and assump-
tions (i) and (i) , it is possible to show that at any time ¢, the total entropy of the information

reservoir Syg(t) = — [ dypi(¢) In p; (1)) can be split into two parts
S]R(t) = S]BD(t) + Zﬁt<0)8§q, (1.6)

where Sipp(t) = — >, pi(o)Inp(o) (see Ref. [17] for details). Here S;pp is the Shannon
entropy associated with the logical states (o). The other part of the contribution to the entropy
comes from the conditional distribution of the microstates given the logical state of the reser-
voir. As we have assumed the conditional distribution of the microstates given the logical state
thermalizes very rapidly and S{% = S7/}, we see that the change in the Shannon entropy of the in-
formation reservoir for a protocol comes almost exclusively from the information bearing degrees

of freedom, and in this limit we have
AS[R:AS]BD. (17)

Thus, the change in Shannon entropy of the distribution of logical states of the information reser-
voir is equal to the change in Shannon entropy of the memory storage device. This justifies the

abstraction of a physical memory-storage device as a memory tape (information reservoir).
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1.2.5 Autonomous and non-autonomous models of Maxwell’s demons

In Maxwell’s original thought experiment and the Szilard engine, an external agent (the
demon) makes measurements on the system and provides feedback accordingly, to seemingly
violate the second law of thermodynamics. In these models we exclude the details of physical
nature of the agent from our consideration and only focus on the system that is being manipulated.
These models of the Maxwell’s demon fall into the paradigm of non-autonomous demons.

Alternatively, one can ask whether it is possible to replace the agent with a purely mechan-
ical contraption or a physical gadget that is programmed to apply a control protocol to rectify
thermal fluctuation to extractable work. We call this paradigm the autonomous demon [18].
Smoluchowski’s trapdoor [19, 20, 21] and Feynman’s ratchet-and-pawl [22, 23] are attempts to
design such autonomous gadgets for the rectification of the thermal fluctuations to work. How-
ever, a close inspection on these models shows that they cannot cause a violation of the second
law. For example, Feynman in his ratchet-and-pawl analysis showed that if both the thermal
baths are set at the same temperature the ratchet-pawl contraption will also be affected by ther-
mal fluctuations making it ineffective for rectification of heat to work [22]. Current consensus
in the scientific community is that such mechanical feedback control system by itself cannot op-
erate so as to convert heat directly to work without any dissipation. However, from Bennett’s
analysis, we can see that it may be possible to construct an autonomous systems that can convert
heat to work without dissipation but only with the inclusion of an information reservoir in the
model. Bennett argued that it is possible to convert heat from a single thermal reservoir directly
to work using a mechanical device in a cyclic process, but the decrease in entropy due to this

process must be compensated by randomizing the logical states of information reservoir which
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initially existed in a low entropy state [12]. The construction of such a device is based on the idea
of the physical nature of the information as suggested by Landauer [10]. Thus we can think of
an autonomous version of Maxwell’s demon where a device and an information reservoir are in
contact with a heat bath, and the device extracts heat from the heat bath and converts it directly
to work in a cyclic process, while writing information about its physical states in the information
reservoir. We will refer this class of autonomous Maxwell’s demons as memory tape models or
information ratchets as they convert heat to work at the cost of writing information to a memory
storage device. (see Fig. 1.4)

A stochastic model of such an autonomous Maxwell’s demon was proposed by Mandal and
Jarzynski (MJ) [15]. The MJ model involves a system which has three states with equal energy,
a pulley system with a mass, and a sliding memory tape containing N bits. The entire setup is
immersed at a heat bath. The information reservoir, the pulley system and the system are coupled
to each other in such a way that each bit of the memory tape interacts with the system for a fixed
amount of time and then it is replaced with the next bit in the memory tape. It was shown that
for proper sets of parameters this system can extract heat from the thermal reservoir to raise the

mass against gravity in the pulley at the cost of writing information to the memory tape.

1.2.6 Information thermodynamics - a transdisciplinary field

Models similar to the MJ model have been developed for both classical and quantum sys-
tems [16, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. The computational and
information-theoretic aspects of memory tape autonomous demons have also been explored in

Refs. [39, 40, 41, 42, 43, 44, 45, 46, 47]. Over the last three decades, the field of stochastic
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thermodynamics [48, 49] has emerged as a key area of research in the mesoscopic physics where
fluctuations are prevalent. Investigations of models of Maxwell’s demons have led to a better un-
derstanding of the connection between information theory and statistical physics and discovery
of several fluctuation relations concerning feedback-controlled systems [49, 50, 51, 52, 53, 54,
55, 56, 57, 58]. These studies now have emerged as sub-field of information thermodynamics and
also have lead to several experiments [5, 48, 59]. The design and implementation of these models
of Maxwell’s demons or information engines also require efficient engineering of mesoscopic
systems which connects information thermodynamics to the fields of nanotechnology, chemistry,

control systems and quantum technology. [60, 61, 62, 63, 64].

1.3 Organization and thematic overview of the thesis

1.3.1 From feedback-controlled systems to non-feedback systems

A key theme of this thesis is the investigation of the time evolution of the statistical state
of a system when some form of control is applied to it. The chapters in the thesis are arranged
such that we start our discussion with closed-loop or feedback-controlled systems and progress
towards open-loop or non-feedback systems [62]. Chapters 2, 3 and 4 deal with closed-loop
systems where we have an agent performing measurement-based feedback control on the system
(non-autonomous demon) with the relevant theory presented in Chapter 2 and example toy mod-
els in Chapters 3 and 4 . In Chapter 5 we take the feedback-controlled model (non-autonomous
demon) from Chapter 4 and convert it to a non-feedback model (autonomous demon) that can
achieve the same behavior as the feedback-controlled model. Unlike previous chapters related

to Maxwell’s demons, in Chapter 6 we discuss an open-loop (non-feedback) control system that
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is related to the field of shortcuts to adiabaticity [65]. In Chapter 7 we conclude the thesis by

presenting future research directions.

1.3.2 Information as fuel in a double quantum dot

A large part of this thesis is related to the “Information as Fuel” (IaF) collaborative project
where the goal is to implement an electronic model of Maxwell’s demon [4] in a double quantum
dot (DQD) system [66]. Chapter 2 discusses the theory of continuous monitoring and feedback
control that is required for investigation of the models of feedback-controlled Maxwell’s demons
and also presents the multiple-timescale perturbation (MTSP) analysis for studying separation
of timescales in such systems. Chapter 3 discusses a relatively simple toy model of feedback-
control demon and shows how MTSP analysis can be used for analyzing such systems. Chapter 4
introduces a quantum version of the DQD Maxwell’s demon and presents trajectory simulations
of the model. Chapter 5 is an independent spin-off from the original goal of the IaF project
where I use the same DQD Maxwell’s demon [4] but investigate it in the context of information
ratchets to study the connection between non-autonomous and autonomous paradigms of the
Maxwell’s demon, and discuss the accounting of consumption of information resources required
for such a model. Chapter 6 contains independent research work that is not related to the IaF
collaboration but explores ideas related to non-feedback control of a driven system to achieve

quasistatic behavior.

18



1.3.3 Modelling frameworks and theoretical tools

We explore various toy models throughout the thesis which are investigated using a vari-
ety theoretical tools and modelling frameworks. Here I give a brief summary of the modelling
frameworks and theoretical tools used in each of the chapters. Chapter 2 presents the theory
for non-autonomous feedback control [61, 62] primarily using a framework in which both the
system of interest and the control parameter evolve under classical diffusive dynamics [48, 67].
Later in the same chapter, the cases of open quantum systems dynamics [63, 64] and discrete
state stochastic dynamics [48] of the system are discussed. In Chapter 3, the dynamics of the toy
model system are modelled with the framework of classical discrete-state stochastic processes
and the control parameter dynamics are modelled with a classical diffusive process. This chapter
focuses on the application of the master equation framework for such processes. Chapter 4 deals
with a system that is modelled within the framework of open quantum systems and the control
parameter is modelled with classical diffusive dynamics. Instead of using a master equation ap-
proach, this chapter explores a simulation-based approach [68] to investigate the properties of
the system under consideration. In Chapter 5 the framework of classical discrete-state stochastic
process is used to model the system and tools from network theory of master equations [69] and
stochastic thermodynamics are used to analyze it. In Chapter 6 we investigate a toy model of
classical periodically driven asymmetric double well system. The framework of this chapter is
based on classical Hamiltonian mechanics [70, 71] of one degree of freedom system, and we
additionally use tools from chaos theory, ergodic theory and dynamical systems theory [72, 73]

to analyze this model.
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1.4 Summary of chapters

The Chapters 2, 3 and 4 of this thesis correspond to works done in collaboration and the
Chapters 5 and 6 correspond to works done independently by the author. Refs. [74, 75, 76] also
deal with topics similar to the Chapters 2, 3 and 4 of this thesis.

Chapter 2: The key publication relevant to this chapter is Ref. [1]. The modelling frame-
work for continuously monitored feedback controlled system is introduced in this chapter. This
chapter contains a pedagogical review of the continuous measurement framework that is required
to study non-autonomous models of Maxwell’s demon. Then, a master equation [1] formal-
ism is discussed for studying continuously monitored feedback-controlled system. The master
equation formalism is presented for feedback controlled classical diffusive systems extending of
the original Quantum Fokker-Planck Master Equation (QFPME) [1] to classical diffusive sys-
tems. The multiple-timescale perturbation (MTSP) analysis for time scale separation is also
presented for the classical diffusive feedback-controlled systems following the Fock-Liouville
space based MTSP analysis of QFPME from Ref. [1]. Finally a comparison of the results for the
classical diffusive system with the cases for quantum and discrete state stochastic systems is pre-
sented. Hence, this chapter presents a unified framework for modelling continuously monitored
feedback-controlled classical, quantum and stochastic systems.

Chapter 3: The key publication relevant to this chapter is also Ref. [1]. In this chapter the
formalism introduced in the previous chapter is used to study a toy model of information engine.
This toy model was discussed as an example of the application of QFPME, and two different
analysis methods were presented in Ref. [1]. In this chapter we discuss one of those methods, the

MTSP based analysis, in detail.
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Chapter 4: The key publication relevant to this chapter is Ref. [3]. This chapter discusses
the quantum version of the classical nonatonomous model of DQD Maxwell’s demon [4] fol-
lowing Ref. [3]. In Ref. [3], the model was analyzed based on both the master equation and
trajectory simulation methods of which we only discuss the trajectory simulation based approach
in this chapter. The chapter presents the theoretical details of modelling of the quantum version
of the demon and presents methods of implementation details of the simulations. Simulation
results from Ref. [3] are presented in this chapter to discuss different qualitative behavior of the
demon and the emergence of classical model from the quantum model.

Chapter 5: The key publication relevant to this chapter is Ref. [2]. In this chapter we discuss
a simple strategy for constructing an information ratchet or memory-tape model of Maxwell’s
demon from a feedback-controlled model. Here, we illustrate our approach by converting the
feedback-controlled double quantum dot model [4] (the classical version of the model discussed
in the previous chapter) to a memory-tape model. We use the underlying network structure of
the original model to design a set of bit interaction rules for the information ratchet. The new
model is solved analytically in the limit of long interaction times. For finite-time interactions,
semi-analytical phase diagrams of operational modes are obtained. Stochastic simulations are
presented to support the theoretical results. This chapter is directly adapted from Ref. [2].

Chapter 6: The results of this chapter are yet to be published. In this chapter the theory of
flow-field based fast-forward shortcuts to adiabaticity [77] is extended to classical periodically
driven (Floquet) Hamiltonian systems of one degree of freedom. Relevant background theory
relating to the shortcuts to adiabaticity in classical system is presented at the beginning of the
chapter. Then we discuss how the dynamical map for periodic evolution of the angle variable on
the preserved energy shell can be constructed. We analyze a toy model of an asymmetric driven
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double well and show a bifurcation phenomenon in the angle variable map. We also discuss the
transfer operator theory to show how the probability distribution of the angle variable evolves in

the periodic driving using the toy model under consideration.
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Chapter 2:  Unified perspective on non-autonomous feedback performed on con-

tinuously measured systems

This chapter is based primarily on work done in collaboration with Bjorn Annby-Andersson,
Pharnam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and
Patrick P. Potts, which has been published in the article “Quantum Fokker-Planck Master Equa-
tion for Continuous Feedback Control” [1]. Guilherme De Sousa and I together worked on the
Fock-Liouville space based multiple-timescale perturbation (MTSP) analysis of master equation
to calculate the first-order corrections to the separation of time scales approximation in Ref. [1].
In this chapter we present the theory of continuous measurement and feedback formalism, the
master equation and MTSP analysis from Ref. [1] in the framework of classical diffusive dy-
namics. Then we compare the classical diffusive case to the quantum and discrete stochastic

counterparts.

2.1 Chapter overview

This chapter develops a theory that describes how the statistical state of a continuously
monitored feedback-controlled system evolves in time. Sec. 2.2 of the chapter reviews classi-
cal measurement theory and the theory of continuous measurements following Refs. [61, 78].

In Sec. 2.3, the feedback-control master equation for classical diffusive and deterministic flow is
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derived following the steps of the original derivation of the Quantum Fokker-Planck Master Equa-
tion (QFPME) [1, 74, 75]. Sec. 2.4 discusses multiple-timescale perturbation (MTSP) analysis
of feedback-lag for the obtained master equation, in the context of the separation of timescales.
Then the relation to linear response theory is explored. In Sec. 2.5, we compare the feedback-
control master equation for the diffusive flow, and its perturbation limits, with their analogues for
quantum and discrete-state stochastic systems.

In summary, this chapter presents a pedagogical discussion of continuous measurement and
feedback-controlled dynamics, extending the results of Ref. [1] to classical continuous-degree-of-
freedom systems, and a comparative analysis with the quantum and stochastic jump counterparts
to illustrate the generality of the formalism across different types of systems. The results from
this chapter will be used in Chapters 3 and 4 for analyzing model problems in the context of

non-autonomous feedback control and Maxwell’s demons.

2.2  Review of classical continuous measurement formalism

The classical measurement process in the engineering and data assimilation literature is
often described by the name state based filtering or probabilistic state space models, and in
mathematics as nonlinear stochastic filtering theory. Here we present a simplified version of the
key ideas of this theory following Refs. [61, 62, 79, 80], and by drawing classical analogues of

quantum weak measurement theory discussed in Ref. [74, 75, 78].
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2.2.1 Evolution without measurement

First we discuss a situation in which a system evolves without being measured by an ex-
ternal agent. With this discussion, we also introduce the distinction between a system’s physical
and statistical states.

We consider a classical one dimensional system whose physical state is described by a
continuous variable X at time ¢. The dynamics of this state variable X can be a deterministic
flow or a Markovian diffusive process, and can be described by an ordinary differential equation
or a Langevin equation (stochastic differential equation), respectively. If we consider an ensemble
of trajectories generated under these dynamics, then the probability density of the state variable
at time ¢ is given by p(X, ¢), which is normalized as [ dX p(X,t) = 1. The master equation for

the time evolution p(X, ) is

Op(X, 1)

o = Lx p(X.1). 2.1)

Here, Ly is a linear operator that acts on the probability density p(X,¢). The subscript X in Lx
implies that the operator acts on functions of variable X. For example, if the dynamics of the

physical state X are given by an Ornstein—Uhlenbeck process,

X =—aX +& (£(1) =0, (£(0)&(t)) = 2A6(t), (2.2)

then the corresponding master equation for the evolution of p(X, ) is

Op(Xt) _ OXp(X,t) |\ Pp(X.0)

ot 0X 0X? 23)

25



In this case the operator Ly is

. 2.4
ox T CToxe .
We also consider a time-dependent master equation where the linear operator £ x (D(t)) explicitly

depends on a time-dependent parameter D(t):

L) _ £ (D) p(X 1) 2.5)
First, we consider the case where D(t) represents a predetermined control protocol. Later we will
discuss how D(t) to can be related to measurement outcomes to create a measurement-based,
feedback-controlled system.

To avoid the ambiguity with the physical state of the system X, we will use the term
statistical state to refer to the probability distribution that captures our knowledge of the system.
Suppose we start with a prior guess about the initial condition of the physical state X of our
system. This guess or knowledge about the physical state is captured by the a distribution function
po(X), from which, we assume, the initial condition X has been sampled. This distribution
function po(X) is the initial statistical state of the system. Using py(X) as the initial condition,
one can obtain the distribution at time ¢ as p(X, t) by solving Eq. (2.5).

If exact knowledge about the initial system state, say X = X att = 0 is known, then the
initial statistical state is given as po(X) = §(X — Xj). Now the system evolves from 0 < ¢t < 7.
We assume that the evolution happens without any measurement on the system. However, it is

possible to make a guess about the final state of the system at time ¢ = 7, since the statistical state
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p(X, t) has evolved deterministically under the master Eq. (2.5). The final distribution under this

evolution is formally given as
p(X,7) = T{eld “xPOI5(X — X)) 2.6)

where 7T signifies time ordering in the integral. Similar arguments hold if there is uncertainty in
the knowledge of initial state of the system. For any general initial statistical state py(X ), the

final statistical state of the system is

(X, 7) = T{els #exP®) gy (X)), 2.7)

2.2.2 Evolution with a single purely Bayesian measurement

Now we introduce a single measurement to the setup discussed above. We imagine that an
external agent makes an instantaneous measurement of an observable O(X) of the system’s state
at time ¢/, where 0 < ¢’ < 7. The initial statistical state of the system is py(X) and let it evolve

without measurement from ¢t = 0 to ¢t = ¢'. The statistical state of the system at ¢ = ¢’ is
p(X,t) = T{elo #x(PW) 5 x 0)} (2.8)

Suppose the agent obtains the measurement of O(.X) outcome z, for the instantaneous measure-
ment at time t = t’. We emphasize that the measurement process here has no back-action, i.e.,
the measurement process does not perturb the system state X. In this case the measurement is

a purely Bayesian measurement [61], and the post-measurement statistical state of the system
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at time ¢ is given by the conditional distribution p(X,t|z;) if the agent keeps a record of the
measurement outcome zy. The post-measurement statistical state p(X,t'|z;) is related to the

pre-measurement statistical state p(X, ') by Bayes’ theorem:

/ / (2w ]| X X7 t'
PN 2) = M, X, )] = e 29)

Here py (2| X) is the distribution function of the measurement outcome zy given the system state
is X at time ¢’. We refer to the distribution function p, (2| X) as the measurement model. The
denominator in Eq. (2.9) is the probability distribution of obtaining the outcome zy att = t/, when
all possible system configurations are considered. We write the denominator as the distribution
function py (zy), which can be understood as the expectation value of the the measurement model
pv(zv| X') when the system state X is sampled from the distribution p(X, ¢'). Hence, we can write
it as

Pt’(zt’) = /prt/(Zt/|X)p(X, t/) = <pt’(zt’|X)>p(X,t/) (210)

In Eq. (2.9), we have introduced the functional transformation M, to describe the measurement
operation on the statistical state p(X,¢'). Note that this transformation or Bayesian measurement
map [79] given by M., is non-linear due to the normalization term py/ (zy) in the denominator.
After the measurement, the statistical state of the system evolves again under the dynamics
generated by £x (D(t)) from time ¢ = ¢’ to t = 7. The final statistical state of the system is

p(X, 7|2p) = T{el? #Ex PO p(X #|2)}
2.11)

_ T{efi dtfx(D(t))/\/lzt, [T{efot, dtﬁX(D(t))p(X, 0)}”
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The final statistical state p(X, 7|zy) generally differs from the final state p(X,7) in Eq. (2.7)
when the system evolves without any measurement. The evolution of the statistical state with-
out any measurement (Eq. (2.7)) is completely deterministic, but the measurement operation in
Eq. (2.11) introduces stochasticity in the evolution of the statistical state through the measure-
ment outcome 2. In this case, for every realization of the experiment the final statistical state

p(X, T|zy) depends on the stochastic quantity zy.

2.2.3 Evolution with repeated frequent measurements

Now we consider similar dynamics governed by the master equation (2.5); but in contrast
to the single measurement scenario we imagine a repeated measurement process. We discretize
the time interval ¢ = 0 to ¢ = 7 into N small time intervals of duration 6t; thus Ndét = 7. We
assume the instantaneous measurement operations take place in a repetitive fashion after every
Jt interval starting from ¢ = 0 to the final one at ¢ = (N — 1)ot. We describe this series of
measurements by the measurement outcomes {2}, = {20, 21, 22, - - . , 2v_1} and correspond-
ing measurement maps { M., fj:’ol, where 2, is the outcome of the measurement performed at
trx = kot. We now introduce the notion of the measurement trajectory as the ordered sequence
F,(f) = (20,21, 22, - -, 2k—1, 2x) Which denotes the outcomes obtained up to time ¢ = kdt in a
particular realization of the experiment. Between measurements the dynamics are governed by
the master equation (2.5). Due to the time-dependent nature of the operator £y (D(t)), the evo-
lution operators in different time intervals ot generally differ from each other. Therefore, we also
discretize the control protocol D(t) as the ordered sequence F,&D) = (Do, Dy, ..., Dg_1, Dg).

Using the sequence F,(CD) we can write the sequence of operators {£ x(Dy) 11y to capture the
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time-dependent nature of the dynamics of Eq. (2.5). Using these notations we describe the time

evolution of the statistical state with repeated measurements as the ordered chain of operations:

p(X, T|F§\Z,)_1) = MEXDN-D A, o e‘stﬁX(DN*Q)MZN%o ...... e‘StEAX(Dl)/\/lzlo eétﬁX(DO)MZO [po(X)].

ZN—1

(2.12)
We use the notation o to represent functional composition since the measurement maps are non-
linear transformations, in contrast to exponentiated operators which are linear. The iterative state
evolution in Eq. (2.12) is discussed below in detail.

In the evolution sequence given by Eq. (2.12), at any intermediate time ¢ = ¢, with k > 1,

we describe the (pre-measurement) statistical state of the system as
p(X, TP, = DExPedpg, oL SEXDINL o DEXDIN [po(X)]  (2.13)

The post measurement statistical state at t = ¢, is given as p(X, tx |z, ng)l) = p(X, tk|1“l(f)) and
it is obtained from the pre-measurement state p(X, tk]F,i'?l) by the Bayesian update map M., ,

following the definition from Eq. (2.9) as

p(X 1) = Mo, [p(X, 00|

:CWWMm&
i (2l T,)

(2.14)

>) o1,

Here, ,075:1) (2| X, ngzzl) is the measurement model at time ¢ = ¢, and the normalization factor is

pgf)(zkll“,(:_)l) = [dX ptzn)(zk]X T )p(X, 1T ). The post-measurement state then evolves

30



under the master equation (2.5) from ¢ = ¢ to ¢ = ¢, to the state

IO(X7 tk+1 ’F](:)) = €6t£X (Dk)p<X7 tklrl(j))
(2.15)

_ e&tﬁx(Dk)MZk p(X, tk!F,(f_)l)] .

Eq. (2.15) is an iterative functional equation that takes the statistical state of the system p(X, tk\Fff_)l)
to p( X, triq |F,(:)) due to the instantaneous measurement at ¢ = ¢; and then evolution for ¢t = 7,
to t = tr41. With Eq. (2.15) the initial state po(X) is evolved to the final state p(X, T’F%ll)
which is conditioned on the measurement record FS\?)_I.

This discretization scheme mentioned above leads to a trajectory of measurement outcomes
F%ll for every realization. Following classical and quantum measurement theory Refs. [52, 55,

74,78, 80, 81, 82], we introduce the notion of a path integral that corresponds to a sum over all

possible measurement outcome trajectories as,

/p[rgm :://---//dzN_ldzN_l...dzldzo, (2.16)

which will be useful later. Now we define the distribution function of the measurement trajecto-

ries,
N
P [H pi, |Fk 1 ] pg;n)( 0); (2.17)

where, pgom)(zo) = [dX pgn)(zo\X )po(X), and pg(’?)(zo]X ) corresponds to the measurement

model at ¢ = ¢y. The average over all possible measurement trajectories is then given as

%)) == / DI PG ) (), (2.18)
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which we use later to derive the master equation.

2.2.4 Gaussian measurement model and continuous measurement equation

Next we specify our measurement model by choosing the form of the function pg") (zx] X, F}gzzl).
We consider that the agent is monitoring an observable O(.X) which is a function of the physical
state X . We also assume that the observable does not change with time. Now we introduce a
measurement rate or measurement strength A that captures how close z; was to the observable
O(X) at time ¢t = t;. A higher (lower) value of A\djt implies more accurate (inaccurate) mea-
surement. In the limit A — oo with a finite §t, we expect 2z, — O(X). We further assume
that the measurement model at time ¢ = ¢, is independent of previous measurement outcomes:
pikm) (21| X, F,(i)l) = pﬁkm) (2| X). With these considerations, we choose a Gaussian measurement
model [61, 80] in spirit of the Gaussian Kraus operators [78] for the quantum weak measurement

model. For any ¢ = ¢, this measurement model is
pi (2| X) = N Ham000r (2.19)

where, N = \/W This measurement model implies the signal generated from the mea-
suring device follows a Gaussian distribution centered around O(X') and has a spread that is
controlled by A\dt. For a fixed value of ), if we decrease the value of 4t the spread of this distri-
bution increases. From this we can write,

P (| T,) = / X P (24| X)p(X, 1T )
(2.20)

- N / dX e =0 5 x 1 D))
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We perform a change in the measure of integration and write

o (@) = N / d0 e 5(0, 1, |132) (2.21)
where the distribution p(O, tk|F,(f_)1) and p(X, tk\Fgf_)l) are related by

405(0.6J02,) = [ AX6(0 ~ 0(X)p(X. tIT(,) (222)

The variable O should not be confused with the function O(X). If 6t is small enough, then
the spread of the distribution A/ e~221(z:=0)” js much wider than the spread of the distribution
p(O, tk|F§f_)1) in the variable O. Thus, p(O, tk\Fff_)l) can be approximated as a delta function

3(O — (O)g—1) located at the mean
()1 = / 10 0 5(0, 41,). (2.23)
With this approximation, we rewrite Eq. (2.21) as
P (2T m N exp [<2X8t (2, — (O)51)?] . (2.24)
Then the Bayesian update rule from Eq. (2.14) can be rewritten as

p(X, 1 T) = exp [<200t { (2 — O(X))? = (21 — (O)51)2}] p(X, t|T))). (2.25)
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Since zj, is sampled from a Gaussian distribution pl(t:%)(zk|F§€Zjl) in Eq. (2.24), it has the mean
E[z;]| = (O)y_1 and variance Var[z;] = 1/4\dt. We can make a transformation of variables and

introduce a new Gaussian random variable AW),:

AW,
Vot

= 2VA0t (2, — (O)r_1). (2.26)

Here AW}, is sampled from a Gaussian distribution with E[AW}] = 0 and variance E[AW}?]| =
dt. Since 4t is a small number we can approximate any realization of AT} by its mean as
AW? ~ E[AW}?] = 4t in the spirit of the Ito calculus [48, 78]. Using the expression of AW

from Eq. (2.26) in the expression for p( X, ¢y |F,(f)), and expanding the exponential terms, we get

p(X, D) = (14 2VAAWL(O(X) — (O)-1) — 2X6t({O) -1 — O(X))?) p(X, [T )
+ SAWZO(X) — (O V20X, 1T, + O(AT)

(2.27)

Since AW}? = 4t, the terms quadratic in AW}, become proportional to J¢ upon averaging. In
the limit 6¢ — 0 we treat the measurement as a continuous signal F,(:) = z(t), and we replace
(O)r—1 — (O); to denote its instantaneous value. Using Ito calculus, the limiting value of AW,
can be identified as the increment of Brownian motion or Wiener increment dW (t) when dt — 0.
The Wiener increment dTV has the following properties: E[dW (t)] = 0 and dW?(¢) = dt where
dt is the infinitesimal differential version of 6t and, E[A(t)dW (¢)] = 0 for any A(¢). Thus, taking

the limit 6t — 0, we obtain the Ito stochastic differential equation (SDE)

dp(X,t]2(1)) = 2V AW (1)(O(X) = (O)e)p(X, t]=(1)). (2.28)
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This equation in classical stochastic filtering theory literature known as the Kushner Equation or
Kushner—Stratonovich Equation [61, 62, 83] for continuous measurement.
When the measurement is followed by an evolution under the master equation, we use

Eq. (2.27) in Eq. (2.15), and expand the exponential to obtain,

pX tin [T)

= X P (X 14| T})

= {1 + 6tLx(Dy) + (9(5#)] (14 2VAAWL(O(X) — (O))_1) — 2A3t({O)_1 — O(X))?) p(X, 1T )
+ %MAW,E 1+ 6t£x(Dy) + O(1)] (O(X) ~ (O} Pp(X. 1T, + O(AT).

(2.29)

In the limit 6¢ — 0 limit the equation above reduces to the following stochastic partial differential

equation (SPDE):
dp(X,t|z(t)) = dtﬁX(D(t))p(X, t|z(t)) + 2\/XdW(O(X) —(O))p(X,t|z(t)) (2.30)

which is a variation of the Kushner equation (2.28) with a deterministic part. This equation in
context of quantum mechanics is known as the Belavkin equation [61, 78], and here we will refer
to Eq. (2.30)as the classical Belavkin equation by analogy with the quantum case. Note that
Eq. (2.30) is a nonlinear-SPDE for p( X, t|z(t)) as the average (O); depends on the statistical
state p(X,t|z(t)) as (O); = [dXO(X)p(X,t|z(t)). However the non-linearity is attached to
the stochastic part of Eq. (2.30).

We have derived Eq. (2.28) and Eq. (2.30) following analogies with quantum weak mea-
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surement theory [74, 78]. For simplicity we have kept our discussion limited to the case where
the physical state of the system X, the observable O(X) and the control parameter D(t) are
all scalar quantities. The generalization of Eq. (2.28) and Eq. (2.30) to the multivariate case is
possible [61, 62]. A special case of Eq. (2.30) is also of interest: when the operator £(D(t))
corresponds to linear diffusion or Ornstein—Uhlenbeck (OU) process, we obtain the equation for

the Kalman-Bucy filter [62].

2.3 Master equation for continuously monitored feedback-controlled diffusive

flows

In this section, we derive a master equation for continuously monitored, feedback-controlled
diffusive systems as an extension of the QFPME to classical diffusive and deterministic processes.
The derivation shown here follows the same steps as the derivation of the QFPME for quantum

systems given in Ref. [1, 74].

2.3.1 Filtering equation for the measurement signal

So far we have considered the case where the control protocol D(t) (or equivalently Fg\],j))
was predetermined. To introduce the feedback control in our model we now make the value of
the control parameter D(t) at time ¢ = ¢’ functionally dependent on the past measurement signal
up to that time instant z(¢), 0 < ¢t < ¢’ . In the discrete case we write it as Dy, = Dj, [F,(f)].
This also implies that the trajectory of the control parameter F,ED) is a function of the trajectory of

measurement signal F,(f), 1.e. F;CD) = F,(CD) [Fgf)]. The choice of this functional relation between

Dy, and Fl(f) defines a filtering process that converts the measurement signal from the detector
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to a feedback control protocol. For our model, we chose the filtering to be a low-pass filter

(exponential smoothing) over the measurement trajectory:
k
Dy = Dy[TP) = yote 1=t (2.31)
=0
For the continuous case this relation is written as

t
D(t) = / dsye™7=) 2(s) (2.32)

—0o0

This signal filtering protocol mimics a detector with a finite bandwidth [1, 61, 74] where the
control protocol is a smoothed version of the measurement signal. In Egs. (2.31) and (2.32), we
have introduced the signal filtering rate (or bandwidth) v, which controls weighting coefficients
for the averaging of the measurement signal. A large value of v implies the filtering kernel dies
out quickly and does not go back much in the past trajectory; and hence the control parameter Dy,
will be very close to the state of the current measurement signal output 2. As a result the noise
from the measurement signal will affect the feedback signal more and feedback will be noisy.
In contrast, a small value of v implies that the filtering kernel takes account of the long past of
the measurement trajectory. In this case the control parameter D will move slowly compared
to the measurement signal variable z; and thus the feedback signal will be lagging behind the
measurement signal but will be relatively smoother.

Notice that the current control parameter Dj, can be calculated from the state of the control

parameter at the previous time instant (D;_;) and the current measurement outcome 2. This can
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be seen by rewriting the Eq. (2.31) as

k—1
Dy, = otz + Z 75156’7(’“”')5%
i=0 (2.33)

= otz + e %Dy,

Now by replacing z;, with AW}, from Eq. (2.26) and expanding e~7%* in a Taylor series we get,

v 2
Dy — D1 =0t ({O)r_1 — Dy_1) + ——=AWr + O(6t°). 2.34
k k-1 = Y0t ((O) -1 k—1) )\ 2 (0t7) (2.34)

Taking the limit 6t — 0, and treating D(¢) as a continuous signal, we obtain the stochastic

differential equation (SDE)

dD(t) = v ({0), — D(t)) dt + %dW(t) (2.35)

From Eq. (2.35) we see that the control parameter evolves under an Ornstein—Uhlenbeck process

similar to an overdamped Brownian particle under a time-dependent quadratic potential centered

2.3.2  Derivation of master equation

Using the path averaging introduced in Eq. (2.18), we define a joint distribution

p(X,D,ty) = E [p(X, tITE )8(D 0] — D)) . (2.36)
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This definition can be understood as an average of the function p(.X, ¢ |F,(€Z21) over the distribution
of measurement trajectories up to time ¢ = t;, with a constraint that only the measurement
trajectories that result in the feedback variable D(t;) = Dy at time ¢ = t; contribute to the

average. For the continuous case we denote this joint distribution as

(2.37)

E |p(X, t|2(t))3(D[=(t)] - D)]

where we have defined g(D[z(t)], X, D, t) = p(X,t|2(t))d(D[z(t)] — D). Notice that the depen-
dence of ¢(D[z(t)], X, D,t) on z(t) is implicit and is encoded by the two functions D(t)[z(t)]
and p(X, t|z(t)). We already know the stochastic differential equations (SDE) for the evolution of
these quantities from Eq. (2.30) and Eq. (2.35). From now on we will denote g(D[z(t)]; X, D, t)
as g; D(t)[z(t)] as D; and p(X, t|z(t)) as p for conciseness.

We now follow the standard method of derivation of a Fokker-Planck equation from a SDE
[61]. To obtain a stochastic differential equation for the evolution of g = pd(D — f)) we first
need to obtain the SDE for the evolution of §(D — D) Using Ito’s Lemma on Eq. (2.35), we can

write down a SDE of (D — D) for a fixed D as

oD 2 \2v/\ oD?

+dw (2;}) [85(1;5 D)] |

D

45(D = D)l = dt 7 (0} - D) [—a‘s(D‘m] cad () [825@—15)]
P b 2.38)

Now to obtain the SDE for g (for a fixed D, we omit the subscripts from now on) we have

dg=6(D — D)dp+pdé(D — D)+dd(D — D) dp (2.39)
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Using the expression for do(D — D) from Eq. (2.38), the expression for dp from Eq. (2.30), and
dW (t)* = dt, we write,

- d6(D — D 29%5(D — D
dg =t |8(D ~ D)Ex(D)p +7(0(x) ~ 0) P2 =D, LIND D)

pl+dW () [...]

(2.40)
where we have collected the terms proportional to d¢ and dWW (¢) separately. We have omitted the
details of the terms proportional to dW¥ () for conciseness here since eventually they will vanish.

We now use some properties of delta functions on the terms that are proportional to d¢. For the

first term, using 6(x — a) f(z) = 6(z — a) f(a), we get

(2.41)
— Lx(D) [5(D = D)p| = £x(D)g
For the second term we use 0(z — a)f(z) = é(x — a)f(a) and % = —%;y) to get the
following simplification:
d6(D — D) d6(D — D)
X)—D = — X)— —
1000 - 0) 2By - 000 - ) =2,
0 - .
= —y— — — 2.42
1o [(O(X) D) 5(D D)p} (2.42)
9 3
=755 (0X) = D) 4]
For the third term, using 82‘3;’; ) — 6258(;2_ Y we get
7* 9*(D - D) _ 7_2325(1{— D) 4 d%y 2.43)

s\ oD> T 3x ap2 T shope
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Thus we can rewrite Eq. (2.40) as

dg = dt [Lx(D)g - fya% [(O(X) - D) g} + ——N} +dAW () [...] (2.44)

Now we take average over all measurement trajectories (note that E[dWW(...)] = 0), and then

dE[g]

defining % =g

we get the final result:

= Lx(D)p(X,D,t) + vi [(D - O(X)> p(X, flt)] + gj%

(2.45)

For convenience we define the Ornstein-Uhlenbeck operator of D with O(X) as a parameter as

FolX)e) =75 (D~ 000) )] + 2 240

= |Lx(D)+ Fp(X)| p(X, D,t) (2.47)

This equation can be interpreted as follows. p(X, D, t) describes evolving statistical state of an
ensemble of physical system state X and the control parameter D, which is being calculated
by measuring the observable O(X) and then filtering the measurement outcomes by Eq. (2.32).
The operator L X(D) generates the dynamics of X, which depend on the control parameter D.
The operator F 7(X) generates the dynamics of the control parameter D, which depends on the
the evolution of the state variable X through the measurements of the observable O(X). This

equation (Eq. (2.47)) is Markovian and deterministic in comparison to the Classical Belavkin
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equation (Eq. (2.30)), which is non-Markovian [since it has an explicit dependence on the past
trajectory z(¢)] and stochastic. Reducing a non-Markovian equation to a Markovian equation by

adding filtering and averaging is an example of Markovian embedding of the dynamics.

2.3.3 Effective coupled Langevin equations for the system-detector dynamics

From Eq. (2.45) we can write down Langevin equations that would generate the given
Fokker-Planck Eq. (2.45). Suppose X obeys a Langevin equation with a term F'(.X, D) and a
noise term 7)x () where 7x (t), is white noise with the properties, (1(t)) = 0 and (nx (0)nx(t)) =
2Ad(t). The associated Fokker-Planck dynamics of X are given by £y (D), with D as the control

parameter. Then we consider a coupled Langevin dynamics of X and D:

X = F(X,D) +nx(t) (2.48)

D = 7(O(X) = D) + np(t) (2.49)

() = 0, (np(0)np(t)) = 8(¢) (2.50)

These coupled Langevin equations will generate a dynamics that correspond to the joint system-
controller master equation (2.45). These Langevin equations can be directly simulated to gener-
ate the statistical properties of the feedback-controlled system without explicitly simulating the

underlying measurement and filtering processes.

42



2.4  Separation of timescales using multiple-timescale perturbation (MTSP) ap-

proach

2.4.1 General formal solution

In this section we present a multiple-timescale perturbation (MTSP) analysis [1, 72, 84,

85, 86] of the detector and system dynamics, when the detector dynamics are fast. We start with

the feedback control master equation Eq. (2.45) and introduce two natural timescales - for the

system dynamics, (1/T'(z)), and for the control parameter dynamics, (1/). Now introduce a

scaled Ornstein—Uhlenbeck (OU) operator
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Next we introduce the two time scales 7; and 7» in the spirit of multiple-timescale perturbation

(MTSP) analysis and rewrite Eq. (2.52) as
5(X)| p(X, D, 1y, 7) (2.54)

where we have replaced p(X, D, t) with its two-time analogue /(X D, 7., 7). If we replace
t = 171 = em, in Eq. (2.54) we recover the original problem given in Eq. (2.52). Now we

substitute the two-timed perturbation series:

o0
/

p(X.D,m,7) =Y (X, D, 71, 7) (2.55)
k'=0

in Eq. (2.54), multiply both sides by € and then collect terms in every power of € to get a chain of

perturbation equations. For ¢” we get

9 - N
( ffa(X)) po(X,D, 11, m) =0, (2.56)

o

for which we have the following formal solution:
ﬁo(X,D,Tl,TQ) = 672ﬁD(X)ﬁ0(X,D,7'1,0). (257)
For any €* with k > 1 we have

0 - - .
(_ - ‘F-D(X)) ﬁk’(X7D77—1a7—2) = - (_ - 'CX(D)> ﬁk‘—l(X)DaTlaTQ)) (258)
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for which the formal solution can be written as,

(X, D, 71, m) = e X5 (X, D, 7,0) — / dse(™=9)Fp(X) {i —£X<D)} Pre1(X, D, 71, )
0

~ 7—2 T D
="M 5 (X, D,71,0) — / dze*”p0) {_ N ﬁX(D)] pr-1(X, D, 71,732 — 2).
0

(2.59)

Setting 75 = (71 /€) in Egs. (2.57) and (2.59) gives us the regular perturbation solutions to the
original problem Eq. (2.47). Replacing 7 = (71/¢€) in Egs. (2.57) and (2.59) and taking the
strong separation of the timescale limits ¢ — 0, 7 — oo with finite 7; = €75, may lead to secular
or divergent behavior. We seek to avoid this problem by the MTSP method.

Next we simplify our analysis by assuming that we are only interested in the dynamics
happening at the slow timescales. To do this we use the spectral properties of the the operator

F5(X). It can be shown that given a value of X, for the OU operator F (X)), there is an unique

normalized stationary distribution

I(D|X) = \/gexp [—@(D —0(X))?|. (2.60)

Thus, the null-space ker (.7:" A(X )) of the operator F. »(X) is spanned only by one function

H(f)|X ). We define the null-space projection operator 75]:-D (x) as

Py () = TUDIX) [ ab () @6)
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and the projection operator outside of the null-space is defined as
QﬁD(X) =1- Pﬁb(x)v (2.62)

where 1 is the identity operator. From the spectral properties of F 75(X), it can also be shown
that any arbitrary starting distribution P,(X, D) gets projected to ker ( Fo(X )) in the long-time
limit under the dynamics of Fj(X), i.e,

lim 728 Py(X, D) = Pz ) Ro(X, D) (2.63)

S5—00

Now, under a strong separation of timescales we have a finite ¢ < 1, a finite 7y, and
Ty = (11/€) > 7. Thus, 75 can be approximated as 72 — oo while keeping 7 finite and

independent of 7. Now we take the limit 7, — 0o on the both sides of Egs. (2.57) and (2.59) to

get
pO(X7D7Tl) :H(Dlx)fO(X7T1)7 (264)
X, D.) = NP AN, ) =t [™ o0 | = £(D)] s (X D
T2 —>00 0 Tl
(2.65)
where the functions py, (X, D, ) and fi.(X, ) are defined for any k& > 0 as
pr(X, D7) = lim (X, D,71,7), (2.66)

T2—00
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SO
fe(X,m) = mél—%@e 2P X5 (X, D, m,0)

1 ~ ~
= —— P 5(X,D,1,0).

(2.67)

Notice that the limit in the second term on the r.h.s. of Eq. (2.65) diverges if the integral has any
term linear in 7. To avoid this divergent (secular) behavior, we impose the condition that the

source term of Eq. (2.58) must be outside of the ker <]:" H(X )) Hence impose the condition,

. 9 . -\ 5
P]}D(X) |:_ (8_7_1 _‘CX(D)) pk1<X7D77—177-2):| :()7 (268)
which implies
/df) (a% - ﬁx(f?)) pre-1(X, D, 1y, 7) = 0. (2.69)
1

With the condition above the secular terms in Eq. (2.65), arising due to the null space component

of the source term are avoided. Hence we can rewrite Eq. (2.65) using the condition Eq. (2.68) as

T2

. _ 0 A o . -1 .
pe(X, D, 1) =1(D|X) fe(X,71)— 21_131 dze fD(X)QfD(X) {— — EX(D)} Pr—1(X, D, 1, Ta—2)
T o0 0
(2.70)
Since all the eigenvalues of the operator F 7 outside the null-space are negative [67], we assume

that any transient generated by the source term almost instantly decays and can be neglected.

With this assumption we rewrite the Eq. (2.70) as

where we have introduced the pseudo-inverse or Drazin inverse [63, 87] of the operator F »(X)
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as

Fp(Xx) =~ /0 dz e oMz 2.72)

Notice that in this equation the first term on the r.h.s. of Eq. (2.71) is completely inside the
ker (]:" H(X )) and the second term of the r.h.s. of Eq. (2.71) is completely outside of ker <f H(X )) .

Thus, for any k£ > 0, we have,

(X, ) = / dDpr(X, D7) (2.73)

If we write the slow-time scale solution under separation of time scale as

o0

p(XabaTl) :Zekpk(X7D77—1)a (274)

k=0

then the fi(X,t)’s are null-space projection weights of the operator F(X) for the order of the

perturbation expansion:

~ ~ ~

P}ZD(X)p(X, D,m) = A]T‘D(X) Z ekpk(X, D, )
F=0 (2.75)

o0

=TI(D|X) > " fi(X, 7)

k=0
From this equation, we define the overall null-space projection factor of p(X, D, T1) as

oo

FXom) =) X n) (2.76)

k=0

Notice that f(X, 1) is the marginal distribution of the system variable X at the slow time-scale
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71, under the separation of timescales limit:

f(X, 1) = /d[)p(x, D,m)

2.77)

To determine the complete expression of p, (X, D, t) at any order (k) with k& > 1, we must solve

for fi(X, ) and the complete expression of the perturbation correction in the previous order,

pr-1(X, D, 7). To determine f,(X,7), we use the expression for pj(X, D, t), (containing an

unknown fj (X, 7)) in the secularity removal condition (Eq. (2.68)) in the next order (k + 1):

Thus for any I1(D|X) we have,

0 -

/dD L}—ﬁ - ﬁX(D)} pe(X, D, 1) =0

Now substituting the expression of p (X, D, 71) from Eq. (2.65), we get

which can be written as

ULEn) ([ apesDmnix)) fx.m

- / dD Lx (D) (ﬁg(X) L% — r;X(D)} pe1(X, D,ﬁ)> =0
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2.4.2 Oth and 1st order terms

Next we show the explicit calculation for the Oth and 1st order terms in the perturbation

expansion. Using Eq. (2.64) in Eq. (2.79) we get the equation for fy(X, 1) as

dfo(X, 1)
87'1

= LL fo(X,m), (2.82)
LY = / dDLx(D)II(D|X). (2.83)

Eq. (2.82) can be solved for some given initial condition f,(X, 0) to obtain fo(X, 7).

Now setting £ = 1 in Eq. (2.81) and using the expression for py (X, D, T1), We obtain

PREED) 200 m) |- [ D £4(D) (F50X) | = £x(D)| TUDIX) (X)) =0
on D on
(2.84)
Since we have ]}g(X)H(D|X) = 0, we get the equation for f;(X, ) as:
0f1(X, N R
%171) = LY A(X, ) + L fo(X, 1) (2.85)
where
LY =— / dDLx(D)F(X)Lx(D)I(D|X), (2.86)

and ﬁg?) is given in Eq. (2.83). Given an initial condition f;(X,0), and the solution fy(X, )

obtained from Eq. (2.82) with the initial condition fo(X,7;), one can solve for fi(X, 1) in
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Eq. (2.84). Using fo(X, 7,) and fi(X, ) we write the expression of p; (X, D, 1) as

P1(X7D77'1) = H(D‘X)ﬁ(Xa ) — ]:"E(X)ﬁx(ﬁ)H(DTX)fo(X, 7). (2.87)

Since we are neglecting the transient dynamics, we choose an initial condition of the joint dy-

namics to be completely inside the null-space of the operator Fp, i.e. of the form:

p(X,D,0) = f(X,0)II(D|X) (2.88)

Now we have freedom of choice in how to distribute f(X,0) in different orders of perturbation.
It is often convenient to choose

fo(X,0) = f(X,0), (2.89)
fe(X,0)=0, k>1, (2.90)

such that the initial condition f(X,0) is completely captured in the Oth order term of the pertur-

bation.

2.4.3 Effective master equation for system state under fast feedback

Switching back to the original variable 7, — ¢, truncating the perturbation series in Eq. (2.76)

at order £ = 1 and using Eqgs. (2.82), (2.84) we obtain the evolution equation for f (] (X,t) =
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fo(X,t) +efi(X, 1), as

ol X, t R R )
% =L fo(X 1) + LD f1(X 1) + L fo(X, 1)
(2.91)

= LL V) + eLP V(X 1) — LY fi(X 1)
Thus replacing f(X,¢) by f(X,t) we obtain an equation that is correct up to the order O(¢) as

% — [22?) + eﬁgﬂ F(X, 1) +O) (2.92)

This equation gives us the evolution of the marginal distribution of the system variable under sep-
aration of timescales and can be solved for f(X,¢) given an initial condition f(X,0). From the
solution f(X,t), one can also obtain the joint system detector distribution under the separation

of timescales approximation:

p(X,D,t) = [1 - eﬁgﬁx([))] (D|X)f(X,t) + O(e). (2.93)

Finally, we point out that Eq. (2.92) can alternatively be derived using Nakazima-Zwanzig pro-

jection operator methods [1, 74].

2.4.4 Connection to linear response theory

The separation of timescales calculations shown above can be interpreted in terms of lin-
ear response theory. At leading order, the control parameter is in the equilibrium distribution
H(D|X ) when the state of the system is X. The operator 22?) can be then understood as an

averaged or mean field operator of the family of operators: {£x (D)} where the parameter D has
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been sampled from the distribution IT(D|X ). Thus we write,

~ ~

£ = [ 4D Lx(DIUDIX) = Lx(D)hniory .94
where (... ), signifies the ensemble average over a distribution ¢.

At first order in e, there is a small lag in the dynamics of the control parameter D. The
effect of the lag is to drive the controller distribution away from its stationary state (leading order
distribution). Hence we consider L X(D) as an observable (or parameterized operator) of D,
whose equilibrium average is given by ﬁ&?). At Oth order ﬁ&?) generates the dynamics of the
f(X,t). We see that ﬁﬁ? captures the response away from this equilibrium average ﬁ&?) due to
a small perturbation to the equilibrium distribution H(D|X ). We note that ﬁg? can be expressed

as,

ﬁg) — /dDﬁX(b)/ dz erf)(X)(] — Pfﬁ(x))ﬁ(b)H<D|X) (2.95)
0

which can be written as

ﬁ%)_/ dz /df)ﬁx(lN?)eZﬁf)(X)/jX(D)H(D’X)
0

- (2.96)
_ / d < / dDﬁX@)erD(X)H(DyX)) ( / dD’/fX(D’)H(D’|X))
0
This can be written as a linear response type relation
P L T (2.97)
X 0 Lx (D) )
where ijf?jg) (2) is the auto-correlation operator of £ (D) in the equilibrium distribution IT(D| X)
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(by analogy with auto-correlation function), i.e.,

to write

égi?g)(z) - <ﬁX(ﬁz)ﬁX(ﬁ0)>n(f)\X) - (ﬁg?))Q (2.99)

Similar to linear response theory, here we also see that in the presence of a small delay in feed-
back, the dynamics of the system is related to the auto-correlations of the operator £ X(f)) cal-

culated with the stationary control parameter distribution II(D|X) at the fast feedback limit (i.e.,

when there is no delay).

2.5 Comparison with feedback-control equation for quantum and discrete stochas-

tic systems

2.5.1 Comparison with quantum Fokker-Planck master equation (QFPME)

In this section we compare the discussion presented so far for the classical case with the
original quantum Fokker-Planck master equation of continuous feedback control [1, 74]. For a
single realization of the experiment, the statistical state of the quantum system at discretized time
ty is given by a conditional density matrix p%(;), where the superscript k implies the density

(2)

matrix is conditioned on the measurement record I';”; similar to Eq. (2.13) for the classical

case.. In analogy with the Bayesian update rule shown in Eq. (2.14), the update equation for the
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quantum state due to an instantaneous measurement operation at time ¢, is given by,

PETH () = M., [pE(t)]
— K (21) (1) K (21) (2.100)
Tef K () (1) K () |

Here, M, denotes a measurement operation that leads to outcome z;, and K (zy) are correspond-
ing Kraus operators [78, 88]. In contrast to the classical case, which we considered to be back
action free, we consider a general case here with the possibility of back action due to measure-
ment. In the Gaussian weak measurement model [78], for a Hermitian operator A = 3" |a)&,(al
corresponding to the observable of interest, the measurement Kraus operator is given as

K(2) = (%> e Mt(=—A)? (2.101)

™

The probability density function of obtaining the outcome zj, given previous measurement records

T s

pg:l) (’Zk|rl(gz_)1> = TI'{K(Z]Jﬁ?iIKT(Zk)}

A5t 3 (2.102)
:( ) > e PO alg T t)la)

™
a

This equation is the analogue of Eq. (2.21) that we have obtained for the classical case. Similar
to the Kushner Equation (Eq. (2.30)) in the classical case, one can derive the Belavkin equation

(see Refs. [1, 61, 74, 78] for the derivation) for the quantum case as

dpe(t) = dtL(D)pc(t) + AdtD[A]po(t) + dW (£)VA{A — (A)., p(1)} (2.103)

55



where {X,Y} = XY + Y X is the anti-commutator, (A), = Tr{/l,éc}, L(D) is the feedback-
controlled Lindbladian, and D[A] is a dissipator in the eigenbasis of the operator A. We note
that in Eq. (2.103), we have two terms that are proportional to d¢. The first term on the r.h.s. of
the equation generates the Markovian dynamics of the system due to the Lindbladian ﬁ(D), the
second term )\dtD[fl] p. generates decoherence in the basis of the observable A. Thus the second
term creates a back-action due to measurement in the quantum state p.. Note that for the classical
case with purely Bayesian measurements [61], the back-action term is absent in the Eq. (2.30).
Now using the filtering Eq. (2.32) in the Belavkin equation (Eq. (2.103)), and following the same

steps discussed for the classical case, one can obtain the Quantum Fokker Planck Master Equation

[1]:

aﬁg(tp) = L(D)pu(D) + ND[A]py(D) + Fu(D), (2.104)

where F is a superoperator form of the OU operator:

. o . -
Fp(D) = —3=={A= D, p(D)} + L-==p(D) (2.105)

and the object p(D) is the joint state of the system and the control parameter. From p(D) we

obtain the state of the quantum system by marginalizing over the control parameter D,

o= [ 4D (D) (2.106)

and the distribution of the control parameter D at any time instant ¢, can be obtained as

p(D) = Tr{ﬁ(f?)} (2.107)
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Similar to the classical case, we can also perform a multiple-timescale analysis for the quantum
problem. This analysis can be performed directly with density matrices and superoperators (see
[74]) or alternatively, we cast the master equation into the Fock-Liouville space where superoper-
ators become matrices and perform the analysis in that space (see [1]). Similar to the Eq. (2.92),
it is possible to obtain a Markovian master equation for the quantum state in the limit of separa-
tion of time-scales of the system dynamics and the controller dynamics. If the fastest time-scale
of the system and the measurement back action is given by (1/I"), then we define ¢ = (I'/7) and

get the Markovian master equation,
pr= (LY +eLW)p, (2.108)
where the superoperator L£© is defined as
LO)p, /dDE Zy T1(Dla, a'){a|pe|a’) (d| (2.109)
with I1(D|a, a') is defined similar to Eq. (2.60) as

2
II(D|a,d’) = Hi—f;exp [—% ([D - %) ] : (2.110)

The superoperator LD is defined as

LD p, = —/d[?ﬁ .7-"+£ Z\a (Dla,d’){a|p|a’)(d] (2.111)

aa’
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where the superoperator F = 5.7:" and

. e FA
F ——/0 dz e F (2.112)

2.5.2 Comparison with feedback-control master equation for classical discrete-
state stochastic dynamics

One can obtain the feedback control equation for a classical discrete state process as a spe-
cial case of the Quantum Fokker Planck Master Equation (Eq. (2.104)) when the dynamics of the
populations are uncoupled from the dynamics of the coherence (see the supplemental of Ref. [1]).
Alternatively, one can consider a classical, discrete-state, continuous-time Markov jump process
under feedback control and follow the steps used for the continuous case to derive a similar master
equation for the feedback control. In this case the statistical state of the system state and the con-
troller state is described by a probability distribution column vector P(D, t) = [P;(D, O N

where the probability distribution of the system state is obtained by marginalization
P(t) = / dDP(D,t) (2.113)
and the distribution of the controller state D is given by

p(D)=>_ PF(D,t) (2.114)

We consider a measurement of an observable O that gives the value O(i) = §; when the system

is in the state 7. If the system dynamics are governed by the rate matrix R(D), then the master
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equation reads

—P(D,t) = R(D)P(D,t) + FP(D,t) (2.115)

where F is a diagonal matrix of OU operators:

. J [~ v 9
=S lv— (D — & S 2.11
Fiy =y {vaD( §Z)+8A8D2] 2.116)

Now if the dynamics generated by R(D) are of the order (1/T), then the Markovian master

r

equation for P (t) up to the first order of € = > can be written as

%ﬁ(t) = (Ro + €Ry)P(t) (2.117)
where
Ry = / dDR(D)II(D) (2.118)

and II(D) is a diagonal matrix with elements defined as

~ [ 4N 4N [~ 2

The matrix R; is defined as

Ry = —/dDR(D)fHR(D)H(D) (2.120)
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Here the elements of the matrix F+ are defined as

Fr=—b; | dzeiQ. (2.121)

133

where F = = F.
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Chapter 3: A classical two-state toy model of feedback-controlled information

engine

This chapter is based on work done in collaboration with Bjorn Annby-Andersson, Phar-
nam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and Patrick
P. Potts, which has been published as “Quantum Fokker-Planck Master Equation for Continuous
Feedback Control” in Ref. [1]. Guilherme De Sousa and I worked together on the multiple-
timescale perturbation (MTSP) based analysis of the classical toy model of Ref. [1]. In this
chapter we analyze this model using classical stochastic modelling and MTSP methods and show
the results. This model can also be analyzed using full-counting statistics (FCS) methods as
shown in Ref. [1, 74]. At the end of this chapter, in Appendix 3.5, we relate the constants arising
in our MTSP calculation with those arising in the FCS method to show the equivalence of the

results.

3.1 Chapter overview

In this chapter, we discuss a simple toy model of a classical information engine, which
can be considered as a non-autonomous Maxwell’s demon and we use the methodologies de-
veloped in the last chapter to analyze the model when measurement error and feedback-delay

are present. A key purpose of this chapter is to illustrate an application of the feedback-control
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Figure 3.1: Schematic diagram of the classical two-state toy model of an information engine.
The two states are labeled as |0) and |1). The agent (demon) makes continuous measurements
(denoted by the magnifying glass in the figure) on the two-state system to learn whether the
system is in the state |0) or the state|1). The ground state and excited state energies of the system
are I, and E, with £, — E;, = A > 0. When the system absorbs heat ()i, = A from the
heat reservoir (depicted by the sun in the schematic diagram) to go to the excited state, the agent
instantly provides feedback (denoted by the trident) by switching the levels |0) (]1)) — |1) (]0)).
In this process the agent takes the system from excited state energy E, to the ground state energy
E, and extracts work W, = A, which is stored in a work reservoir (depicted by the battery in
the schematic diagram). After this, the demon repeats the process cyclically (see Fig. 3.2)
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master equation and perturbation results developed in the previous chapter.

Sec. 3.2 of this chapter discusses physical setup and modelling of the system. Then the ideal
protocol for the operation of the demon is explained. Next, we consider a feedback-resolved
model for the imperfect protocol in which measurement error and feedback-delay are present.
This imperfect demon is modeled using the framework presented in Chapter 2 for the classical
discrete-state stochastic system with continuous measurement and feedback.

In section 3.3, we analyze of the feedback-resolved model. We use the feedback control
master equation for a continuously monitored classical discrete state stochastic system (see 2.5.2)
and corresponding multiple time scale perturbation results to solve for the steady state probability
distributions of the feedback-resolved model. Then we coarse-grain the feedback-resolved model
to calculate the average steady state work extraction rate in the presence of measurement error and
feedback lag. We see that the system can act either as an information engine or as a dissipator
when measurement errors are present. Then we analyze two limiting scenarios of the model
corresponding to the cases of fast feedback with inaccurate measurement, and lagging feedback

with accurate measurement.

3.2 Physical setup and stochastic modelling

We consider a two-state system that is weakly coupled to a thermal bath at temperature
T (or at inverse temperature 5 = 1/kgT, with kp as Boltzmann’s constant). The system can
exchange heat from the thermal bath to go from the ground state to the excited state or vice-
versa. This system is continuously being monitored by an external agent (or demon). First we

consider an idealized feedback protocol, where the measurement process is accurate and there is
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no delay in the response to the measurement. In this protocol, the agent instantaneously changes
the energy level configuration of the two-state system, whenever the system absorbs heat from
the bath (see Fig. 3.1). When changing the energy level configuration, the agent takes the system
from the excited state to ground state and extracts work in the process. This protocol is repeated
in a cyclic fashion. Thus, in this cyclic protocol, the agent rectifies thermal fluctuations from
the heat bath and directly converts them to work using continuous measurement and feedback.
Hence, this protocol can be considered as a toy system of an information engine. Since we
have an explicit consideration of an external agent doing the measurement and feedback, this
setup represents a non-autonomous Maxwell’s demon. Such two-state information engines are
ubiquitous in the stochastic and information-thermodynamics literature and similar toy models

can also be found in Refs. [27, 89, 90].

3.2.1 Stochastic modelling

To create a stochastic model of the protocol, we assign labels |0) and |1) to the system’s
states (in the spirit of a quantum two-level model) and denote their energies by F, and FE re-
spectively. We also define the ground state and excited state energy of the system as £/, and F,
with E, — E;, = A > 0. The two possible energy level configurations (energy landscapes) of the
system are denoted as the ‘(—)’ configuration: (Ey, = E,, E; = E.) and the ‘(+)’ configuration:
(Ey = E,, Ey = E.) and we suggestively write them as the Hamiltonians H_ and I:Lr (see Fig.
3.2):

A~

H_ = E,|0){0] + E.[1)(1], 3.0
Hy = E|0)(0] + E,[1)(1]. (32)
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The demon makes measurements on the state of the system and then provides feedback by chang-
ing the energy landscape of the system. Hence both the state of the system and the energy level
configurations, are dynamical quantities. The complete description of the system is provided by
specifying the joint state of the system —the system state (|0) or |1)) and energy level configuration
(H_or f]+) together. Thus, there are four possible joint states of the system: (0, —), (0, +), (1, —)
and (1, +). Here the first entry of the tuple refers to the system state and the second entry to the
energy level configuration. For example, (0, —) implies the system is in state |0) and the energy
level configuration is given by the Hamiltonian H_. The energies corresponding to these joint
states are Eg ) = Ey, Eo ) = L., By = E,,and £ 1) = Ej,.

We assume the system is weakly coupled to a thermal bath of inverse temperature 3. For
thermodynamic consistency, the transitions between the states |0) <> |1) at any of the energy level
configurations (I:I _or H +) must follow local detailed balance. We denote the transition rate for
10) — [1) (]1) — |0)) under the energy level configuration H_ as Rgg) (R[()I)) and similarly for

the energy level configuration H, as R%)(Rgf{)) (see Fig. 3.2). Then the local detailed balance

relations are

R(*)
10 _ —B(Ba,—)=E@0,-) — ¢=B(Ee—Eg) _ 6—5A7 (3.3)
R\
01
R(+)
20 BB~ Eo) — omB(Bg—Ee) _ +PA (3.4)

Ry
Egs. (3.3) and (3.4) only define the ratios of the transition rates but do not completely specify
them. We model the thermal bath as a weakly coupled bosonic bath with which the two-state
system exchanges the quantum of energy A. The coupling constant of the system with the bath is

given as I, which defines the natural timescale (1/T") of the dynamics due to bath coupling. We
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denote the average number of bosons of energy A at inverse temperature 3 as

1

"B = A (3.5)

which is the Bose-Einstein distribution function. Now we fix the transition rates as
Ry, =T(ng + 1), Riy’ = Iny; (3.6)
R{P =Tng, R =T(ng+1). 3.7)

These rates satisfy the detailed balance relations presented in Egs. (3.3), (3.4).

3.2.2 Idealized feedback protocol

In the ideal protocol the agent (demon) continuously monitors state of the system by mak-

ing measurements in the basis of {|0), |1)} with the observable 6, = (—1)|0)(0] + (+1)[1)(1

)

which implies that an error-free measurement will give the outcome {, = —1 for the state |0),
and & = +1 for the state |1). Based on the measurement outcome, the agent provides feedback
by changing the energy level configuration of the two-state system. The protocol starts with the
system in state |0) and the energy level configuration in H_. Thus, the joint state of the system
is (0, —) (see Fig. 3.2) and the corresponding energy is Eo ) = E,. Now due to interaction
with the weakly coupled thermal bath, the system absorbs heat Qi(i) = A, and goes from |0) to
1) with the energy level configuration still at //_. After this transition, the system state is |1),
and the energy configuration is H_ ,ie., the joint state is (1, —) and the corresponding energy is

E,—y = E.. As soon as there is an excitation of the system (i.e., the measurement outcome of
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Figure 3.2: Stochastic model for the two state information engine. The graph G and the corre-
sponding joint states of the systems are shown here. Beside every every node of G the correspond-
ing physical system is depicted in the boxes. The desired behavior (information engine mode)
of the protocol corresponds to counter-clockwise cycle C in the network G shown above. The
transitions (0, —) <> (1,—) and (0,+) < (1,+) correspond to excitation and de-excitation of
the system due to interactions with the thermal reservoir (depicted by the sun). The correspond-
ing transition rates from Eqs. (3.4) and Eq. (3.3) are shown shown by the arrows between the
physical pictures of the joint states. The transitions (0, —) <> (0,+) and (1, —) <> (1,+) corre-
spond to feedback steps (denoted by the trident) and involves interaction with the work reservoir
(battery). For the feedback-resolved model, the feedback Hamiltonian H (D) from Eq. (3.8) is
represented here by showing the control parameter (1) below the corresponding joint states. The
grey colored states (1, —) and (0, +) show the situations when the control parameter D(t¢) (which
is a filtered form measurement signal z(¢)) fails to capture the actual state of the system, whereas
white colored states (0,—) and (1,+) are the situation when the actual state of the system is
captured by the control parameter D(t).
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0, changes from —1 to +1), the agent provides instantaneous feedback to switch the energy level
configuration from H_to H +. By doing this the demon extracts work We(it) = A, as the system
at the state |1) is taken from E. to E,. After the feedback step by the demon, the joint state is
given as (1,+) with energy E( ) = E,. Now a similar sequence is repeated, with the setup
going from (1,+) to (0,+) by absorbing heat Qi(z) = A, and thus we have E, ) = E,. Then
the demon applies instantaneous feedback by switching the levels, and taking the joint state of
the system from (0, +) to (0, —) while extracting work We(ft) = A. After this sequence of steps
the system and the energy level configuration both are restored to their initial states: (0, —). We
represent this as the cyclic protocol C : (0,—) — (1,—) = (1,4) — (0,+) = (0, —);
where ‘—’ signifies a thermal excitation step and ‘=" signifies an instantaneous feedback.
The cycle C corresponds to traversing the network shown in Fig. 3.2 in the counter-clockwise
(CCW) direction. In one cycle of C, in total Q¥ = Q) + Q¥ = 2A heat has been extracted

from the heat reservoir and completely converted to work W4 = W) + W2 = 2A. In the
ideal feedback limit the system spends almost no time at states (1, —) and (0, +). Hence, these

two states act as transients (shown as grey circles in Fig. 3.2) for the transitions between two

stable states (0, —) and (1, +) (shown as white circles in Fig. 3.2).

3.2.3 Imperfect feedback protocol: the feedback-resolved model

Now we consider the situation where the agent makes measurement errors due to an im-
perfect measurement device and also there is a finite bandwidth of detection, implying that the
feedback response lags behind the actual state of the system. In this situation, the directed nature

of the cycle C is lost because of the possibility of thermal de-excitation and incorrect feedback
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due to finite bandwidth and measurement errors. The system can now spend finite time in the
states (1, —) and (0,+) and also can return the states (0, —) and (1, +) against the direction of
the desired protocol in C. Hence, the system executes stochastic dynamics on the corresponding
graph with bi-directional edges G : (0, —) <> (1,—) <> (1,+) +> (0,+) <> (0, —) as shown in
the Fig. 3.2.

To model such system, we introduce a ‘feedback-resolved’ model where the change in
the energy level configuration takes place through a continuous control parameter D € R. We
consider that the energy level configuration of the system is described by the threshold feedback
[1] Hamiltonian H (D):

~

H(D) = (1—-6(D))H_+6(D)H., (3.8)

where D is the control parameter and (D) is the Heaviside step function. At any time ¢, the
value of the control parameter D(t) is calculated as the low-pass filtered (with a smoothing rate
or bandwidth ) version of the continuous measurement signal z(t) (see Eq. (2.32) and other

details in Sec: 2.3.1)

¢
D(t):/ dsye =9 2(s). 3.9

—oo
Thus, 1/ is the natural time-scale for the evolution of the control parameter. To obtain the
measurement signal z(¢), the agent measures the observable 6,. We assume that the measurement
signal z(t) is generated through an imperfect continuous measurement device that follows the

Gaussian measurement model (see Sec: 2.2.4):

20t
plelli)) = [ == e i e 0,1, (3.10)
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where A is the measurement strength.
Since the feedback Hamiltonian H (D) depends on the control parameter D, the transition
rates between |0) and |1) are also dependent on D. Similar to Eq. (3.8), we define a threshold

feedback rate matrix R(D) using Eq. (3.6) and Eq. (3.7) as

R(D) = (1 —6(D))R™) +6(D)R™), (3.11)
—np (nB+1) —(7’L3—|—1) np

RO =T , RM =T (3.12)
np —(TLB+1) (n3—|—1) —np

to describe the control parameter dependent transition rates between |0) <> |1). At any time ¢, the
probability of the system being in state |0) (|1)) and the control parameter at the value D is given
by the joint distribution function Py 1)(D,t). Following the discussion in Sec. 2.5.2 of Chapter 2,
we describe the master equation for the joint statistical state of the system and control parameter

P(D,t) = [Py(D,t), Py(D,t)]” for the feedback-resolved model as

213(D,t) — R(D)P(D,t) + FP(D,t) (3.13)

where F is a diagonal matrix of OU operators:

. 0 v 02

Fij = 0ij ’Ya_D (D—§i>+8—)\w (3.14)

Now from this feedback-resolved model, we can obtain a coarse-grained description of the model

by integrating the control parameter D) in appropriate domains to obtain the probability vectors
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of system state corresponding to H_ and (H'Jr) energy level configurations:

:/dDu—e(D))ﬁ(D,t); o :/dDG(D)ﬁ(D,t); (3.15)

3.3 Analytical treatment of the model

In this section, we present an analytical treatment of the model in the multiple time scale
approach with the smallness parameter ¢ = (I'/v) using the results from the Chapter 2. We
discuss the analytical expression of the steady state work extraction rate both in strong separation
of timescales (Oth order approximation) limit when € — 0, and then also discuss the corrections
to in the first order. From the Oth order expression of power we discuss the criteria for information
engine operation mode vs. the dissipator operation mode. Then we discuss the power production
in another limiting case when the feedback delay is captured up to the 1st order in € but the

measurement strength (accuracy) is infinite.

3.3.1 Steady state power calculation

We calculate the average steady state work extraction rate or power as <We§ft

) = (20)J%,
where J*° is the stationary current in the graph G along the direction of the desired protocol C,
i.e. in the CCW direction. Since there is only one cycle in the graph G, the current across all

the edges of G are same (J°°) due to conservation of probability. Thus, we can calculate the

stationary current (or power) from any edge. We choose to calculate the current from (1, +) to
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(0, +) across the edge (1, +) < (0, +). Hence we have,

<Wss

ext

) = 2AJ°

- 2AJ(07+)<_(17+) (316)

=2A R(()T)P(Slsar) - Rgg)P(%s,Jr)

Next, we discuss how to obtain expressions for P(SS and P3¢

) (04> that are required for the power

calculation by Eq. (3.16). Using the MTSP method (see Appendix. 3.4) we obtain the steady

state solution to Eq. (3.13) as,

) Too(D FEn(D
PSS(D):% R I +O(e) (3.17)

mu(D))  \=Fih(D)

where Igo(11)(D) is a Gaussian distribution located at —1(+1) with variance y/8\:

I;(D) = \/j:i exp [—%(D - @-)2} (3.18)

The function k(D) is given as

WD) = & [Rao(D)Ioo(D) — By (D)TTua(D))] (3.19)

The operators ]-:; are the Drazin inverse [63, 87] of the scaled OU operator ]:"ZZ =(I'/ 'y)]:",-,-, and
is defined in Eq. (2.121) in Chapter. 2 (also discussed in the Appendix. 3.5.2). The expressions
for F3,h(D) and Fi;h(D) can be calculated using the eigenfunctions of F;; which are presented

in the Appendix. 3.5.1.
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From Eq.(3.17) and Eq. 3.18, we see that, even in the fast feedback ¢ — 0 limit, the
distributions P(ffl)(D) = %Hoo(u)(D) will have some spread in the control parameter space D
due to error in the measurement process (i.e., due to finite value of A\/v). Hence there is a finite
probability of the wrong feedback being applied, characterized by the error probability n, given
in Eq. (3.28) of Appendix 3.4, which represents the stationary state probability of finding the
control parameter D in the wrong feedback regime for a given system state (|0) or |1)).

Using Eq. (3.15) and (3.16), Eq. (3.17) we can obtain the expression of Wcift, which we

write as a power series in €:

) = (W™ 4+ ey + 0(2), (3.20)

ext

<Wss

ext

where, the Oth-order expression of the power is given as <WSS’[O])

ext

(Wl = AT [np(1 =) — (ng + 1)n], (3.21)

ext

Notice that even the Oth-order expression of power contains the error probability 7. For the
accurate measurement limit (7 — 0) we get the maximum value of W;ft ol as ATn - Eq. 3.21
implies any nonzero error probability 7 reduces the power from it due to feedback mistakes. For
a fixed A and I" the maximum power production is controlled by the average number of bosons
(np) of energy A in the bath which decreases with decreasing temperature (increasing (). Thus
we see (W22 /T A decreases with BA as seen in Fig. 3.3.

ext

From Eq. (3.20) we see that the first-order correction to the steady state work extraction
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rate is (W'Y, where

sy Z _on [nB / T AD 0DV Eh(D) + (ng + 1) / 4D 0(D)FLh(D)
— oo (3.22)

= —Al'[(2np + 1)(m + z + knp)],

and m, z and k are dimensionless parameters with defined by Eqs.(3.32), (3.33), (3.34) and the
expressions given in Egs. (3.58), (3.66), (3.74). See Appendix. 3.5 for details of the calculation
of these constants. Thus using Egs. (3.20), (3.21), (3.22), we write the power, including the

first-order correction due to finite bandwidth effect (feedback delay effect), as

(W) = ATl [np(1 —n) — (np + )] — v LAT? [(2np + 1)(m + 2 + knp)] (3.23)

3.3.2 Thermodynamic operation modes: dissipator vs. information engine

Since the system under consideration interacts with a single heat bath, the first law of
thermodynamics at steady state is given as

Q) = (W25 (3.24)

m

where (Q??) is the average heat intake rate from the thermal reservoir at steady state, and (W55,)

is the average work extraction rate at steady state. Now if (WSS

ext

) > 0, the agent is directly
converting heat from the thermal reservoir to work by measurement and feedback, thus it is

acting as a Maxwell’s demon or information engine. Whereas if (W2%,) < 0, the performs work

ext

on the system, which is converted to heat and is dissipated to the reservoir. Thus in this case

74



200 (W?s,) /AT, Fast feedback

1.2

1.75
1.50
1.25

<1.00
0.75

0.50

0.25

Figure 3.3: Steady state work extraction rate for the two state toy model in the fast feedback limit
(e = 0). The vertical axis of the plots represent the ratio A /7. The horizontal axis of the plots
represent SA. The figure above shows values of (W25 ) /T'A, (see Eq. (3.21)) i.e., steady state

ext

work extraction by the agent in the fast feedback limit, scaled by the factor I'A.

the overall setup is acting as a dissipator where the work, a useful thermodynamic resource, is
getting converted to thermal fluctuations, i.e. it is being wasted. The dissipator behavior of the

system arises due to the imperfect nature of measurement-feedback by the demon.

3.3.3 Criteria for information engine mode in fast feedback limit (e ~ 0)

In the fast feedback limit (7 > I' or ¢ < 1), we approximate € ~ 0 in the expression for

<Wss

ext

) in Eq.(3.20), we can write the criterion for the information engine operational mode of

the model (IW23) ~ (WPl > g as :

ext

n<n = = (3.25)
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Figure 3.4: Operation mode phase diagram in fast feedback limit. The figure shows the sign
of (W) from Fig. 3.3. For the information engine region we have (W3%) > 0 and for the

ext s ext
dissipator mode we have (W?5) < (0. The separation between these two operation modes are

ext

captured by the critical ratio 1, (see Eq. (3.26)).

where 7n* the critical error probability of feedback (in the fast-feedback limit) that leads to a
change in the operational mode from information engine to dissipator once crossed. Note that
1 is a monotonically decreasing function of the ratio of measurement strength and feedback
bandwidth (A/7) (see Eq. (3.29)). Thus the criteria for the information engine operation mode

(for € =~ 0 limit) in Eq (3.25) can also be expressed as

A
; > Thast =

1 1 2¢775 \1°
1 [erfc’l(277*)]2 =1 [erfc1 (ee—)} (3.26)
where 7 . depends on the inverse temperature of the bath 5 and the energy gap of the two state

model A and erfc™' stands for the inverse of the co-error function [91]. Hence for (/) >

ris We get the information engine operation mode and, for (A\/vy) < rf, we get dissipator
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operation mode. The variation of of 7, with SA is shown in the Fig. 3.4, where r{ , creates
a boundary between the information engine and dissipator regime which can be understood as
follows. For a fixed A with increasing § (decreasing temperature) Wes)ft’[o] decreases (due to
decreasing ng). Hence feedback errors become more costly with increasing 3, and more accuracy
(stronger measurements) are required to compensate for the decrease in power production to

achieve the information engine regime. This leads to the increasing nature of 7, with A in the

Fig. 3.4.

3.3.4 Steady state power in strong measurement (A > y) but lagging controller

(e # 0)

When A > «, limit the error probability becomes extremely small (7 ~ 0) since the
distribution Igo(11)(D) is sharply peaked at its mean —1(+1), as reflected in Eq. (3.29). In this
limit, we have 0(D)Ily(D) ~ 0 and ¢(D)I1};(D) = 0, which imply m ~ 0 and z ~ 0 from
Eq. (3.32) and Eq. (3.33). It can also be shown that in this limit £ ~ In 2 (see Appendix. 3.5.4).
Thus in this limit the average work extraction is

<Wss

ext

) =TnpA[l — e(2ng + 1) In2] (3.27)

Thus the lag of the control parameter with respect to system dynamics causes a decrease in the

steady-state average work extraction.
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3.4 Appendix: MTSP solution for steady states

Here we discuss the steady state solution to Eq. (3.13) in the separation of time scales limit
following the results shown in Sec. 2.5.2 of Chapter 2. For convenience we define ¢(D) =

1 — 0(D), and using the expression of II;; from Eq. (3.18) define the error probability 1 as

n= / dD6(D)TIoo(D)
e (3.28)

~ [ apo(oy (o)

—00

n= ! [1 — erf ( Q)] (3.29)
2 g

Now we solve for the Oth order effective rate matrix R, from Eq. (2.118) as

which can be written as

Ry = / dADR(D)II(D) = (np + 1) , (3.30)

Ry = —/dDR(D)ﬁ*R(D)H(D) —T(m — z — knp) . (33D
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where, m, z and k are dimensionless parameters that are determined by the ratio A/~ and formally

can be written as

m="T / " ADO(D)F0(D)TIy(D) = T / " ADé(D)F:6( D)L (D) (3.32)
2=T / " ADO(D)FEO(D)TTo(D) = T / " ADO(D) Fé(D) T (D) (3.33)

oo

k=T / " ADO(D)Fi Tl (D) = T / dD(D)FIL (D) (3.34)

Now we define marginal distribution of the states of the two-state system when the control pa-
rameter D is integrated out as P(t) = [Py(t), P,(t)]", and assume that it can be expressed as a
series S°7° , € P®) (). Then the equations for the P (¢) and P()(¢) are given as

dPO(t)
dt

= RyPO(1) (3.35)

dPM (¢ . .
dt( ) _ RoPW(t) + eR, PO(2) (3.36)

Solving these for the steady-state solution with the normalization conditions PO(O) (1) —i—Pl(O) (t)=1
and Po(l)(t) + Pl(l)(t) =0, we get

/2] . 0
; pooll) = : (3.37)

1/2 0

ﬁss,(O) _

Thus we have P** = [1/2, 1/2]" 4+ O(¢?), which implies the distribution of |0) and |1) remains

the same in the steady state, which is expected from the symmetry of the problem. Using the
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expression of P**, we write the steady state joint system-controller distribution as,

P*(D) = I(D)P* — eF*R(D)II(D)P* + O(&) (3.38)

~ A~

where TI(D) = diag ([Tloo(D), 11 (D)]) and F* = diag ([ﬁgo(p), f;(D)D. The equation

above can also be written in the form presented in Eq. (3.17).

3.5 Appendix: Evaluation of the dimensionless parameters (m, z, k) arising in

first order perturbation scheme

3.5.1 Eigenspectrum of Fokker-Planck operator for Ornstein—Uhlenbeck (OU)
process

We denote the nth eigenvalue of the OU operator Fi as )\g ) and the corresponding right

eignevector as |)\£f )) = gbﬁf)(D) and the left eigenvector as </\£f)| = ¢\ )(D). Where we have

Fal) = [FaD(D §Z)+§6D] oL (D) = NP6 (D) = AVIND), - (3.39)

(170 = [T = )0p + 3135 40(D) = A0 (D) = OO Gao)

The eigenvalue and eigenfunctions[67] are given as

A = _nl) n=0,1,2,3, ... (3.41)
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, . 1 4\
Ay = D (D) = H (D — &N LD
_ ! ﬂHn @(D—@) o[ =2 (D-£)?]
2nnl\| ym y

D) = $0(D) = H, [ %(D - @)]

(3.42)

?

(3.43)

. where, H,, is the Hermite polynomial [92] of order n. If we define the inner-product between

two functions as (f|g) = [ dDf(D)g(D), then we have a bi-orthogonality relation among the

eigenfunctions of the OU operator ]-~"ZZ
ADNDY =5,

m n

We now define the null space projector of the operator Fj; as

Ps, = N = 1(D) [ D)

and, for convenience, we define a dimensionless quantity

The projector outside the null-space can be written as

Q5. = 2 NI = 1(D) Y 5o [VA(D — )] [ an', [V
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(3.45)

(3.46)

D' —&)] (+)

(3.47)



and 75]E and Q 2 sum to identity operator

+0. =1 (3.48)

3.5.2 Evaluating integrals containing Drazin inverses

To evaluate the constants m, z and k, we will evaluate integrals of the form

/ T ADS(D)ELg(D) = (f1F |g) (3.49)

[e.e]

where the pseudo-inverse operator is

Fr=— / dze 70 (3.50)
0

Now using the eigenfunction expansion of the operator ]:";{ we write

A lg)

GIFEHg == / dz(fle T

0

- (1) (3) oo

n=1

== /OO dze ™= (f]AD) (AP |g) (3.51)
n=1
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Expressing the inner-products as integrals we get,

/_OO dDf(D)F;g(D) = — (%) i (%) [/_OO de(D)¢$f>(D)] [/OO dD'O (D) g(D')

o0 n=1 oo —00

(3.52)

3.5.3 Series expansion expressions for m, z and k

We now obtain series sum expressions for the dimensionless constants m, z and k. These
series sum expressions can be used to evaluate the constants m, z and k to desired accuracy. We
also relate these constants to three other constants, Cy, C'; and C5, that arises in the Full Counting

Statistics (FCS) based analysis of this model as given in Ref. [1, 74].

3.5.3.1 Expression for m

Using Eq. (3.32), we write

m=T / " ADO(D)F50(D)Teo(D) (3.53)

(e 9]

then using Eq. (3.52) we get

m— — i <l) { / h dD@(D)qﬁﬁP(D)] { /_ N dD’qES”(D’)@(D’)Hoo(D’)}

oo

- i (l) L _ {/OOO dDH, [Va(D +1)] HOO(D)] UOOO dD'H,, [va(D' + 1)] g (D')

2= \n) 2l
o g G) 2”1n! (%) M‘” ADH, [Va(D +1) ea(DH)Q} |

(3.54)

83



Now substituting y = /a(D + 1) we get,

e S0 e () [t [Famincs]

Finally, using the Hermite indefinite integration formula (see Ref. [91])

2

/ox dyH, [y e = Hyo1(0) — e H, 1 [2]

we obtain the expression of m as

changing the sum index & = n — 1, and replacing o = (4\/y) we write

(1) (e [

kE+1) 26D (k +1)!

8 oo
e 7

m = — E
T

k=

0

where the constant C; is defined in Refs. [1, 74].

3.5.3.2 Expression for z

(3.55)

(3.56)

(3.57)

(3.58)

Before evaluating the constant z, we present two integrals involving Hermite polynomials

that will be useful. The first integral I\™ (a/) is

Wy [ a(D — 1)|e—e@-1? = ¢~
1) = [ apm,[vap - 1) —
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(1), [Val,

(3.59)



which has been calculated in similarly as m using the formula in Eq. (3.56) and the Hermite

symmetry relation H,, [—y] = (—1)"H,[y]. The next integral ]2(")(04) is given as
I () = / dDH,[Va(D — 1)]e=oP+’ (3.60)
0

Now using the Hermite expansion formula [93]

ey =) (Z) Hylz](2y)" (Z’) = k,(n”—lk), (3.61)

we can show:

I{(a) = (—4va)" / dDe~PHD” 4 (D (—4v/a)" " / dDH,,[va(D—1)]e *P+D?,
0 1 0

(3.62)
Now using the definition of 7 from Eq. (3.28), we get

(@) = (-4 [T + Z (7)avar [T apmvaD + e Gy

0

Using Eq. (3.56), and the Hermite symmetry relation H,, [—y] = (—1)"H,[y| leads to

[2(71)(04) = /00 dDH,[va(D — 1)]€—a(D+1)2
= (3.64)



Now we evaluate z using the integral formula with Drazin inverse presented in Eq. (3.52) as

(D) L sy
==Y (ﬁ) T (E) 1 (@) 1) (3.65)

Substituting the integrals I\™ (o) and IS (@) from Eq. (3.59) and Eq. (3.64) and simplifying we
get

Z = T]CO — CQ, (366)

where

(n+Dl(n+1) vy

Co=2¢ " Z <\/ﬁ> Hn[ 9], (3.67)

n—k
o no (=DF(24/2
fZaZ < )

n 4N 4N
et et P (4 1)Uk + ) (k)H" [ 7] Hx [ 7] (5.68)

This expression for Cy and Cy match with the ones obtained using the full counting statistics

(FCS) based calculation presented in [1, 74].

3.5.3.3 Expression for k

Using Eq. (3.34) we write,
k=T / dDO(D)F; Iy (D) (3.69)

using Eq. (3.52) we get

ii { / dDo( )cbff)(D)} { / Z dD'¢D (D")Ilge(D') (3.70)

n=1
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which using Eq. (3.59), can be written as

k=— i % Ng 2:”!11(") (a)} { /_ Z dD'H, [Va(D' —1)] HOO(D’)] (3.71)

using the expansion formula in Eq. (3.61), we can write

-yt {f o "”W} [Z (Z>(—4a>”’“ / Z dD’&é”(D’)Hoo(D’)] (3.72)

n=1 k=0

From the bi-orthonromality property of the eigenfunctions of Foo, we have ()\éo) |/\§]O)> = Oko-

This gives us

Lilfemre] [E ()]
=2 [Vemat @] e -

Finallyy, substituting the expression of [ 1(”)(@) from Eq. (3.59) we get

k_2‘a[2 (2va)"™ H,i [Va] =Gy (3.74)

nln

where a = (4 /) and this matches with the expression of Cy in Eq. (3.67).

3.5.4 Limiting value of k for accurate measurements

We introduce a Gaussian distribution function of D centered at y as

I(D;y) = \/ %e‘[‘?“"yﬂ. (3.75)
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If the propagator esF1 s applied to a Gaussian initial state, the evolved state also remains a
Gaussian with the mean and standard deviation decaying towards their equilibrium values. Thus

we can write

Pl (D) = T(D; 1 — 2¢*), (3.76)
S FOTL, (D) = TI(D; 2¢~° — 1) 3.77)

Now we evaluate the integral £ from Eq. (3.34):

k= / dDO(D)F; Iy (D)

o0

_ / aD / ds 7 (1~ P; oo(D)
378
/ds/ dD [1(D;1 - 2¢=*) — (D)) o

In2
~ —/ ds(—1) =1n2,
0

where in the last line we have made the approximation that the integrand is non-zero only when

the center of the Gaussian II(D; 1 — 2e~°) is in the left of D = 0, i.e. from s = 0 to s = In 2.
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Chapter 4: Feedback controlled Maxwell’s demon in a double quantum dot

(DQD) - quantum trajectory analysis

This chapter is based on the work done in collaboration with Bjorn Annby-Andersson,
Pharnam Bakhshinezhad, Daniel Holst, Guilherme De Sousa, Christopher Jarzynski, Peter Samuels-
son and Patrick P. Potts. A preprint related to this work has been posted as “Maxwell’s demon
across the quantum-to-classical transition” [3]. I worked on the implementation and execution
of the quantum jump trajectory simulations of the DQD Maxwell’s demon of Ref. [3] with help
from Bjorn Annby-Andersson. In this chapter we present the quantum trajectory simulation based
analysis of the DQD Maxwell’s demon model following Ref. [3] using the same datasets. Pa-
rameters for different characteristic behavior of the simulation were calculated theoretically and
provided to me by Bjorn Annby-Andersson. For master equation based approach to the model

and further details on energetics, see Ref. [75, 76].

4.1 Chapter overview

In this chapter we investigate the qualitative behavior of a double quantum dot (DQD)
Maxwell’s demon, by simulating quantum trajectories. This model of Maxwell’s demon is based
on a protocol originally introduced by Averin et. al. [94] and later used for DQD system [66,

95, 96] by Annby-Andersson et. al. [4]. The classical version of this Annby-Andersson model
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(AA model) has been analyzed in the Ref. [4] which considers both the ideal and non-ideal
feedback control. In this chapter we focus on the case of this model when quantum effects
are present and the measurement-feedback is imperfect. The model is investigated using the
continuous weak measurement and feedback formalism for non-autonomous (quantum) systems
discussed in Chapter. 2. However, instead of using the master equation approach of Chapter 3,
we use an alternate simulation-based approach to investigate the model. This chapter serves as an
investigation of the non-autonomous Maxwell’s demon starting from the microscopic quantum
description. We will revisit this model in Chapter 5 to discuss the connection between non-
autonomous and autonomous Maxwell’s demon.

Sec. 4.2 of this chapter discusses the physical setup of the model and presents the details
of modelling. Sec. 4.2.1 discusses a brief overview of AA model [4], which is relevant for both
this and the next chapter in this thesis. The description of the AA model [4] in Sec. 4.2.1 has
been adapted from Ref. [2]. In Sec. 4.2.2 we present the open quantum systems approach based
modelling of the DQD Maxwell’s demon following Ref. [3]. Sec. 4.3 discusses the equations of
motion of the joint dynamics of the the DQD and the control parameter. Sec. 4.4 discusses results
from the trajectory simulations to show some of the key features of the model that arise due to
the interplay of coherence generation, weak measurements and feedback delay. In this section we
also present a qualitative discussion on how the classical jump picture emerges from the quantum
coherent transport in this model.

Lastly, we point out that in this chapter we only investigate the trajectory simulations of the
model and its qualitative features. The analytical approach to this model has not been presented
in this thesis. For the master equation based analysis of the microscopic quantum model and dis-
cussion on the emergence of the classical description (AA model, [4]) from the quantum model,
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Figure 4.1: A schematic diagram for the double quantum dot Maxwell’s demon (Annby-
Andersson model [4]). The two quantum dots are separated by a tunneling barrier. The agent
(demon) is making measurement into the DQD system and providing feedback accordingly. The
DQD is coupled to two electron reservoirs L and R with chemical potentials p; and pp re-
spectively. The agent transports the electron from lower to higher chemical potential through
measurement and feedback.

we refer the reader to Refs. [3, 75].

4.2 Physical Setup and modelling

4.2.1 Idealized classical protocol

Here we consider a model of Maxwell’s demon (information engine) in a system of two
quantum dots coupled in a series (see Fig. 4.1). A quantum dot (QD) is an artificial nano-scale
structure that can confine an electron and act as ‘artificial atom’ with tunable energy levels
[95, 96, 97]. The charge state of a quantum dot can be labeled as either empty or occupied
based on the absence or presence of an confined electron. The physical system in this model

consists of two coupled QDs in series with a tunneling barrier, and each of the QD is connected
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to an electron reservoir maintained at a fixed chemical potential (y:,/r) and temperature 1" ; see
Refs. [4, 94]. We consider a situation where an external agent (demon) controls the energy levels
of each dot, and switches the energy level configuration of the double quantum dot (DQD) among
three possible configurations: ¢;, ¢y, and ¢, with, ¢, < ¢y < ¢,. Due to Coulomb blockade only a
single electron can reside in the DQD system. Hence the possible occupation states of the DQD
are: (i) |L) : the left dot contains the excess electron, (ii) |R): the right dot contains the excess
electron, (iii) |0): both dots are unoccupied. The agent is continuously monitors the DQD system
and applies the feedback protocol accordingly. The electron reservoirs coupled to the left and
right dots are maintained at chemical potentials p;, and pg. If ur > pp, transferring an electron
from the left to the right reservoir requires electrical work of (g — 117,) to be performed against
a voltage bias. Thus, if by the feedback protocol, the agent transfers one electron from the left to
the right reservoir, it is equivalent to charging up an battery with the energy of (ur — pr.).

In the ideal (classical) mode of operation the DQD starts in the empty state, with the energy
level of the left dot at ¢, and that of the right dot at ¢,, where (€, — pr, / r) > kpT and kp is
Boltzmann’s constant. The steps of the protocol are shown in the Fig. 4.2. When (a) an electron
enters the left dot from the left reservoir, (b) the agent instantaneously applies feedback to change
the energy levels of both the left and right dots to ¢, where (;/r — ) > kgT. During this
first feedback step, the external agent extracts (¢y — €;) work. Next, the system is monitored until
(c) the electron tunnels from the left to the right dot, at which point (d) feedback is applied to
change the energy level of the left dot to €, and the right dot to €y. The external agent performs
(eo — €;) work during this second feedback step, cancelling the work extraction of the previous
step. Finally, (e) when the electron jumps from the right dot to the right reservoir, (f) feedback
is applied again to switch the energy levels of the DQD back to their initial values. No work is
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(b)
—) o=
|.] b c

(a) Protocol steps (b) Feedback scheme

Figure 4.2: Schematics of the idealized classical protocol for the DQD Maxwell’s demon (AA
model) and the encoding of the protocol in feedback variables (D;, D). The figure in the left
shows the steps of the ideal feedback protocol of the AA model. The figure on the right shows
the encoding of the protocol in the feedback variables (D;, Dy). The red dots represent the
eigenvalues of A and A, as (€W @) corresponding to state of the DQD that feedback regions
represent and the arrows show the desired direction of cycle of the control parameters.

performed during this step, as the DQD is empty. This cyclic protocol transfers an electron from
the left to the right reservoir. Since no net work is performed by the external agent, the energy for
this transfer must come from the thermal reservoirs. Thus the feedback-driven cycle ultimately

converts heat into chemical work, of the amount We, = (g — p11,); see Ref. [4] for more details.

4.2.2 The feedback-resolved model: quantum model with weak measurement

and finite-bandwidth feedback

Now we present a quantum description of the DQD system and also consider a situation
where the feedback by the agent (demon) can be imperfect, where the measurement by the agent

affects the quantum state of the system (back action). We consider the situation when the demon
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is monitoring the system in a way that can be modelled by weak continuous quantum measure-
ments [63, 78] and the feedback of the demon is also not instantaneous and can have response
delay due to the finite bandwidth detector [61]. We model this system under the formalism dis-
cussed in Chapter 2 following Ref. [1].

The Hamiltonian for the DQD system is,

~

H{er, er) = eL|L)(L| + er| R)(R| + g(|L) (R[] + | R){L]), (4.1)

where € (eg) stands for energy of the left (right) quantum dot and ¢ is the inter-dot coupling. The
quantum dot is also weakly coupled with two electron reservoirs with the coupling constant I,
with the left (right) dot being coupled to the left (right) electron reservoir. Note that this Hamilto-
nian generates coherence between |L) and | R) but does not generate any coherence between |0)
and |L)(|R)). We label the electron reservoirs by o € L, R for left (L) and right (R) reservoirs.
The transition rate for an electron from (to) the reservoir « to (from) the quantum dot « at energy

level € is given as 7, (€)(kq(€)) and these transition rates can be expressed as
Yal€) = Tfa"(e) (4.2)

kal€) = D(L = fiP(e)), (4.3)

where fIP(¢) is the Fermi-Dirac distribution:

fEP(e) ;. (4.4)

94



Here § = 1/kgT is the inverse temperature and /i, is the chemical potential of the electron
reservoir. Note that the ratio of the transition rates satisfy the generalized local detailed balance

relation:

%4(6) — o Ble=ha) (4.5)

We model the dynamics of the state of the DQD system, p;, by the Lindblad master equation [64]

Oypr = L(€r, €r)pr, where the Lindbladian superoperator L(ey, €g) is defined as

~

Lles,en)p = =i [lesen).p] + 3 (aleaD 1)) + ralea)D[0)(al)),  ©46)

a=L,R

where D[6]p = 6pot — (1/2)(676p + poTa). The first term on the r.h.s. of Eq. (4.6) is the von-
Neumann term (with 2 = 1) that generates unitary evolution and the terms under the summation
are dissipators corresponding to coupling with the electron reservoir that generates transitions of
electron between the reservoir and quantum dots.

Here we consider a situation where the agent is making measurement of two observable:
Ay = —|L)Y(L| + |R)(R| and Ay = [0)(0] — (|L)(L| + |R)(R]). The use of two observables is
required to avoid incorrect interpretation of the state of the system [3, 4, 76]. Here, 1211 measures
which of the QD the electron is located it; and the corresponding outcomes 51(31) =—1( g) =+1)
corresponds to the electron being in the left (right) dot. The observable A, measures the overall
charge state of the DQD, and the corresponding outcome 5(()2) = +1 implies the DQD is empty,
and the outcome S(LQ}% — —1 implies the DQD is occupied. Note that the measurement of A,

does not give any information about which of the dot in DQD the electron is in. The measure-

ment of A; causes decoherence in the |L), |R) basis but the measurement of A, does not. The
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Hamiltonian in Eq. (4.1) does not create any coherence between |0) and |L) (|R)) and we have
[f[ (D), A2i| = 0. Thus, the measurement of /12 act as a completely classical measurement.
Note that since the observable fll and 1212 commute with each-other, [1511, flg] = 0, we can simul-
taneously measure both the observable and also reduce their uncertainties independently. The
observables A; and A, are continuously monitored by the agent, and we model these measure-
ments using the Gaussian POVM for weak measurements, (discussed previously in Chapter 2,
see also Eq. (4.10) in Sec. 4.3.1 of this chapter for additional details) with measurement strength
A1 and )\, respectively. The measurement signals from these observable are then filtered with
exponential smoothing with bandwidth +; and 5 respectively to obtained filtered measurement
signals D;(t) and Do(t). These filtered signals D(t) = (D;(t), D2(t)) are used by the agent
to estimate the state of the system and to provide feedback accordingly (discussed previously in
Chapter 2, see also Eq. (4.11) in Sec. 4.3.1 of this chapter for additional details).

The agent provides feedback by changing the energy levels of the DQD. We describe the
feedback protocol by making the energy levels (¢,) dependent on the filtered measurement out-
come (D) which now acts as the control parameter, i.e., ¢, — €,(D). Thus, we replace the
Hamiltonian in Eq.(4.1) and the Lindbladian in Eq. (4.6) with their feedback-controlled ana-
logues: H(ep,eg) — H(D) = H(e (D), er(D))and L(er, eg) — L(D) = L(er(D), er(D)).
Now in the feedback protocol discussed Sec. 4.2, the energy level configuration (e1 (D), eg(D))
of the DQD cycles through three energy landscapes A : (€g,€,), B : (€,€) and C : (e, €)

and we label the corresponding Hamiltonian and Lindbladians as H ; and L; respectively, where

J € A, B,C. We now encode the feedback protocol in the feedback Hamiltonian as:

H(D) = 0(Dy)Ha + [1 — 0(Dy)][1L — 0(D)o] Hp + 6(D1)[1 — 6(Ds)| He “4.7)
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and correspondingly for the feedback Lindbladian as:

L(D) = 0(D2)La+[1 = 0(D1)][1 = 0(D)2] L + 6(D1)[1 - 6(D2)] Lo, (4.8)

where 0(D) is Heaviside step function. The encoding of the feedback protocol can be understood
as follows (see Fig. 4.2). The control parameter D is the filtered version of the measurement
outcomes. For D, > (0 we interpret that the measurement of the observable flg as 1, which
implies that the DQD is unoccupied, for this situation we set the energy level configuration of the
DQD to A. For D, < 0, we interpret that the DQD is occupied by the electron and based on the
measurement of the observable A; we try to determine whether the electron is in the left or right
dot and apply the feedback protocol accordingly. Given Dy < 0, for D; < 0 we interpret the
outcome of the observable A; is 5,(;1) = —1 and the electron is in the left dot and set the energy
level configuration of the DQD to B. Similarly, for Dy < 0 and D; > 0 we interpret the location

of the electron to be in the right dot and set the energy level configuration of the DQD to C'.

4.3 Theory and methods

4.3.1 Evolution map of the quantum state

Here we discuss the evolution of the quantum state of the DQD for a single run of the ex-
periment. We model the stochastic evolution of the quantum state of the DQD by the conditional
density matrix p.(t), which describe the state of the DQD system at anytime, conditioned on the
entire past measurement record of the observable A; and A, and the entire record of exchange

of the electron between DQD and the electron reservoirs. Under the measurement and feedback
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scheme discussed previously in Sec. 4.2, the time evolution of p. from any time ¢ to ¢ + dt is

described by the evolution map

pe(t + dt) = (ZdN eV (D )+dN0(t)€NJ(D)> Mo (20) My (21)pe(t).  (4.9)

The Eq. (4.9) represents a stochastic quantum map, and details of the each of the operations in
this map are described below. Here , M;(z;) and Mo(z2) represent measurement operations

corresponding to detector 1 and detector 2, respectively:

2 AAT “ 1/4 A N2
My(z)p = —HPRLE) ey (”ldt) eMEA) =120 @4.10)
tr{ K} (2) Ki(2)p} T

The distribution of the measurement outcomes z;(t) is given by Pl(t)(z) — tr{ K] (2) Ki(2)pe(t)}.
£ J(j )(D) and Ey;(D) correspond to ‘Jump’ and ‘No Jump’ evolution of the quantum-jump un-
ravelling of the Lindbladian given in Eq. (4.6). In the evolution map given in Eq. (4.9), the
random variables {z;} capture the stochasticity due to the measurement process and the random
variables {dN,} capture the stochasticity due to the interaction with the electron reservoirs. At
any instant, the value of the control parameter D(t) = (D;(t), D2(t)) is calculated from the past

measurement outcomes (21 (%), z2(t)) through the filtering relation [1, 61]

t
D;(t) :/ dsye 9 25(s), j=1,2. 4.11)

—00

The unravelling of the Lindbladian term in Eq. (4.6) leads to four possible quantum jumps which

we describe by the jump operators: ¢ (D) = /v (er(D))|L){0|, é2(D) = \/kr(er(D))|0)(L
= /Yr(er(D))|R)(0| and ¢4(D) = /kgr(er(D))|0)(R|. The corresponding evolution
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of the quantum state is given by

&(D)p.i(D)
tr{c}(D)é;(D)pe}

EV(D)p, = L j=1,..4, 4.12)

where the state of the DQD is j.(t) at time instant t. Here we use p,(t) instead of j. to imply
that the evolution operation are being applied on the conditional density matrix ,36(75) which is
obtained from p,. by applying the measurement operation. The probability of a particular jump j
happening during the time interval ¢ to ¢ + dt is given by p;(t) = dt tr{é}(D)éj(D) pe}, and the

stochastic jump random variables {dN;(t),j = 1, ..,4} are distributed as

1, Pr[1] = p;(2),
dN;(t) = (4.13)

0, Pr[0] =1—p;(t),

where Pr[0(1)] denotes the probability of observing dN;(t) = 0(1). The stochastic jump variables
satisfy E[dN;(t)] = p;(t), and dN;(t)dN;(t) = 6;;dN;(t), with E[-] being the ensemble average

over all possible trajectories of jumps. We also define a similar stochastic variable

4

dNo(t) = 1= dN;(t) (4.14)

j=1

for the ‘No Jump’ evolution during the interval [t,¢ + dt]. For dNy(t), we have the expectation

value E[dNy(t)] = po(t) = 1 — >, p;(t). For the ‘No Jump’ case, the quantum state evolves
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under the effective non-unitary Hamiltonian,

.4
A A 1 “ R

Hen(D) = H(er(D), ep(D)) = 5 > &{(D)¢;(D), (4.15)
where, H(e, (D), ex(D)) is the feedback Hamiltonian as defined in the Eq. (4.1). The No-Jump

(NJ) evolution is given by,

. o—iHet(D)d tﬁ ezHT (D)dt
Eni(D)pe = (4.16)
tr{e zHeg(D)dtp 6zH dt}

4.3.2 Trajectory and ensemble level equations of motion

It can be shown (see Appendix 4.5) that under the continuous weak measurement frame-

work joint dynamics of the quantum state p. from the map Eq. (4.9) can be written as

dﬁc - _Zdt[H(D)’ lac]

1 ¢;(D)pci(D) .
T Z (——{ )é;(D), pe} + dt tr{el(D)é;(D)pe}pe + de(t)tr{é}(D)y(D) o de(t)pc>
+ dtMD[A1]pe + AW/ AM{AL — (A, pet + dAWar/Xo{ Ay — (As)e, pe},
(4.17)

where {dN;} are Poisson jump variables for quantum jumps. For detector variable D = (D, D)

the dynamics be written as

dD; = di~;((A;). — D;) + dW;——, j=1,2 (4.18)

Ny
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where, dWW; and dWW, are Wiener increments that captures the effect of the measurement of the
observables A; and A, respectively (see Chapter 2). Eq. (4.17) and Eq. (4.18) together form a
set of coupled stochastic differential equations that describe the joint dynamics of the quantum
state of the DQD and the feedback control parameter. Here the first term in Eq. (4.17) represents
unitary evolution due to the feedback Hamiltonian. The term under the summation arises from
the quantum jump unravelling [63, 78] of the Lindbladian Eq. (4.6), and represents the effect of
coupling with the electron reservoirs. The first terms in the third line captures the backaction due
to the measurement of the observable A;. The last two terms of the equations, containing Wiener
increments, capture the effect of the stochastic kicks in the quantum state due to the measurement
processes.

Equations (4.17) and (4.18) together describe the equations of motion for the model. We
generate the trajectories of the state of our model by using a modification of the Monte Carlo
wave function (MCWF) algorithm [68, 98] to incorporate the feedback. For our simulations we
directly use the evolution map in the Eq. (4.9) with an assumption that the charge detection by the
detector-2 is accurate. See Appendix. 4.6 for the details of ideal-charge detection approximation
and Appendix. 4.7 for the details of simulation scheme. In the next section we present the results
of the simulation studies.

Alternatively, one can investigate the model in an equivalent ensemble picture using the

QFPME [1] with the feedback Lindbladian £(D) from Eq. (4.6):

0p(D) = L(D)p+ ) {vjaajAj(Djm(D) + a2 (D). (4.19)
Jj=12

where A;(D;)p = (1/ 2){121j — Dj, p}. In this chapter we are keeping our discussion limited
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to the study of the qualitative behavior of the model using the trajectory approach only, for the
discussion on the master equation approach and further discussion on the quantitative energetics

of the demon, see Refs. [3, 75].

4.4 Qualitative features from trajectory simulations

By simulating the quantum trajectories of the DQD system we see different interesting
behaviors emerge for different parameter regimes. We set the model in the ideal charge detector
regime thus the detector-2 is accurate, fast and does not cause any decoherence as discussed in
the Appendix 4.6. For our simulations we have taken the parameters: the inverse temperature
B = 1.0, the coupling constant with the electron reservoirs I' = 0.1, the chemical potential for
the electron reservoirs as ug = 1.5, u;, = —1.5, and the energy level configurations of the dots
eo = 0.0,¢, = 5.0, = —5.0. We illustrate the interplay between the interdot-coupling constant
g, measurement strength \; of the detector-1 and the bandwidth v, of detector-1 by showing
three different configurations of these parameters showing three different qualitative features in
the model. Figures 4.3, 4.4 and 4.5 shows the evolution of Dy, (A;). = Tr{,éc/il} and H(D)

obtained from trajectory simulations.

4.4.1 Delayed feedback effect

For Fig. 4.3 we have g = 25,v; = 10, A\; = 1, and in this setup we see that the measure-
ment strength is very weak (\;/g = 0.04,\;/y; = 0.1). Thus the evolution of instantaneous
expectation value of the detector 1 observable(flﬁc preserves the quantum Rabi oscillation like

behavior with some stochasticity from weak measurements. We also see that thedetector vari-
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Figure 4.3: Detector is lagging behind the quantum state. The figure above shows the evolution
of the feedback variable and instantaneous expectation value of the observable A;. The figure
below plots the evolution of the feedback Hamiltonian. Parameters: § = 1.0,1I" = 0.1, ug =
1.5, = —1.5,¢0 = 0.0,¢, = 5.0,¢, = —5.0,9 = 25,v; = 10.0, \; = 1.0 and simulation time
step 6t = 10~*

103



Tt

He

Hy

Hy

0 5 10 15 20 25 30
I't

Figure 4.4: Suppression of interdot tunneling due to quantum Zeno effect. Parameters: [ =
1.0,I'=0.1,ugr = 1.5, ur, = —1.5,¢9 = 0.0,¢, = 5.0,¢, = —=5.0,9 = 0.1, v, = 10.0, \; = 80.0
and simulation time step 6t = 1074

able D; and correspondingly the feedback Hamiltonian H (D) are lag behind the evolution of
the quantum state (g/y; = 2.5). This can be particularly seen around I't ~ 26.42 in Fig. 4.3,
where we see that (AQC has switched to positive value but the feedback variable D, is still fluc-
tuating around —1 and the the feedback Hamiltonian is set to Hp, instead of the ideal feedback

configuration He.

4.4.2 Quantum Zeno effect

For Fig. 4.4 we have ¢ = 0.1,7; = 10.0, A\; = 80.0, and we observe the quantum Zeno
effect [99] on the trajectory level. For this setup we see that the measurement is strong (\; /7y, =
8,A\1/g = 800). The feedback is fast compared to the coherence generation (y;/g = 100).
Whenever coherence between the the state |L) and |R) is generated, it is destroyed quickly by
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Figure 4.5: Suppression of the interdot tunneling due to random shuffling of the feedback Hamil-
tonain, Parameters: § = 1.0,I' = 0.1, ug = 1.5, u, = —1.5,¢9 = 0.0,¢, = 5.0,¢, = —5.0,9 =
0.1,7; = 10.0, A\; = 1.0, and simulation time step 6t = 1074

the continuous measurement, and thus the coherent transport of the electron between left and
right quantum dot is suppressed. This can be seen in the Fig. 4.4 by observing that (fl>c ~

as long as the electron is inside the DQD, thus the electron fails to tunnel to the right dot from
the left dot in Hp configuration due to strong continuous measurement and eventually jumps
back to the left electron reservoir directly from the energy level ¢; and the feedback then instantly

switches H B — H 4 due to fast feedback.

4.4.3 Phase damping effect due to random feedback

For Fig. 4.5, we have g = 0.1,v; = 10.0,\; = 1.0 we see a Zeno-like phase damping
effect due to random shuffling the feedback Hamiltonian H (D) due to a noisy feedback (A1 /vy, =
0.1, g/ = 0.01). The ratio of measurement strength and interdot coupling is \; /g = 10, which
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is higher than the very weak measurement scenario of Fig. 4.3 but lower than the case of the
strong-measurement Zeno-effect scenario of Fig. 4.4. The ratio of the measurement strength and
feedback bandwidth (\; /7, = 0.1) here is kept the same as in the case of Fig. 4.3. However, in
this situation (Fig. 4.5) we also get a Zeno-like suppression of quantum tunneling between the
dots due to fast switching of the feedback Hamiltonian compared to generation of the coherence
(Note, that for Fig. 4.3 we had g/, = 2.5, wheras here in Fig. 4.5 we have g/7; = 0.01). Due
this fast nature of feedback we get a random change in the detuning (|e;, —ep|) of the Hamiltonian
H (D) = Hp + He, which leads to a decay in the coherence of the the quantum state p. without
affecting the population, eventually leading to a phase-damping effect [88]. Due to this phase-
damping, the electron the coherent transport of the electron is suppressed similar to the case of
the quantum Zeno effect. Note that here (Fig. 4.5) this suppression of coherent quantum transport
happens due to quick random shuffling of the feedback Hamiltonian in contrast to the suppression

of quantum transport in Fig. 4.4, which was primarily due to strong measurement.

4.4.4 Quantum to classical transition

Figures 4.6 and 4.7 show the evolution of the quantum state p. by plotting the population
and coherence parts of the density matrices during and interdot tunneling. For both figures we
have ¢ = 0.1,7; = 1.0 but for the quantum case (Fig. 4.6) we have taken \; = 0.6 and for
the classical case (Fig. 4.7) we have, \; = 6.0. For both plots we see that the population is
transferred from the state |L) to |R). However, for the quantum case this interdot transition
is relatively slow and associated with an oscillation in the coherence (Fig. 4.6). Whereas for

the classical case, we see the change is population is relatively sharp and the interdot transition
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Figure 4.6: Evolution of population (above) and the coherence (below) during interdot electron
transfer. This figure illustrates the quantum nature of the interdot transport of the electron. Pa-
rameters: 5 = 1.0,' =0.1,ur = 1.5, ur, = —1.5,¢g = 0.0,¢, = 5.0,¢, = =5.0,9g = 0.1, =
1.0A; = 0.6 and simulation time step 6t = 10~*

happens with a short spike in the coherence (Fig. 4.7). Thus we see that for stronger measurement
(A1 /7 = 6,1 /g = 60) here, the transport of electron from left to the right dot behaves like a
discrete stochastic jump event even though the microscopically the transport is coherent in nature.
It is possible to assign an effective classical jump rate to this transition using the master equation
approach [3, 75] and obtain a classical discrete state model for the DQD demon described in [4]

from this underlying microscopic picture.

4.5 Appendix: Quantum evolution map to the stochastic master equation

Under the weak measurement scheme [78], we model the measurement process by gener-

ating a Gaussian white noise around the instantaneous conditional expectation value ((A4;), =
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Figure 4.7: Evolution of population (above) and the coherence (below) during interdot electron
transfer. This figure illustrates the classical jump like behavior of the interdot transport of the
electron. Parameters: § = 1.0,I" = 0.1, ugp = 1.5,ur = —1.5,¢9 = 0.0,¢, = 5.0,¢ =
—5.0,9g = 0.1, = 1.0\; = 6.0 and simulation time step 6t = 10~*
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tr{A;p.(t)}) of the observable as,

2(t) = (Aj)e L j=12 (4.20)

2\ 2) dt
where dWW; and dWW, are Wiener increments with the properties: E[dIV; o] = 0 and in dW;dW; =
d;;dt, under Ito calculus. After the measurement operations the quantum state p.(¢) evolves to

pit) = pe(t) + dtMD[A1]pe(t) + dtXaD[As] pe(t)
4.21)

+ v )\1dW1{A1 - <A1>c>,5c} + v >\2dW2{A2 — <A2>c,,5c}

where, j(t) = M (21(t))Ma(22(t))pe(t). The measurement operator Ay = |0)(0| — (|L)(L| +
|R)(R|) does not cause any decoherence in the | L) (L| & |R)(R| subspace. Thus we can drop the

back-action term containing D[flg] from our consideration; and thus we get,

~

Po(t) = po(t) +dtM DAL pe(t) + v/ MdWi { AL — (A1), pt +/ AadWo{As— (As)e, pe} (4.22)

After the measurement, we apply the evolution of the DQD under the effect of the electron to

obtain the final time evolved state p.(t + dt) as

4

o(t + dt) Z HEV(D(1))p (1 - Z dAN;(t ) Eva(D()pi(t)  (4.23)

We expand the exponential in the the no-jump evolution up to O(dt) and get the following

expression,

pr(t) + dt(—iHeg(D)pi(t) +ipt(t) Hiz (D))
1+ dt tr{—iHeg(D)p:(t) + ips(t)Hlg (D)}

Eny(D)pe(t) = (4.24)
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Now using the definition of H.q(D) from Eq. (4.15) in the expression above we get,

[£2(t) — idt (D), pi(t)] — % Y21 {e}(D)e (D). p: (1)}

Exy(D)pe(t) =
(D)pe(t) [1 —dt 5, u{¢(D)e(D)p; (t)}]

(4.25)

Expanding the denominator and keeping terms upto O(dt) we get,

~

4 4
Eny(D)pe(t) = p(t)—idt[H(D), p (t)]—% Z{@E(D)@(D), pe(t)}+dt Ztr{é}(D)@j(D)ﬁi(t)}ﬁi(t)
"~ "~ (4.26)
Note that dN,dW;, and dNjdt contribute to evolution terms that are of order (dt)% and
(dt)®. Since we are interested in the evolution equation up to O(dt), we use Egs.(4.22) and

(4.26) in Eq. (4.23), and by dropping the terms with dN,dW;, dW;dt and dNdt, we get

A~

pelt +dt) = pe(t) = —idt[H (D), p(t)] + dt\D[Ai]pe(t)

- % > {&(D)&; (D), p(t)} +dt Y tr{ef(D)e;(D)p(t)}at)
4 = 4.27)
+ D AN, (O(E (D) = Dielt)

+ VAMAWH{AL = (A1), pe(t)} + VAdWa{ Ay = (Ay)e, pe(t)}
Finally by replacing dp. = p.(t + dt) — p.(t) in the equation above we get the stochastic master
equation shown in Eq. (4.17).
4.6 Appendix: Ideal charge detection assumption

Since the detector 2 performs classical back action-free measurement on the system, we
can consider the limit of accurate detector by taking \s/72 — oo without affecting the sys-
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tem. We assume here that the feedback due to the detectror 2 is fast (responsive) enough in
comparison to the other timescales of the system and the bandwidth of the detector 2 satisfies
v¥2 > max{I', g, |e,;; — €|,71}. For the fast and accurate measurement of the detector-2 we
get an ideal-charge detection of the DQD. Thus, under these assumptions, whenever an electron
enters or leaves the DQD, the corresponding changes of the feedback Hamiltonian Hy < Hg or
H,y ﬁc are instantaneous.

To implement this approximation, discretize the Eq. (4.11) in time as a deference equation:

D;(kot) = dtyjz;(kdt) + (1 — dty;)D;((k — 1)0t), (4.28)

where 0t is the time-step and ¢ = kdt. Here (y;0t) is the smoothing factor of the filter and for
simulating quantum trajectories dt needs to be chosen such that we have 0 < (v,0t) < 1. To
achieve the fast limit of the detector we take the maximum possible value of -, in the simulation

by setting 120t = 1. Thus, for the fast detector 2 we have,

This implies that the measurement signal z5(¢) from the detector 2 is directly converted to feed-
back variable Dy (t) without any filtering.
For detector 2, (observable: Ay = +]0)(0] — (1 —]0)(0|)) we have the POVM K,(z) in the

measurement basis as

N 2901
K2(Z2) = ( ;

1/4
) [6—>\26t(22—(+1))2|0><0| +6—A25t(zz—(—1)))2(j —|0)(0])] . (4.30)
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Next we want to increase the measurement strength of the detector 2 to the infinite limit (\y —
00) while keeping 6t fixed to achieve the strong measurement limit in the POVM (), which

we can approximate as projective measurement POVM:

(

|0> <0|7 2y = +17

Ra(22) =4 (1 = 10)(0]), 22 = =1 (4:31)

0, otherwise
\

and for a quantum state p.(t), the corresponding distribution of 2, is given as Pg(t)(zQ =+1) =
tr{|0)(0|5.(t)} and P{” (25 = —1) = 1 — tr{|0){0|5(t)}. For the implementation of the effect
of detector-2 measurements in the simulations, we use this ideal-charge detection approximation

(See Appendix. 4.7).

4.7 Appendix: Monte Carlo wave function simulation scheme with feedback

control

Here we implement the quantum jump trajectory [100, 101] simulation under feedback
control by modifying the standard Monte Carlo wave function (MCWF) [68, 98] algorithm to
incorporate measurement and feedback. To study the model under consideration, we implement

a simulation scheme that captures the dynamics of the detector and the quantum state together.

At any time instant ¢, we describe the quantum state of the DQD system by the wave function:

|(t)) = co(t) [0) + cL(t) [L) + cr(t) |R) (4.32)
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Here the coefficients {c;(t)};=r .z r depend on the complete history of the measurement out-
comes. The conditional density matrix corresponding to this quantum state is by p.(t) = |1(t)) ((t)].
We have either co(t) = 1, ¢ (t) = cr(t) = 0 or, co(t) = 0, |cr(t)]* + |cr(t)]* = 1. The quantum
state vector [¢(t)) is represented as a 3 x 1 normalized column vector. The control parameter
starts with unupdated state at D (¢t — 0t) = (D1 (t — 6t), Do(t — 0t)).

Detector 1 measurement: To simulate the effect of the measurement, first a random variable

¢ € {—1,0,+1} is sampled based on the distribution

(

le(t)?, € = —1

Pr(€) = 9 |eo(t)% 6 = 0 (4.33)

en(t)?, € = +1.

Then the measurement outcome is sampled from the normal distribution with £ mean (x) and

1/(24/\16t) standard deviation (o):

1
2a(t) ~ N (u =& 0% = %&) . (4.34)

Then using the sampled value of z,(¢), the matrix representation of K;(z(t)) is calculated. We

then modify the quantum state [¢)(¢)) to a intermediate new state as

— . (4.35)
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Next the updated control parameter D (t) is calculated using the measurement outcome z; () as:

Detector 2 measurement: The second detector performs projective measurements in the system.

Thus, we have z,(t) € {—1, 1} and the distribution of zy(¢) is given as

[O[P (NI, 2(t) =1,
Pr(z(t)) = (4.37)

L= [{0[(t) 2, 2(t) = —1.

Now the updated control parameter is given as
Dy(t) = z(t), (4.38)

since we are working at the ideal detector limit where v, — 00. The post measurement state after

detector 2 measurement [¢/'(t)) is given as

10), 2a(t) =1,
(1)) = (4.39)

(1 = [0)(OD[ (1)), 22 (t) = ~1.

Since we are working in the ideal charge detection approximation, the quantum state ‘zﬁ(t)> is
either |0) or of the form ¢, (¢) |L)+cg(t) | R), and thus the post-measurement state |’ (¢)) remains
unchanged from the state ‘@ZNJ(t)> under the measurement by detector 2.

State Update:
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The final time-evolved state |1)(¢ + dt)) can be obtained by the stochastic evolution equa-

tion

Dy (1), Do(t) [0/(1)
viE+ o) ZC”V’“ 1<t>,Dz<t>> O] (440

where ¢; = \/vr(er) |LXO|, éa = /kr(en) |0XL], és = v/vr(er) |R)0|, ¢4 = \/kr(er) [OXR

and ¢y = e "t where, €, /r = €1 r(D1(t), D2(t)) and the effective non-unitary Hamilto-
nian Heg(D1(t), D2(t)) is given by Eq. (4.15). The matrix representation of the operator ¢ is
calculated numerically by direct exponentiation of the matrix —idt Hog(D1(t), Do(t)). Each of
the stochastic variables are defined by the Eqgs. (4.13) and (4.14). To simulate this step, first the

stochastic variable corresponding to No-Jump evolution dNy(t), is sampled as

5t S, (W (1)|ELér]d! (1)), dNg =0
Pr(dNy(t)) = (4.41)

1— 6t 3 (W' (t)]efel' (t), dNg = 1.

If the sampling results in dNy(t) = 1, then the updated state is calculated directly as

G|y’ (1))

WE00) = o)

(4.42)

If the sampling results in dNy(t) = 0 then another Monte Carlo step is made to determine which
jump is happening by sampling the variable &* where k* € {1,2,3,4}. The distribution of k* is

given as,

- (W (1) e [ (1)) .
Pr(k*) = , k*€{1,2,3,4}. 4.43
W= S ey " } (443)
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Then the quantum state is updated by applying the corresponding jump operator to k* as,

o+ = L

|Che

(4.44)
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Chapter 5: From the feedback-controlled DQD demon to autonomous informa-

tion ratchet

This chapter is adapted from an independent research project that has been published as the
paper “From a feedback-controlled demon to an information ratchet in a double quantum dot”
[2]. This project started as a spin-off of the IaF project related to the DQD Maxwell’s demon.
Here we convert the classical version of the model discussed in Chapter 4 to an autonomous

Maxwell’s demon and and identify and analyze its modes of operation..

5.1 Chapter overview

In this chapter we use the double quantum dot (DQD) electronic Maxwell’s demon model
from Ref. [4], which we refer to in this chapter as the Annby-Andersson (AA) model, to develop
and illustrate a general strategy for converting a non-autonomous, feedback-controlled model
of Maxwell’s demon into an autonomous, memory-tape model, or information ratchet, as illus-
trated schematically in Fig. 5.1. A number of authors have previously explored the connections
between feedback-controlled and memory-tape models [27, 33, 89, 102, 103]. Horowitz et al
[89] designed a feedback-controlled information motor based on the system-bit interactions of
Ref. [15]. Barato and Seifert [27, 28] discussed a stochastic-thermodynamics [49] framework that

encompasses both feedback-controlled and memory-tape models. Shiraishi ez al [103] showed
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Figure 5.1: Two paradigms of Maxwell’s demon. The left figure depicts the AA model, a
feedback-controlled model. On the right we show the corresponding memory-tape model or
information ratchet. In both cases, heat from a thermal reservoir is converted to work, either
through measurement and feedback, or through interaction with an information reservoir. We
explore a strategy to convert a feedback-controlled model to a memory-tape model. The figure is
taken from Ref. [2].
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that the measurement-feedback model introduced in Ref. [89] can be reduced to the simplified
MJ model of Ref. [26, 27, 28]. Strasberg et al [33] described a system with a spin-valve and a
quantum dot that can mimic the thermodynamic behaviour of the MJ model and can be mapped to
a Brownian ratchet. They also presented a feedback-controlled model that captures the effective
dynamics of the corresponding memory-tape model, and they compared how the second law of
thermodynamics applies to these two paradigms.

Our approach uses network-based modelling [49, 104] of a system of master equations,
originally introduced by Schnakenberg[69], to show how a non-autonomous demon with a seem-
ingly complicated feedback protocol can systematically be modified to construct a memory-tape
model that mimics its behavior. We then present a theoretical analysis of the resulting memory-
tape model. Our model has distinct regions in parameter space where it operates either as an
information engine or as a Landauer eraser. We solve the model exactly in the limit when each
bit interacts with the DQD for an infinite amount of time, obtaining analytic expressions for
thermodynamic quantities and critical parameter values. We also semi-analytically explore the
finite time bit-interaction situation and construct the corresponding phase diagrams. Lastly, we
discuss a scheme for the stochastic simulation of memory-tape models and use it to simulate our
model and to verify our semi-analytical results. We limit our discussion to a completely classical
stochastic model and leave quantum models as a future avenue for research.

This chapter is organized as follows. Details of network-based stochastic modelling [49,
69, 104] are presented in Sec. 5.2. In Sec 5.2.1 we map the AA model to a nine-state network by
converting its control parameter to a stochastic variable. In Sec. 5.2.2 and Sec. 5.2.3, we discuss
how to couple the DQD with incoming bits to mimic the behavior of the feedback-controlled

demon. A summary of the general modelling scheme is presented in Sec. 5.2.4. The analysis of

119



Occupation states (o)

Figure 5.2: States of the double quantum dot system x = (\, o) and the protocol (C44) for the
AA model. Feedback steps (changes in ), i.e, steps (b), (d) and (f)) are shown using double
arrows, and electron jumps (changes in o, i.e, steps (a), (¢) and(e)) are shown using single arrow.
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The figure is taken from Ref. [2]

memory-tape models is discussed in Sec. 5.3.1. In Sec. 5.3.2 we discuss the thermodynamics of
our model and solve for analytical expressions of thermodynamic quantities in Sec. 5.3.3. Phase
diagrams of operational modes are discussed in Sec. 5.3.4 and the stochastic simulation scheme

for the model is presented in Sec. 5.3.5. Finally a discussion of the content of this chapter and

some related future research directions are discussed in Sec. 5.4
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Figure 5.3: Reduced network G, = (Vy, Ex). Energies of the states in V. are shown to the
right of the network. Edges shown in red correspond to the feedback steps of the original AA
model, and involve the flipping of the bit in the memory-tape model. The edges shown in blue
correspond to the transitions where the electron hops into (out of) the DQD from (to) an electron
reservoir and the dotted arrows show the corresponding energy exchange. The figure is taken
from Ref. [2]
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5.2 Memory-tape model of Maxwell’s demon in DQD system

The (ideal classical) protocol of the AA model has been reviewed previously in Sec. 4.2.1
and here we show it again in Fig. 5.2, where electron transition events are indicated by single
arrows, and feedback steps by double arrows. The labels of the arrows in Fig. 5.2 refer to the
steps of the protocol discussed in Sec. 4.2.1. The states in Fig. 5.2 that are not included in the
ideal protocol for the AA model are relevant for the memory tape model, as discussed later in

this chapter.

5.2.1 DQD demon with thermal feedback control

5.2.1.1 DQD+controller joint state space: the reduced network

We now construct a network representation of the states of the AA model, as a first step
toward designing a corresponding memory-tape model. In the AA model, the DQD occupa-
tion state o is a dynamic variable with three possible states, 0 € 3 = {L, E, R}, as described
in Sec. 4.2.1. (Here the state E correspond to ketO of Chapter. 4). The DQD energy config-
uration A acts as a control parameter, also with three possible states: A\ € A = {A, B, C}
where A = (eg,€y), B = (¢,€¢) and C = (€,,€). Combining the energy configurations
and the occupation states leads to nine possible states for the DQD state variable: © € V5 =
A x ¥ ={AL, AE,---CR}. The ideal cyclic protocol C44, described above, follows the path
AEF — AL = BL — BR =— (R — (CFE = AF, where double arrows signify
feedback steps; see Fig. 5.2.

We now consider a situation in which the energy configuration A is no longer a control
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parameter, but instead is a dynamical variable on the same footing as the occupation state o. In
our model, the entire system is maintained at a temperature 7" using a thermal bath, and A is
now a stochastic variable that evolves under the effect of the thermal noise from the bath. The
system-variable x = (), o) evolves among the nine states in V as a continuous time Markov
jump process. We justify the Markov assumption by assuming that the system-bath coupling
is weak and the correlations between the system and the bath decay on a timescale faster than
that of the jumps. We make the following assumptions about our model: (i) The elementary
transitions in our process involve a change in either A, or o, but not both simultaneously, i.e., the
system is bipartite [104]. (ii) If A = B, then the excess electron cannot hop into or out of the
electron reservoirs; thus, the transitions BE <+ BL and BE <+ BR are not allowed. (iii) Direct
transitions between A and C' states are forbidden. These assumptions are modelling choices, but
all of the forbidden transitions can be justified physically by assuming sufficiently high energy
barriers between corresponding states.

Under these assumptions, we obtain a network G, = (Vy, Ey) where V, = V(G,) is the
set of 9 vertices and Ex = FE(G,) is the set of 11 bidirectional edges (see Fig. 5.3), describing
the stochastic dynamics [49, 69, 104] of the variable x = (A, o). The subscript r in G, indicates
a reduced 9-state network, in contrast with a full 18-state network G to be defined later. As the
control parameter A is now converted to a stochastic variable which evolves under the thermal
noise, the state x = (A, o) will not in general follow the protocol C44 and is free to explore all

the states in the network G,..
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5.2.1.2  Dynamics in the reduced network

We set the energies of the empty states AE, BE, C'E to zero and assign energies to all
other states based on the energy level of the dot that contains the electron: states BL and BR
have energy ¢;; states AL and C'R have energy ¢,; and states AR and C'L have energy ¢,, with
€ < €y < €, asin Sec. 4.2.1. We impose the condition of local detailed balance on the transition
rates for the thermal transitions x; <> z; with z;,x; € V(G,), when there is no exchange of

electron with the left or the right reservoir:

r

I BB (5.1)
TjT;

where 3 = (kgT)~ ! is the inverse temperature, and the superscript r again refers to the reduced
network. Ej (EY) is the energy of the state x; (z;) and R;ixj is the transition rate for the jump
x; — x;. The right-hand side of Eq. (5.1) is the ratio of probabilities of the system being in state
x; and z;, in the canonical ensemble. Strictly speaking, the DQD system is quantal in nature
and the tunneling events of the excess electron between two dots (i.e., 0 = L < o = R) are
coherent transfers, a purely quantal phenomenon (see Chapter 4 for discussion on the quantum
model). However, in our model we treat these events as classical thermal jumps in the spirit of
Ref. [4]. Thus, we assume the local detailed balance relation Eq. (5.1) for the edges: AL <«
AR, BL <+ BRand CL < CR.

When an electron jumps from the right reservoir, maintained at the chemical potential 1z to
the energy level ¢, of the right dot, there is an energy cost of (¢y — i) and similarly if an electron

jumps from the level €, of the left dot to the left electron reservoir set at the chemical potential
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ftr, the energy exchange is (117, — €g). Thus for the transitions AL <+ AE and CR <> C'E (shown

in blue in Fig. 5.3), we can write the local detailed balance relations as,

)
Bap AL _ ~pu—eo)
)

RQL AE (5 2)
CR OB _ ,~Bleo—nr)
RE‘E CR

The coupling with the electron reservoir creates thermodynamic forces [49, 69, 105, 106] in G,
and leads to violation of global detailed balance when i, # pugr. When Eqgs. (5.1) and (5.2) are
satisfied and p;, # ug, the dynamics of z in G, reach a non-equilibrium steady state (NESS)
[49]. In this state, electrons flow in the thermodynamically preferred direction, i.e., from the
right (left) reservoir to the left (right) reservoir when pug > py (1 > pgr), resulting in an overall
counterclockwise (clockwise) flow (which we will abbreviate as CCW (CW) flow throughout the
article) of probability current in G,.. This flow is in contrast with the feedback-controlled model,
which transfers electrons against the thermodynamically preferred direction. Therefore we next
consider how to couple the DQD to an information reservoir, in the form of a stream of bits, so

as to make the evolution of the DQD mimic that of the AA model.

5.2.2 Conversion to autonomous demon: bit-coupling strategy

Our information reservoir is a memory tape containing n classical bits. Each bit (b) can be
in one of the two states in B = {0, 1}. The energies of the two bit states are degenerate, and we
set them to zero. As in Ref. [15] the DQD interacts with a bit for an interval of duration 7, after
which the next bit arrives. We can visualize this process by imagining that the bits are placed,

equally spaced, on a tape that moves frictionlessly past the DQD, which interacts with the bit that
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is nearest to it at any given time.

In our model the coupling between the DQD and the bit occurs along the four edges of
G, that correspond to instant feedback steps in the AA model. These edges are shown in red in
Fig. 5.3. (Note that we have split the CEF — AF feedback step of the original AA model
into two steps: CE <» BE and BE < AF in our model.) Specifically, the DQD transitions
corresponding to these four edges can occur only when the state of the interacting bit b also flips.
We set up the coupling rules so that CW flow of probability current along C4 4 is favoured when
b flips from 0 to 1, and CCW flow is favored when b flips from 1 to 0. For example, the transition
AL — BL must be accompanied by a bit flip 0 — 1, and the reverse transition BL — AL occurs
only if the interacting bit flips from 1 to 0. Similar comments apply to the edges BR < CR,
CFE «» BF and BE <> AE. These DQD-bit coupling rules are indicated by curved red arrows
in Fig. 5.3. With this coupling scheme, an excess of 0’s in the incoming bit stream biases the
flow of probability in the CW direction. This bias opposes the thermodynamic direction of the
probability current when g > pp. Similarly, if 4, > pg then an excess of 1’s opposes the

thermodynamic direction of the probability current.

5.2.3 Details of the memory-tape model

5.2.3.1 DQD+controller+bit joint state space: full network

The joint evolution of the DQD state (z) and the nearest bit (b) occurs in the bit-coupled
network Gy = (Vy, E, ), which call as the full network; see Fig. 5.4. Here V, = V(Gy) = V X
B is the set of vertices representing the 18 possible states of the variable y = (z,b) = (), 0,b),

and E, = E(Gy) is the set of 18 bidirectional edges that reflect on the bit-coupling rules described
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BLO CLO

CRO

CEO

BE1

AR1 BR1

Figure 5.4: Full network G; = (V,, Ey ) showing all 18 states of the combined DQD and bit. The
full network G is obtained from Fig. 5.3 by accounting for the bit-coupling in G,. The states in
the full network are given by Vy, = V, x B and the edges follow directly from the edges of the
network G,, and the mapping of the edges is described in the Sec. 5.2.3.1. Equation (5.6) governs
the dynamics of the variable y = (A, o, b) in this network. The figure is taken from Ref. [2]
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in Sec. 5.2.2. Each edge of G, that does not involve bit coupling is represented by two different
edges of G, corresponding to the two possible bit states. That is, an edge x; +> z; € E(G,)
corresponds to the edges (z;,0) <> (z;,0) and (z;,1) <> (z;,1) in E(Gy), when z; <> z; does
not involve bit coupling. An edge z, <> x; € E(G,) that is coupled to the bit transition 0 <> 1
is mapped to only one edge, (z},0) < (z},1) € E(Gy). There are four such edges in Gy:

BEO < AF1, ALO <> BL1, BR0O +» CR1, and C'EO <+ BE1; see Figs. 5.3 and 5.4.

5.2.3.2 Dynamics in the full network and repeated bit interaction

As the b = 0 and 1 bit states are energetically degenerate, the transition rates for the edges
in £(Gy) obey the same detailed balance conditions as the corresponding edges in £(G, ). Edges

y; <> y; in E(Gy) with no electron reservoir coupling satisfy

Ryiyj _ e_ﬂ(Ei_Ej)’ (5.3)

Ryjyi

where E; and E; are the energies of the states y; and y; respectively (compare Eq. (5.3) with
Eq. (5.1)). When there is coupling with the electron reservoirs, the local detailed balance relations

are given as,

Rapoaro _ Baptan _ —pug—e)
- )

Raro apo  Rari am (5.4)

Rcrocro  Reoricer JE—

Rcrocro  Repi cr

(compare Eq. (5.4) with Eq. (5.2)). Equations (5.3) and (5.4) ensure the thermodynamic consis-

tency of the model, but do not yet completely specify the dynamics of y. We assume that the
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timescale of the stochastic dynamics of y due to thermal jumps is on the order of unity, and our
choice of the transition rates consistent with Eqgs. (5.3) and (5.4) are shown in Table 5.1. Ap-
pendix 5.5 presents a detailed discussion of the choice of the transition rates and corresponding
timescales.

During every interaction interval of duration 7, the joint dynamics of the DQD and bit are
described by a Markov jump process for the state variable y = (z, b) in G, with transition rates
shown in Table 5.1. In a continuous time Markov jump process, the jump times follow a Poisson
distribution as discussed in detail in Appendix 5.7. At the end of each interaction interval, when
a new bit b;,, arrives, the state of the DQD x remains unchanged, and the state of the interacting
bit b takes on the value of the incoming bit b;,. Thus when the outgoing and incoming bit states
differ, there is an effective virtual jump, due to the fact that the “old” interacting bit is replaced

by the next bit in the memory tape.

5.2.4 Summary of the modelling strategy

Here we summarize our approach for creating an autonomous, memory-tape model of
Maxwell’s demon from the non-autonomous, feedback-controlled AA model. We first create
a network representation of the states of the feedback-controlled model by identifying the dy-
namical states of the system (o0 € X) and the states of the control parameter (A € A). We then
convert the control parameter A to a stochastic dynamic variable that jumps among the states of
A. The joint state of the system and parameter is given by x = (\,0) € Vy. The next step is
to identify a network G, = (V,, Ey) whose edges correspond to possible transitions. For ther-

modynamic consistency, the transition rates must satisfy Eqgs. (5.1) and (5.2). There is no unique
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way to construct the network G, and different choices of the allowed transitions lead to different
memory-tape models. For our DQD system, we focused on designing a model that mimics the
feedback-controlled model’s behavior, and is simple enough for analytical and semi-analytical
treatment.

Next, the DQD is connected to a sliding memory-tape (information reservoir). By inter-
acting with only the nearest bit on the tape, the DQD interacts with each bit for a fixed time 7.
During that time, the coupling between the DQD and the interacting bit b occurs along those
edges in the network G, that correspond to the instantaneous feedback steps of the AA model.
The bit coupling rules are chosen so that incoming bits in the 0 state bias the resulting current in
one direction (CW in our model) and incoming bits in the 1 state bias it in the other direction.
In this way a memory tape with a surplus of 0’s or 1’s generates an effective force, which can
be harnessed to oppose the thermodynamic forces arising from reservoirs at different chemical
potentials.

The joint state of the DQD and interacting bit is described by a variable y = (x,b) that
evolves by a Markov jump process in the network Gy = (Vy, Ey). As we assume the bit states
0 and 1 to be energetically degenerate, the transition rates in the G follow from those in G, ; see
Egs. (5.3) and (5.4).

While we illustrate our strategy with the AA model and a specific network structure of
its dynamics, this approach can be implemented with other feedback controlled models where
an underlying network structure can be identified and then modified in a similar fashion as our

approach, to obtain a memory-tape model.
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Table 5.1: Transition rates for jumps of the variable y in G;. R,,,. denotes the transition rate
from y; to y;. Here we have taken r = ¢~ with ¢ = (¢, — €y) = (€9 — ;). These rates are used
construct the matrix R which is shown in Eq. (5.34) in Appendix 5.6

Rcrocro =71
Rcro cro =
Rericrr =
Repicr =
Rpro cro
RcroBro =1
Rpricri =1
Repi i =1 2
Rproro =1
Rpropro =1
RpriBr1 =1
RpriBr1 =1
Raro Bro = 12
Rpro aro =1
RapiBri =T 2
Rpri ar1 =1
Raro aro =1
Ragro aro =1
Rapi ari =1
Rapi ap1 =1
Ruko ALo = e—BuL—eo)
Raro apo =1
RApi a1 = e—Bur—eo)
Rari apr =1
Rcrocpo =1

il e

)

Ropo oro = e Pn=e)
Repicpr =1
Rep cpy = e Plinme)

Rppo ap1 =1
Rap1 Bro =1
Rcpo e =1
Rpricpo=1
Raropri=r
Rpri aro =1
Rprocr1 =1
RcriBro =7
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5.3 Analysis and results

5.3.1 Methods

Following Ref. [15], let p(#,,) be a column vector with nine entries that describes the prob-
ability distribution of the states of the DQD state variable x in G, (in the order AE, BE, CE,
BL, BR, AL, CR, AR, C'L) at time t,, = n7 that marks the start of an interaction interval.
Each incoming bit is independently sampled from the same probability distribution, with py (or
p1) denoting the probability of the bit to arrive in state 0 (or 1). It is convenient to specify this
distribution by the single parameter 6 = py — p;, which measures the excess of 0’s among the
incoming bits. The statistical state of the variable y = (z, b) in G at time ¢,, (just after the arrival

of the n’th bit) is given by the 18-dimensional vector

pol

pl
with I being a 9 x 9 identity matrix. The first nine elements of p¢(¢) correspond to the bit state
b = 0 and the last nine elements to the the state b = 1. From ¢ = ¢, to t,,,, the probability
distribution in G¢ evolves under the master equation

d
Epf(t) = Rpg (1), (5.6)

where R is the 18 x 18 rate matrix whose off-diagonal elements are the transition rates listed in
Table 5.1, and whose diagonal elements are R, = — | yy#y Pyjvis se€ Eq. (5.34) for an explicit

expression for R. At the end of the interaction interval, just before the next bit arrives, the joint
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probability distribution is obtained from the solution of Eq. (5.6), namely
pe(t, +7) = 2" Mp(t,). (5.7

To obtain the probability distribution of x in G, at the end of the interaction interval, we

project from the 18-state network G to the 9-state network G,,

p(t, +7) = PDeRTMp(tn), Pp = (I I) ) (5.8)

Equivalently,

p((n+1)7) = Tp(n7), T =Ppe¥" M. (5.9)

This transition matrix T (which depends on the parameter 7) evolves the probability distribu-
tion of x in G, over a single interaction interval. The evolution over n successive intervals is
described by the transition matrix T". From the Perron-Frobenius theorem [107] it follows that

any distribution p in G, evolves asymptotically to a unique periodic steady state
Qpss = lim T"p . (5.10)
n—oo

The periodic steady state qp, is a function of the interaction interval 7, and can be calculated by

solving for the invariant vector of the matrix T,

T Apss = Ypss- (5.11)

133



Once the periodic steady state for the DQD has been reached, the joint state of the DQD
and bit at the start of every interaction interval is given by Mqp,, and the joint state at a time

t, + At, with 0 < At < 7,15
Pr(ln + At) = ¥ Maps (5.12)

For the remainder of this chapter, when analyzing the behavior of our model, we will assume that

the periodic steady state has been reached.

5.3.2 Thermodynamics of the memory-tape model

5.3.2.1 Calculation of work

Let the circulation ®(7) denote the average number of electrons transferred from the left
to the right reservoir during each interaction interval. The average chemical work performed by

the DQD system per time interval 7 is then
W(r) = (ur — nz)®(r). (5.13)

If the sign of g — puy is the same as that of ®(7), then electrons flow from the lower to higher

chemical potential, that is against the thermodynamic force. From Fig. 5.3 we see that

(I)(T) :/ dt JER—>CE :/ dt JE’E—>BE
0 0 (5.14)

:/ dtJEE—mE:/ dtJ:xE—mu
0 0
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where J7 = J;xj is the probability current along x; — z; in G,, projected from the corre-

Tj—Tq
sponding currents in G;. We can determine ®(7) by calculating any one of these integrals.

The probability current along y; — v; of G is
‘]yiyj = Ryiyjpyj (t) — Ryjyipyi (t). (5.15)
When two edges z,0 <+ ;0 and z;1 < ;1 in G correspond to the edge x; <+ x; in G,, we have
Trie; (1) = Tui0 2,0() + T 251 (1), (5.16)
but when the transition x; — x; is coupled with a bit flip &’ — ", we have

T5 o () = Tagr o (). (5.17)

T

Since the C'E <+ BFE transition is coupled to the bit flit 0 <+ 1, the edge CE <> BF in G,

corresponds to a single edge, CE0 <+ BE1 in Gy, hence

®(7) :/ dt Jpg ok :/ dt JpE1 cko- (5.18)
0 0

Moreover, since BE1 is connected to only one edge, C'E0 <+ BE1, we have pgp1 = Jpr1 cko;

see Fig. 5.4. Therefore,

o(7) = /OT dt ppe1r = [pBEL(T) — PBE1(0)]

= [(" =D Map], gy (5.19)



where we have used Eq. (5.12) to get to the second line. We will use this result in Sec. 5.3.3.1.

5.3.2.2 Calculation of entropy change of the bit

Let p;, and p} denote the probabilities of the outgoing bit to be in the states 0 and 1. These
values are determined by summing over the appropriate states y = (x,b) in G at the end of an

interaction interval:

Py = Z M pss ) y=(z,0)
eV (5.20)
/1 Z RTM qpss =(z,1)
ev(g
The parameter
o' = po— 1l (5.21)

specifies the distribution of the outgoing bit. The entropy corresponding to this distribution is
S" = —> 0.1 P;Inp;, while that of the incoming bitis S = —>_,_,, p;Inp;. Thus in the
periodic steady state, the change in single-symbol entropy [39] of the interacting bit is AS =
S’ — S. Because AS does not account for correlations that develop between successive outgoing
bits, it provides only an upper bound on the net entropy change (per bit) of the information
reservoir. We discuss this point in detail in the next section (5.3.2.3), in the context of the second

law of thermodynamics.
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5.3.2.3 The first and the second laws of thermodynamics

In the periodic steady-state, the change in the internal energy of the DQD over one inter-
action interval is zero, on average. If chemical work is performed by the flow of electrons from
low to high chemical potential, then the energy required for this process must be extracted as heat
from the thermal reservoir that maintains the entire system at a fixed temperature 7'. We write

the first law of thermodynamics at the periodic steady state for this model as

Q(r) = W(r) = (ur — pr)®(7), (5.22)

where ((7) is the average heat extracted from the thermal reservoir, per interaction interval.

In Refs. [39, 40], a general form of the second law for information ratchets, called the
Information Processing Second Law (IPSL), was derived. In the periodic steady state the IPSL is
written as

(In2)Ah, > BW, (5.23)

where Ah,, is the change in the Shannon entropy rate (see Refs. [39, 40]) and W is the average
work extracted during one interaction interval. The entropy rate Ah,, includes the effect of corre-
lations among the bits in the incoming and outgoing bit-streams. In our model we have assumed
that incoming bits are uncorrelated with each other and have been generated through a memory-
less [40] process. For finite 7, the outgoing bits become correlated with each other, and thus the
output is memoryful [40]. However, in the limit 7 — oo these correlations become lost, and the

Shannon entropy rate Ah, reduces to the change in single-symbol entropy AS/(In2), hence for
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our model Eq. (5.23) becomes (in that limit)

AS > BW . (5.24)

Equation (5.23) is a general result for any memory-tape Maxwell demon and Eq. (5.24) is a
limiting case of the IPSL when correlations are neglected. When correlations are non-negligible,
Eq. (5.23) can identify functional modes of operation that are not indicated by Eq. (5.24); see
Refs. [39, 42, 44]. However, it is common to use the single symbol entropy for the analysis
of memory-tape models [15, 16, 26, 27, 33] and Eq.( 5.24) has been derived previously in the
context of Hamiltonian dynamics [17] and stochastic dynamics [28]. In our model, we ignore
the effect of the correlations among the bits for simplicity and assume the validity of Eq. (5.24)
as an approximation to Eq. (5.23) even for finite 7. The analysis of the effect of correlations
among the bits and calculation of Ah,, is outside the scope of this chapter; see Ref. [44] for
the Ah, calculation in context of the MJ model. Henceforth, by “entropy” we always refer to

single-symbol entropy unless otherwise specified.

5.3.3 Analytical results for 7 — o0

5.3.3.1 Thermodynamic quantities

There are two relevant time scales in our model. We have taken the time scale associated
with the thermal jumps in G, which are governed by Eq. (5.6), to be of order unity. The other

time scale is the parameter 7 that defines how long the DQD interacts with each bit. From the
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Figure 5.5: Plots of AS/B and W when (a) ¢ is varied at fixed ug = 1.5 and py, = 0, and
(b) BAp is varied by changing pr at fixed pu, = 0 and § = 0.002. In both cases we set [ =
1, r = ¢! ¢ = 0, and we take the limit 7 — oo. In both plots we see that AS > SW
is satisfied. The regions corresponding to the information engine (AS > 0,W > 0), Landauer
eraser (AS < 0, W < 0)anddud (AS > 0, W < 0) are shaded green, red and white respectively.
The figure is taken from Ref. [2]
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Perron-Frobenius theorem [107], we have

lim e®pe =11, V py, (5.25)

T—00

where RII = 0. The expression for I1 is given by Eq. (5.35) in Appendix 5.6. If 7 is sufficiently

lalge then Eq (‘)l I) becomes
qpSS = lim Ppe Mqus = Ppll. (526)
T—00

Using Eqgs. (5.35) and (5.26), we get

2 2%p 2 2 22 T
= | e B S B )
(5.27)
7“2

N =

41 +7r+72)+3r(kp + kr)’

where ki = e A=) p = e Alr=<0) and r = =7 with ¢ = (¢, — €) = (o — €). Here
we have taken symmetric energy gaps in the dots for simplicity of calculation and conciseness of
results. The method of analysis would be the same if €, and ¢; were taken as free parameters.

In the 7 — oo limit, the circulation (®,) can be calculated using Eq. (5.19). The probabil-
ities ppe1(0) and pppi(00) are given by the BE1 elements of ng;; and II, respectively. Using

Egs. (5.13), (5.19), (5.25) and (5.27) we get

W = M=) Kl ;r 5) kg — (1%5) KL} . (5.28)

Using Egs. (5.25), (5.20) and (5.21), we can describe the distribution of the outgoing bits as
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po1 = (1£6')/2, where

r(kr — KR)
§ = , 5.29
A1 +7r+7r2)+3r(kL + KR) (5-29)
which can be used to calculate the entropy of the outgoing bits as S' = —> i=0.1 pilnp, €

0,1n2].

5.3.3.2  Operational mode phase diagram

In the limit 7 — oo, bits in the outgoing bit-stream are uncorrelated and thus Eqgs. (5.23)
and (5.24) are equivalent, and both the final distribution ¢’ and the entropy of the outgoing bit
become independent of J; see Eq. (5.29). The entropy change AS.,, = lim, (5" — S5) is a
symmetric concave upwards function of ¢ with a negative value at its minimum (mins{AS.} <
0) at § = 0 when uy, # pg. Thus, in the region with || < |0’| (shaded red in Fig. 5.5a), we have
AS, < 0and W, < 0 (using Eq. (5.24)). By Eq. (5.29), we see that when

T(HL — KJR>
(I+7+472) +3r(kp + Kg) |

5l <10 = | (5.30)

information is erased from the incoming memory-tape, and the system consumes work, i.e., it
acts as a Landauer eraser. Therefore, for a given value of Ay = ur — ur, the Landauer eraser
region in the operational mode phase diagram is bounded by 44, as indicated by the red regions
in Fig. 5.6

By Eq. (5.24), W, > 0 implies AS,, > 0. Let 6* denote the value of § at which ®,, =
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Figure 5.6: Analytically obtained phase diagram when 7 — oo. In the green region the system
operates as an information engine (AS > 0, W > 0) and in the red region it acts as a Landauer
eraser. The critical parameter values ¢*, ¢’ and —¢’ are shown as function of SAp with Ay =
pr — pr with gy, = 0. We have taken g = 0, 3 = 1 and r = ¢! here. The figure is taken from
Ref. [2]

W /A changes its sign, for fixed pg and p. Using Eq. (5.28) we obtain

5= ML RR (5.31)

KL + KR

Thus, W, > 0 when § > ¢* and ur > pr, or when 6 < 6* and ur < pr. In these regions
of parameter space, shown in green in Fig. 5.6, the system produces work at the cost of writing
information to the memory-tape and the DQD acts as an information engine.

In the regions of parameter space where AS,, > 0 > W, information is written to the

memory-tape and the system consumes work, hence the model is a dud [15].
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5.3.4 Semi-analytical results for finite 7

For finite interaction time 7, we can numerically diagonalize the transition rate matrix as

R = UDgV, where Dy, is diagonal and UV = VU = . We then have

T = PpUePr"VM, (5.32)

and the evaluation of ¢PRT

is straightforward. Once T is obtained in this manner, the periodic
steady state qpss 1s calculated using Eq. (5.11), and thermodynamic quantities are determined as
described in Sec. 5.3.2.

Following this semi-analytical approach, we have obtained phase diagrams for different
values of 7, using the second law inequality Eq. (5.24), which is now the single symbol ap-
proximation to the IPSL in Eq. (5.23). Fig. 5.7 shows these phase diagrams. The competition
between the effects of bit-coupling (§) and the thermodynamic bias (A ) determines the direction
of probability current, i.e, the sign of @, in the network. With increasing values of 7, the system
has more time to relax to the equilibrium state II before a new bit arrives, and the phase diagram
approaches the one shown in Fig. 5.6.

In our model, the information engine region (W > 0) appears only in the first and third
quadrants of the phase diagrams. In these regions an increase in |Apu| increases the effective
thermodynamic forces and suppresses the information engine region for a fixed value of 4, as
seen in Figs. 5.6 and 5.7.

For small values of 7, the frequency of the virtual jumps in G (see Sec. 5.2.3.2) increases,

as bits get replaced more frequently. These virtual jumps drive the probability current against the
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Figure 5.7: Numerically obtained phase diagrams for different values of the interaction time,
7 = 0.2, 2, 20 and 200. For finite 7, the final distribution of the memory-tape (9’) depends on the
initial distribution (d), but this dependence vanishes in the limit 7 — oco. With increasing 7, the
phase diagram approaches the one shown in Fig. 5.6. We have fixedr = ¢!, 3 = 1,¢y = 0. The
figure is taken from Ref. [2]
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thermodynamic force in G,. Hence when 7 is increased the information engine region decreases;
see Fig. 5.7.

The entropy S(0) = —> . p;Inp;, with po1(6) = (1 & 6)/2, is a concave downward
function with a maximum at § = 0. As a result, when § = 0 and &' # 0 we have AS =
S(8") — S(6) < 0. This explains why the Landauer eraser region (AS < 0) contains the entire

0 = 0 axis in the phase diagram (except for the origin 6 = SAu = 0, where AS = 0).

5.3.5 Stochastic simulation

We have also performed stochastic simulations of the system. The variable y = (), 0, b)
was initialized by sampling z = (A, o) from the distribution qpss, and b from the distribution 4.
During each bit interaction interval, y evolves under a Markov jump process, with the rates listed
in Table 5.1. At the end of each interval, the value of 0 is replaced by the (randomly sampled)
state of the incoming bit. See Appendix 5.7 for further simulation details.

Figs. 5.8a and 5.8b show work and entropy production when the system acts as a Landauer
eraser and as an information engine, respectively. The total change in entropy () AS,) of
the memory-tape was calculated by summing the change in single symbol entropy over each bit
(AS,) in the memory-tape. Similarly, total work (D W) was obtained by summing over the
work done over each interval (W/,,). In these figures, the semi-analytical results obtained by the
approach described in Sec. 5.3.4 are represented by straight lines with slopes AS/7 and W/.
N = 10° trajectories were generated, and statistical errors in AS,, and W,, were calculated using
the bootstrap method, by resampling B = 10° times with replacements [108]. The increasing

errors in ) AS, and ) W, reflect the accumulation of statistical errors with each additional

145



7=1.5,6=0.0, BAu = 2.0, N = 100000, B = 100000

0.0 =<
X\
X
—0.1F , -
“x_
V‘\
=
-0.2r *\x
1,
<
2
-0.3r = X
%
.
04 — (AS/pn)t N
e .
% .
b D As./8 <
-0.5 n \x\x
b2 A
n 3
—0.6¢ L I I - I I I
0 5 10 15 20 25 30 35 40 45

(a) Landauer Eraser

=15, =0.4, BAu= 2.0, N = 100000, B = 100000

— (AS/pn)t
------- (W/n)t

b Y as,s
0.6r 4 ZWn

0.8

0.4

0.2

0.0

(b) Information Engine

Figure 5.8: Work and entropy production in (a) the Landauer eraser mode and (b) the information
engine mode. Semi-analytical results and stochastic simulation results are compared. AS,, and
W,, represent the change in single symbol entropy of the nth bit and average extracted work in
the nth interval. For all the simulations, we have taken 3 = 1, 7 = e~ ! and ¢y = 0. Errors are
calculated with the bootstrap method. The figure is taken from Ref. [2]
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interaction interval.

5.4 Discussion

We have presented a strategy for constructing a memory-tape model of Maxwell’s demon,
from a feedback-controlled model. We have illustrated this strategy using the Annby-Andersson
model [4], a feedback-controlled Maxwell’s demon in a double quantum dot (DQD). In our ap-
proach, we replace the feedback controller with a stochastic variable evolving under the same
thermal environment as the DQD. We then couple our system to an information reservoir and
design suitable bit interaction rules to mimic the effects of the feedback controller. In analyzing
our model, we obtained an exact solution in the limit of infinitely long interaction time 7, and
used a semi-analytical approach involving numerical matrix diagonalization for finite 7. As illus-
trated by these results as well as stochastic simulations, our model can act both as an information
engine and as a Landauer eraser, for suitable parameter values.

Our research strengthens the connection between two paradigms of information thermody-
namics: Maxwell’s original, non-autonomous paradigm of a “nimble-fingered” demon perform-
ing feedback control at the level of thermal fluctuations; and the autonomous paradigm, due to
Bennett [12], in which the demon is replaced by a physical gadget, thermodynamically driven by
the continual randomization of a stream of bits (the memory-tape). In effect, given a demon, we
show how to design a gadget that mimics it.

Our approach makes use of the underlying network structure of a feedback-controlled sys-
tem, and it relates to recent stochastic thermodynamic studies of bipartite systems [104, 109, 110].

Specifically, the dynamics of y = (X, 0, b) in Gy can be described as bipartite system dynamics
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by splitting y in two random variables: ¢ and = = (A, b) that do not change simultaneously. This
is in contrast with the original MJ model [15] which lacks the bipartite structure; see [104].

Double quantum dot systems are promising candidates for the experimental implementa-
tion of information engines [66]. While there have been a number of realizations of feedback-
controlled demons [5, 59], experimental realizations of memory-tape models are yet to be ex-
plored. By showing how to design a memory-tape model that mimics a feedback controlled
system, our approach may be useful in the design of physical implementations of autonomous
information engines.

Although our analysis has been entirely at the level of classical stochastic dynamics, it
would be worth studying analogous quantum models (see e.g. [35]). A future research direction
might explore design principles for quantum analogs of the memory-tape model. Lastly, we
limited our discussion of the information-theoretic aspects of this model to the single symbol
entropy. The study of the effects of correlations among the bits offers another avenue for future

research.

5.5 Appendix: Transition rates and the detailed balance relations

Equations (5.3) and (5.4) together give ratios of the transition rates which guarantee the
thermodynamic consistency of the model but do not completely define the transition rates for the
dynamics of y in the network G;. Thus, there is freedom in the choice of transition rates along

the edges of G as long as the ratios in Eqs. (5.3) and (5.4) are maintained. When there is no
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coupling with an electron reservoir, we have taken

(5.33)

for E; > F;, which satisfies Eq. (5.3). The pre-factor I' is the inverse-timescale of the thermal
jumps of the system and we have taken [' = 1. For example the transition rates along the
CL0O — CRO edge are given as Rcro cro = e Pleu—co) — e=F¢ — rand Reopo oo = 1, where we
have taken (e, — €g) = (€p — €;) = € and r = e~7¢. We have assigned the rest of the rates in the
Table 5.1 in a similar fashion when there is no coupling with an electron reservoir.

When there is an exchange of electron with the dot and the electron reservoir (0 = L/R <>
o = F), Eq. 5.4 ensures the thermodynamic consistency of the transition rates. Here we use the
convention that when the electron enters the dot from the electron reservoir (c = £ — o =
L/R) the transition rate is I',.s, and when the electron leaves the dot to the electron reservoir
(0 = L/R — o = E) the transition rates are given as I',.;e~?(#2/2=<) which is consistent with
Eq. (5.4). For simplicity we have also taken I'..s = 1. Thus for example, Rago ar0 = e Bl —co)
and Raro ago = 1. The other transitions involving the electron reservoirs are similarly set, as
seen in Table 5.1.

Note that the shortest timescale of the dynamics of the thermal jumps is given as 1/ max{[", [',es }
which we have taken as 1 in our model. It should be noted that the time scale of the thermal jump
is in general different from the duration of the bit interaction interval 7, which is another temporal

parameter of our model.
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5.6 Appendix: Rate matrix and unique stationary state for G

The rate matrix R and stationary distribution II are (see next page)
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0 0
0 0
0 0
0 1
1 0
1 0
0 1
-2 0
0 =2
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
0 0
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r

2

II =

4(14+7r+7r?) +3r(kL + KR)

where r; = e Blbr—c) o — e=BFlur—c) [

KT

KLT

KLT

(5.35)

=11, Ky=—-1r*—r—1,Ky=—kp—r—1,

Ky=—kr—r,K; = —k —rand K¢ = —kp — r — 1. Here the states in V' (Gy) are ordered as

follows: (AEO, BEO, CE0, BL0O, BR0, ALO, CR0, ARO, CLO, AE1, BE1,CFE1, BL1, BR1,

AL1, CR1, AR1,CL1).
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5.7 Appendix: Details of stochastic simulation scheme

5.7.1 Poisson jumps

We implement the Gillespie Algorithm [111, 112, 113] to simulate the continuous time
Markov jump process for y in G¢, when the DQD system is interacting with a bit. If a system is
in state y; at time ¢, then the time interval for the next jump event is generated from the Poisson
distribution as follows:

1 1

At = —— In— (5.36)
Zy#yj Ry &

where ¢; is sampled uniformly in the interval (0, 1]. After remaining in the state y; over the time
interval [t,t 4+ At), the system jumps to a new state (say y;/). To find y;,, all states in V' (Gy) are
arranged in order (say, (0,1,2,..,16,17)), then j" is chosen as the smallest integer label of the

ordered states that satisfies:
j/

Zi:ﬂ,yi#yj Ryiyj

> &y (5.37)
Zy#yj Ryyj
where &, is sampled uniformly in the interval (0, 1].
5.7.2  Virtual jumps
Virtual jumps occur when a new bit arrives. Specifically, if y = (x;,b,) at time ¢ €

(n1, (n + 1)7), and if t + At > (n + 1)7, then instead of generating a jump using Eq. (5.37), a
new bit state is generated at time (n + 1)7.
The new incoming bit is sampled with probability py (p;) to be in state b1 = 0 (b1 = 1),

the state y is updated to y;; = (z;,b,41), and the time is set to t = (n + 1)7. We express this
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update rule as

0, with probability pg
b ny1= (5.38)

1, with probability p;
y ((n+1)7) = (2;,bn41) (5.39)

when t + At > (n + 1)7. If b1 # b, then this update constitutes a virtual jump, otherwise the

state of y is unchanged.
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Chapter 6: Fast-forward shortcuts to adiabaticity in classical Floquet-Hamiltonian

systems - angle variable dynamics

The content of this chapter is based on independent research work and is yet to be pub-

lished.

6.1 Chapter overview

In contrast to the previous chapters, here we do not consider any model of Maxwell’s de-
mon. Instead, we consider a situation where the behavior of a time-dependent system with a
predefined protocol is modified to achieve a desired behavior without the intervention of an ex-
ternal agent. In the spirit of the discussion on autonomous demons presented in Chapters 1 and
5, we consider the shortcuts-to-adaibaticity (STA) problem [65] discussed here as a form of non-
feedback or open-loop control. We investigate STA in classical Floquet (periodic) Hamiltonian
systems where the system’s dynamics are accelerated while preserving features of the quasistatic
dynamics by adding an additional potential to the original Hamiltonian of the system. Among
different forms of STA for classical Hamiltonian systems we will focus the discussion of this
chapter on flow-field based methods [77, 114]. In this chapter we will extend the fast-forward
method of STA to periodically driven Hamiltonian systems in contrast to the protocol presented

in the Ref. [77], where a time-dependence of the Hamiltonian is turned on for a finite interval of
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time. Additionally it was pointed out in Ref. [77] that the microcanonical measure on the adia-
batic energy shell is not preserved under the evolution generated by the fast-forward Hamiltonian
unless the system is driven under a scale-invariant protocol. Here we investigate the dynamics
of a periodically driven system with a non-scale-invariant protocol and study the angle variable
dynamics using tools from chaotic dynamics and ergodic theory [73].

This chapter is organized as follows: in Sec. 6.2 we review shortcuts to adiabaticity for
classical Hamiltonian systems, following Refs. [65, 77]. In Sec. 6.3 we set up the theoretical
formalism for studying angle variable dynamics under a fast-forward Hamiltonian. In Sec. 6.4 we
present numerical studies for the angle variable dynamics for a periodically driven asymmetric
double well system, for two sets of parameters illustrating the behavior of the angle variable

dynamics with and without fixed points.

6.2 Background: classical flow-field based methods for shortcuts to adiabatic-

ity (STA)

Here we present a brief pedagogical review of flow-field-based methods for classical short-
cuts to adiabaticity and also introduce notation and ideas that will be used throughout the chapter.
We consider a time-dependent Hamiltonian H (g, p, t) for a one-degree-of-freedom system, of the
form

p2
H(q,p,t) = 5+U(q,t), (6.1)

where time ¢ varies in the window 0 < ¢ < t; and we have taken mass m = 1. We assume
that at every time ¢, there exists a region S, in the (¢, p) phase space, where the system executes

libration [70] (periodic motion where the sign of ¢ changes), when the dynamics are generated by
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the Hamiltonian H (g, p,t) frozen at time ¢. Additionally, we assume the energy level surfaces of
the frozen Hamiltonian H (g, p, t) have the same topology in S;, and restrict our choice of initial
conditions (which will be discussed later) to this region only.

The action [70, 71, 115, 116] I(q,p,t) at any phase space point (q,p) € S; at time ¢ is
given by

1
f@%ﬂzgmﬂ@nmm (6.2)

where the Q(F,t) gives the phase space area enclosed by an energy level surface of energy E

corresponding to the Hamiltonian H (g, p,t) frozen at time t, i.e.,

Wﬂﬂz/ /(W@WW—HWWML (6.3)

with 6(z) being the Heaviside step function. A trajectory (q(t), p(t)) evolving under the Hamil-
ton’s equations of motion generated by the time-dependent Hamiltonian H(q, p, t), does not pre-
serve the action, i.e. I(q(t),p(t),t) is not a constant of motion. However, for slowly driven
systems, the action I(q(t), p(t),t) becomes an adiabatic invariant [70, 71, 115] as we explain
briefly below.

We define the initial energy shell &, corresponding to energy £y, and action /j as

Since the action variable is not a constant of motion, all of the initial conditions in £(0) will
not be mapped to a single level surface of the Hamiltonian H (g, p,ts), when evolved under the

time-dependent Hamiltonian H (g, p, t) for an arbitrary time interval ¢ = 0 to ¢ = ¢;. However,

157



under an infinitely slow (quasistatic) evolution under the same protocol, i.e., evolution under the
slow Hamiltonian H (g, p, et) from¢ = 0 to ¢ = (t¢/e) with € — 07, the initial energy shell £(0)

gets mapped to the adiabatic energy shell E(ty):

E(ty) ={(q,p) €Sy, | H(q,p,t5) = E*(t)}, (6.5)

Here the adiabatic energy F4(t;) corresponds to the level surface of H(q,p,t;), that contains
the area 27/;:

Q(E™(ty),t7) = 21y, (6.6)

We see that the action (g(t), p(t),t) for any point in £(¢;) is same the (/;) as that of any point
on initial energy shell £(0). If the evolution is slow but not infinitely slow, then the action is only
approximately preserved, |I(q(t;/€),p(ts/€),ts/€) — Iy] = O(e*). Here action is an adaibatic
(quasistatic) invariant.

In Ref. [77], it was shown that, given the Hamiltonian H (g, p,t) and the initial action I
(or equivalently initial energy Ej), it is possible to construct flow-fields v(q, t; Iy) and a(q, t; Iy),
and correspondingly two new STA Hamiltonians: (i) the local counterdiabatic Hamiltonian
Hycep(q,p,t; 1y), and (ii) the fast-forward Hamiltonian Hyr(q, p,t; Iy), which evolve £(0) —
E(ty) in any arbitrary time interval t = 0 to ¢t = ¢;, where £(¢;) is the adiabatic energy shell of
H(q,p,t¢). From now onward, throughout this chapter we will drop the parametric dependence
on I, for the flow-fields and STA Hamiltonian for conciseness, but it is to be understood that

flow-fields and the STA Hamiltonians are always defined for a fixed /,. The local counterdiabatic

158



Hamiltonian is defined as

HLCD<Q7p7 t) = H<Q7p7 t) + K(Q7p7 t) (67)

where K(q, p,t) is defined by the flow field as

K(q,p,t) = pv(q,1) (6.8)

The fast-forward Hamiltonian is given as

where Upr(g, t) is a potential that is defined by the flow field as

_@UFF(qat>

5 —ala) (6.10)

While both Hycp and Hpp evolve the initial energy shell £(0) to the target energy shell £(ty),
there is a major difference between the dynamics generated by Hy cp and Hpp — while evolving
under Hiycp, the initial conditions that started on £(0) remain on the instantaneous adiabatic
energy shell £(t) throughout the evolution from ¢ = 0 to ¢ = ¢;; here, the instantaneous energy

shell is defined by the condition:

E(t)={(q.p) €St | H(g,p,t) = E*(t)} (6.11)
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with £24(t) satisfying

Q(EX(t),t) = 271, (6.12)

In contrast, when evolving under H g, initial conditions taken from £(0) in general do not remain
on the instantaneous adiabatic energy shell £(¢) at intermediate times ¢ € (0, %), but they return
to the final target adiabatic energy shell £(t;) att = t;.

In the next section we will investigate shortcuts to adiabaticity in Floquet-Hamiltonian sys-
tems using the fast-forward approach. However, the discussion can alternatively be explored
through the local counterdiabatic approach. Here we briefly discuss how fast-forward and local
counterdiabatic Hamiltonians are related to each other. For any time ¢, if (¢(¢), p(t)) are evolving
under the Hamiltonian Hycp(q, p,t), then we can construct a time dependent canonical trans-

formation of variables from (q(t), p(t)) to (g(t),p(t)), given by the type-3 generating function

[70, 71]:
~ ~ a ~
&@%Oz—w—/dwwi) (6.13)
q0
and the relations ¢ = —aai; and p = —88—123” with ¢y as an arbitrary constant. With this transfor-

mation, it can be shown that the transformed variables (§(t), p(t)) evolve under the Hamiltonian
Hpg(q,p,t). Also, the Hamiltonians Hycp(q, p,t) and Hpp(q, p,t) are related to each other by
the generating function F3(q, p, t), as follows [70, 71]:

aF?)((jup? t)

o (6.14)

HFF(‘L]% t) = HLCD(Q7p7 t) +

In the most general case, Gy can be chosen as an arbitrary function of time gy(t), which will give

rise to a fast-forward Hamiltonian that differs from Hyp by a pure function of time but generates
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the same equations of motion. At any time ¢, there will be a set of points £ (¢) in the (¢, p)
phase space, which is an image of the adiabatic energy shell £(¢) in the (g, p) phase space. Due
to the properties of the canonical transformation, E¥¥ () will also have the same enclosed area
as the corresponding adiabatic energy shell £(¢) [70]. Thus for the evolution under Hrr (g, p, t),

we have a local dynamic invariant J(q,p,t) as,

1

= pdg = I (6.15)
m gFF(t)

J(q,p,1)

for a fixed Iy at any time ¢ € [0,¢f]. Note that E¥¥(¢) is not necessarily located on any energy
level surface of the Hamiltonian H(q,p,t), in contrast to £(¢) which always remains on the
instantaneous adiabatic energy level surface of H(q, p,t). In the next section we discuss how the

fast-forward protocol can be applied to periodically driven systems.

6.3 Theory and methods: dynamical maps and transfer operator

6.3.1 Hamiltonian maps for fast-forward shortcuts to adiabaticity in Floquet
systems

In Ref. [77], the fast-forward protocol was developed for a time-dependent Hamiltonian,
where the time dependence is turned on for a finite interval of time and then turned off. Here we
set up the formalism for investigating the application of the fast-forward protocol to a periodically
driven, one-degree-of-freedom, classical Hamiltonian system. We define our system of interest
by the Hamiltonian

HlgpA0) =L + Ul A0) 6.16)
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In contrast to the discussion in the previous section, in Eq. (6.16) we have introduced the time-
dependence in the Hamiltonian implicitly through a parameter A(¢), which is a periodic function
of time ¢ with the period 7":

A(t) = A(t + 7). (6.17)

We assume that the Hamiltonian H (g, p, A(t)) and the periodic driving A(t) are continuous and
smooth functions of time ¢, such that all time derivatives of A(¢) and H(q, p, A(t)) are well de-

fined. This assumption also implies

O"H O"H
wr (q,p,\(t)) = e (¢, p, ANt +T)). (6.18)

Under Hamiltonian dynamics, the state of a system z(¢) = (¢q(t),p(t)) at anytime ¢ is a
function of the initial conditions. Hamiltonian dynamics can also be described by Hamiltonian
maps (see Refs. [73, 115, 116] for general discussion on Hamiltonian maps). The state of the

system (a phase space point)

is evolved for the time interval ¢ to ¢ +7" under the Hamiltonian H (z, A()), then the evolved state

z(t 4+ T) is related to the state z(t) by the Hamiltonian map M as:

2t +T) = Mr(z(t);t) (6.19)

Since we are interested in time-periodic dynamics from ¢ = n7T tot = (n + 1)T, we can express
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the dynamics through a discrete map

Zngl = MT(Zn)y (6.20)

where z, = z(nT), and My stands for the Hamiltonian map generated by H(z, A(t)) over
the evolution of one period. We have dropped explicit time-dependence in the map My as we
are always considering periodic dynamics from the beginning of a time period ¢ = nl" to the
end of the period ¢ = (n + 1)T. Here, M7y is a two-dimensional invertible nonlinear map,
parameterized by the period 7". Note that the action is not a conserved quantity under M, i.e.,
I(zp,t =nT) # I(zp41,t = (n+ 1T).

We aim to apply a fast-forward potential Upr(q, A(t)) to the periodically driven system
H(z, A\(t)) such that a chosen energy shell £(t = nT') = &, with action [, and energy Ej, gets

mapped to itself £, — &,,1 = &, under the evolution generated by the fast-forward Hamiltonian

Hpp(q,p, A(t)) = H(q,p, A(t)) + Uprp(q, p, A(t)) (6.21)

for any periodic interval t = nT tot = (n + 1)T. Similarly to the time-dependent flow-fields
discussed in the previous section (and also in Ref.[77]), we introduce two A-parameterized flow
fields ©(q, A) and a(q, A). For any given Iy, the fast-forward potential is related to the flow-fields

by

a(g, \) = o\

(6.22)

We denote the periodic Hamiltonian map for the evolution generated by the fast-forward Hamil-

tonian Hpr (g, p, A(t)) from time t = nT to t = (n + 1)T as MET[Iy]. Here, the I in the square
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bracket signifies that the Urr(q, p, A(t)) has been constructed for the the energy shell correspond-
ing to the action [, (and adiabatic energy Fj). Evolution of the phase space point z, under this
Hamiltonian map is given as

Znp1 = MEF[I)(2,). (6.23)

The evolved point 2,11 lands on the adiabatic energy &, if the initial condition z,, € &,. Here,
MEF[I,] is an invertible two-dimensional nonlinear stroboscopic map that evolves every point in
the full (¢, p) phase space for one time period 7', and also has a special property that the adiabatic

energy shell £, gets mapped to itself: £, = &,,.

6.3.2 One-dimensional angle map (@ﬁ’}o]) for dynamics on preserved energy

shell
Next, we will introduce a one-dimensional map [72, 73, 115] for studying the dynamics
of the angle variable on the energy shell &, under the evolution by MEF[Ij]. We consider the
canonical transformation of z, = (g,, p,) to the action-angle variables y,, = (0, I,,), which is
given by the type-2 generating function [70, 71]

dn
By qn) = / dq plg, I,) (6.24)

gimn)

and the relations p,, = %iq?, 0, = %if where 0,, € [0,27). Here the function p(q, I) is implicitly
defined by H(q, p, A(nT)) = E*(nT) and Q(E*(nT),nT) = 2r1; and ¢™ is the left turn-
ing point of the adiabatic energy shell &,, i.e., ¢/ = ming{¢" | p(¢,I,) = 0}. Under this

canonical coordinate transformation (y,, = ¢(z,)), the two-dimensional periodic evolution map
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Figure 6.1: Evolution of the energy shell Sy = {HSj)|j =1,.,M}toS; = {0§j)|j =1,.., M}
for A = 14, 7 = 1 and adiabatic energy £ = 50. We have taken M = 1000 here. The points
in Sy are microcanonically distributed, i.e., uniformly spaced in in the angle variables Géj ) from 0
to 2. The evolution under H g is done using a symplectic integrator of fourth-order with time
step 6t = 1076,



MPEF[I,] transforms to the conjugate map MEF[Io] = go MEF[Ig] o g~! in the new action-angle
coordinates [73], and we have:

Yni1 = Mz L] (yn)
(6.25)

= MgF[IO](Qm [n>
Now we fix I, = I, in the Eq. (6.25) to obtain the one-dimensional angle map on the adiabatic
energy shell as @gﬂo] (0) = MEF[1o](0, I = I,). This angle map gives periodic evolution of the

angle variable 6,, for the fixed action [,, = I, i.e.,

Oni1 = OF 111 (6n) (6.26)

6.3.3 Transfer operators for the evolution of the angle variable distribution

We can study the angle variable dynamics on the preserved energy shell by the transfer op-
erator method [117]. Suppose we randomly sample a set of M angle variables S,, = {Q(i)}i:L_,, M
at t = nT, from the energy shell &, according to the probability density function 7, (¢) where
0 € [0,27); and evolve these points with the map ©7.7; , to obtain the new set S,, 11 = 7.1, 1(S,.).
If the points in the set S,, .1 are now distributed according to the probability density function
Nnt1(0), then 1,,1(0) is obtained from 7, (6) by the transfer operator or the Ruelle-Perron-

Frobenius operator for the fast-forward dynamics 755 ﬁo]:

N1(0) = Pri11) 1 (6) (6.27)
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Figure 6.2: Angle variable map 07 = @gﬂo](ﬁi), corresponding to the energy shell evolution
shown in Fig. 6.1. ¢; is the initial angle coordinate and 0 is the final angle coordinate. The angle

map 65’[1“}0] has been constructed from the points (Oéj ), ng )) which are also plotted with the color

representing the initial location Oéj ). The identity map 6y = 0, is also shown using the dotted
line. Since 6 = @gﬂo] (6;) does not intersect 6 = 6, there is no fixed point under the evolution

of the map ©F.17  (6;) for the parameters A = 14, Eyy = 50.
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The action of the operator 7571? ﬂo] in Eq. (6.27) can be expressed as the integral equation

27
meal8) = [ 406 (6 OF1,(0) m(®) (6.28)
0

Eq. (6.28) is known as the Frobenius-Perron equation [73]. Since ©LF 11o] is a bijective mapping,

we can write Eq.. (6.27) or Eq. (6.28) with the inverse function of @T (1] @S

(07" (0))
i1 (0) = ———=—— (6.29)
9071, (05 (9))
where (O, \)™! = 67" is the inverse function of ©FF, |, and 9OFT, | stands for the derivative

function of ©F 7, . Eq. (6.29) allows us to evolve the density 7, (¢") to 7,+1(f) when the func-
tions 0OLY [lo] and 8;1 are known, and thus provides a method of iteratively evolving an angle
variable density with the Perron-Frobenius operator 755 50]' The invariant density [73, 117] of
the map @5@01 is given as 7(0) which is an eigenfunction of the Perron-Frobenius operator with

eigenvalue 1 :

Pl 1s(0) = 1(0) (6.30)

We also point out that the adjoint (dual) to the Perron-Frobenius operator 7575 f}o] is known as the
Koopman operator [117, 118], which gives the composition of a function with the map @F T[1o]

and is often used in the control theory and engineering literature.
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Figure 6.4: Angle variable map 07 = @IT”FI ](Qi), corresponding to the energy shell evolution
5140

shown in Fig. 6.3. Here, 0; = 9;?10](01) intersects 6y = 6; at two points: (6,,6,) and (6,,0,).

Thus there are two fixed points under the evolution of the map @?ﬂo](ﬁi) for the parameters

A =18, Ey = 50. Here we have [0071)(0,)| < 1 and [0©71; ,(0,)| > 1, hence 0, (6,) is an

attracting (repelling) or stable (unstable) fixed point of the map @57[}«}0]_
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6.3.4 Transition probability matrix and evolution of probability distributions on
the energy shell

Instead of dealing with probability densities and Eq. (6.27), we discretize the angle variable
space and investigate the evolution of a probability measure in this discretized space following
Ulam’s method [117]. We discretize the angle variable space [0, 27) into & > 1 bins of uniform
size (2r/K) and label them j = 0,.., K — 1, and construct a histogram, represented by a prob-
ability vector P, = [Py(nT), P,(nT), .., Px_1(nT)]". Here, P;(nT) represents the probability

that a point is in the jth bin, when it has been sampled from the distribution 7,,(6):

2m(j+1)/K
P;(nT) = /2 dé n,(0). (6.31)

i/ K

Now we define the transition probability 7;; from the jth bin to the sth bin, as the probability of

a randomly sampled point from a uniform distribution (u;(¢)) over the jth bin:

K 27rJ 27 (j+1)
2 <f<? K

u;(0) = (632)

0, otherwise

to land in the sth bin, when evolved under the map @gﬂo]. Hence, we have

(i+1)/K
7~ | 46 PEE u;(6)

i/ K
B /27r(i+1)/K do u](ejjl(e)) (6.33)
2mi/K )aGT mo)( (9))
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Collecting transition probabilities 7;; in a matrix form we construct the transition probabil-
ity matrix T. For large enough K, the distribution u,(¢) approaches a delta function distribution,
and in that case the matrix T can be used to visualize the Kernel of the operator 7575 ﬂo]. From
the Perron-Frobenius theorem we know that there is an invariant probability vector ]33 which
corresponds to the Perron-Frobenius eigenvavalue s©¥ = 1 for the matrix T, and any starting
distribution ¢’ converges to it under the dynamics generated by T.

lim T"¢= P,, TP

n—o0

V)

P, V§ (6.34)

The eigenspectrum {s; };—; _ x of the matrix T gives us information about the relaxation rate to
the invariant distribution for different eigenvectors of T'. A zero eigenvalue implies instantaneous
decay of an eigenmode. For non-zero eigenvalues, smaller values of |s;| imply faster convergence
towards ]38, and |s;| ~ 1 implies metastable eigenmodes, which take a long time to decay, and

non-zero Im{s; } implies the cyclic nature of the eigenmode [119].

6.4 Toy model system

In this section we discuss the angle-variable dynamics and its statistical properties by nu-
merically investigating a toy model. Our toy model uses the same asymmetric double well po-

tential as Ref. [77] with a driving that is now periodic in time.
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(b) Probability distribution on preserved energy shell

Figure 6.5: The Fig. 6.5a shows the transition probability matrix T and the Fig. 6.5b shows
the evolution of probability distribution P, = [P, (nT)]}_o,..x_, under the transition probability
matrix T; for parameters A = 14,7 = 1.0 and energy shell £ = 50. We have created K = 100
bins and the index 7 = 0, .., K — 1 is used for the label of the bins. The starting distribution for
the evolution is taken as the uniform P;(0) = (1/K). The evolved distribution P, = T" P, are
plotted. The stationary distribution P, has been calculated by solving TP, = P,
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Figure 6.6: The Fig. 6.6a shows the transition probability matrix T and the Fig. 6.6b shows
the evolution of probability distribution B, = [P; (nT)]j_0,..x_, under the transition probability
matrix T'; for parameters A = 18,7 = 1.0 and energy shell £ = 50. We have created X' = 100
bins and the index 7 = 0, .., K — 1 is used for the label of the bins. The starting distribution for
the evolution is taken as the uniform P;(0) = (1/K). The evolved distribution P, = T"P, are
plotted. The stationary distribution P, has been calculated by solving TP, = P,. The stationary
distribution P, = [, 5*lj=0...x_1» Where jx is the index for the bin containing the attractive fixed
point 6,,.
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6.4.1 Setup: periodically driven asymmetric double well

We consider a one-dimensional (1D) periodically driven double well system given by the

Hamiltonian H (g, p, A(t)), which corresponds to evolution under the potential

U(a, A1) = ¢* = 16" + A(t)q, (6.35)
with the driving protocol:
t
At A, 7) = Acos (—W) . (6.36)
T

The parameter A controls the strength of the driving and 7 controls the speed of the driving.
To ensure the existence of the double well landscape of the potential at all time, we impose a
restriction: A € (—%\/g , %ﬁ) which approximately corresponds to —34.8372 < A <
34.8372. This constraint also bounds the value of \(¢) for any time ¢, since |\(¢)| < |A| for the
choice of our protocol. For any A € [—A, A], there are three stationary points in the double well:
two minima corresponding to the left and right wells, ¢, ()\) and ¢%,_ ()), and a central maximum
q<..(\). The period of the driving is 7' = 27 and thus smaller (larger) T corresponds to faster
(slower) external driving. The dynamics under our choice of H(z, A(t)) can be understood as a
particle executing motion under a driven double well potential where the depths of the wells of
the oscillator are periodically shifting due to an oscillatory slope in the linear term. At any time ¢,
the phase portrait corresponding to the frozen Hamiltonian H (z, A\(¢)) has three different regions
separated by two homoclinic orbits, which meet at the fixed point z = (g%, ()\), 0). The separatix
energy is given as E*P(\) = H (¢S, (\),0, \). The energy level surface E,p(\) = {z|H (2, \) =

E*P(\)} acts as the separatrix creating a division between the topologically different regions of
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Figure 6.7: Eigenvalues {s; };—1,. x of T is shown for the case with no fixed point £y = 50, A =
14. The Perron-Frobenius eigenvalue spr = 1 is highlighted with a red circle. Total K = 100
eigenvalues are plotted. The observed number of eigenvalues in the plot appear less than K due
to degeneracy and near degeneracy of eigenvalues. Eigenvalues with |s;| &~ 1 correspond to the
metastable modes of the dynamics that take.

the phase space [70].

Now, we choose the energy Ej and corresponding action Iy, such that E24(\(t)) > E*P(\(t))
at any time ¢ (See Appendix. 6.5 for the details of calculation of £24()\(¢))). This condition en-
sures that we are always in the libration region of phase space and throughout the variation of
the control parameter A(¢), no change in phase space topology takes place for the dynamics un-
der consideration. The fast-forward potential is calculated using standard methods [77] for the

Hamiltonian given in Eq. (6.16) (see Appendix. 6.6).
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Figure 6.8: Eigenvalues {s; };—1,x of T is shown for the case with fixed points £, = 50, A = 18.
The Perron-Frobenius eigenvalue spr = 1 is highlighted with a red circle. Total K = 100
eigenvalues are plotted. The observed number of eigenvalues in the plot appear less than K due
to degeneracy and near degeneracy of eigenvalues. Absence of eigenvalues with |s;| &~ 1 implies
that the dynamics relaxes to the stationary state quickly. Eigenvalues are real indicating absence
of the cyclic modes in the dynamics.
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6.4.2 Discussion: preserved energy shell as a heteroclinic connection and in-
variant distributions

We investigate the properties of the angle map @5@0] and corresponding evolution of dis-
tributions on the energy shell under fast-forward Floquet driving for two sets of parameters that
show qualitatively different types of behaviors. Fig. 6.1 shows the evolution of the energy shell
&, to £,.1 corresponding to the adiabatic energy £y, = 50 under the evolution by the Hamilto-
nian Hpp for one period 7' = 27, with 7 = 1.0, A = 14. The corresponding angle map @’{F;ﬂo]
is shown in the Fig. 6.2. Similarly the energy shell evolution and the corresponding angle maps
for the parameters A = 18, Ejy = 50 are shown in Fig. 6.3 and Fig. 6.4. The time integration
of the Hamiltonian dynamics are performed with a fourth order symplectic integrator [120]. We
see that in the case of A = 14 (Fig. 6.2) there is no fixed point in the map @%FIO], whereas for
A = 18 (Fig. 6.4), two fixed point 6, and 6, are created through a tangent bifurcation [73]. 0, is
an attractive fixed point and, 6, is a repulsive fixed point. Now, if we consider the corresponding
two dimensional map MZ%F[Iy] or equivalently MEF[Iy] for Ey = 50, (and A(t) with A = 18
and 7 = 1.0) we can see that any randomly sampled point on the energy shell for £, = 50, will
approach the attractive fixed point z, in the phase space corresponding to the angle variable 6,,
as the number of iterations of the map n — oo. Similarly any randomly sampled point on the
energy shell £, = 50 will approach to the the phase space fixed point 2, which corresponds to
angle variable 6, when iterated by the inverse map MZ%[Ij]~! when n — co. Hence, the points
on the energy shell £, = 50 here act as the stable manifold W*(z,) for the fixed point z, and as
an unstable manifold W*(z,) for the fixed point z, [73]. Hence the energy shell corresponding to

Ey = 50 for H here, has been converted to a heteroclinic connection [73], through the applica-
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tion of the fast-forward potential Uppr. A similar creation of a heteroclinic connection has been
discussed in Ref. [121] for a particle on a ring system in the context of an Hamiltonian erasure.
Now, we discuss the evolution of a probability distribution on the energy shell under peri-
odic driving following the theory presented in Secs. 6.3.3 and 6.3.4. We discretized the energy
shell into uniform K = 100 bins in the angle variable. The transition matrix T and the evolu-
tion of the probability vector P,, for an initial distribution of microcanonical measure (uniform
distribution in angle variable), is shown in Fig. 6.5 and Fig. 6.6 for dynamics with no-fixed point
(A = 14) and with fixed point (A = 18) respectively. For A = 18, in Fig. 6.6, we see that the dis-
tribution P, approaches the invariant distribution P, where only the bin with the attractive fixed
point 6, is populated whereas for A = 14, in Fig. 6.5 we see all the bins have some population
at the steady state. We also see that for the case with the fixed point A = 18, the distribution B,
converges to P, rapidly compared to the case without the fixed point A = 14. This can be un-
derstood by looking at the eigenspectrum of the transition probability matrix T shown in Fig. 6.7
and Fig. 6.8. For A = 14, we find there are many eigenvalues with |s;| ~ 1 (see Fig. 6.7), corre-
sponding to metastable modes that take many iterations to decay, and the complex nature of the
eigenvalues implies the cyclic nature of these metastable modes, whereas for A = 18 we find that
the eigenvalues with non-zero |s;| have eigenvalues that are real and lie in (0, 1) but not close to

1 (see Fig. 6.8), implying the existence of non-cyclic transient structures [119].
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6.5 Appendix: Calculation of the adiabatic energy

For the parameter-dependent Hamiltonian H (g, p, A), the volume enclosed by the energy

shell F' is given as

QE, ) = /OO /OO d¢'dp’ 0 [E — H({',p', \)], (6.37)

For an infinitesimal change A\ — A + 0\ and £ — E + J F, with the constraint of volume phase
space area preservation, Q(FE,\) = Q(E + JE, X + 0)), we can write the cyclic rule for partial

derivatives as

OB\ _ (090N,
<5>Q = T (09/0E), (6.38)

Now we introduce the notation >( E, A) for the energy differential of the phase space area Q2(E, \)

at a fixed \:

aQ oo o0
SN = (55) = [ [ e sie - (639
A —00 J —00

Thus we can rewrite Eq. (6.38) as

(i—f) STy B AR IRl

1 oo [ OH (¢, p', \
= / / dg'dp’ 6 [E'— H(q',p', M)] (M) (6.40)

Y(E,N) O\
B <8H(q’,p’, A) >(#)
OA [y
where ()%Qd( N stands for the microcanonical average on the energy-shell corresponding to the

adiabatic energy E*4()\). Eq. 6.40 can be viewed as a classical analogue of the Feynamn-Hellman

theorem of quantum mechanics. Now if the initial value of A is )y, and the adiabatic energy is
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E()\y) = E,, we can use the equation above to solve an initial value problem to obtain the

adiabatic energy £24()\) at any arbitrary :

A (1)
EM(\) = By + / AN <—6H(q’p’ A>> . (6.41)
Ao 2 Ead(\)

Since we are considering a one-degree-of-freedom system, we can estimate the microcanonical

’ o (w) ’ o
W> by calculating the time-average of the observable W by evolv-

average
veras < Ead())

ing a trajectory [120] for one period, under the frozen Hamiltonian H (¢’,p’, \) = E*!()\). Now

;o (w)
M> — (), .., and we

for the double well potential given in Eq. (6.35), we have < 5 (3 Ead())

estimate £24(\ + d\) by calculating the time average of the position of the particle by evolving

a trajectory for every of F24()\) and then use an Euler update:

B+ d)) = E(\) + (¢ oy AN (6.42)

for A in the range [A, —A].

6.6 Appendix: Calculation of the flow fields

For the calculation of the flow fields a(q, \) and ¥(gq, \), we use the constructions pre-
sented in Ref. [77]. For a given value of ), we first calculate the £24()\) using the method
discussed in Appendix. 6.5. Once E*d()\) is obtained, we find the left turning point ¢ ()\) =

ming{¢'|H(¢,p/,\) = E*(\)} for the adiabatic energy shell H(g,p,\) = E*d(\). Now we
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calculate the function

s -2 "¢ VAR U7 ) (6.43)

atq(\)

for a set of L + 1 uniformly spaced points ¢ = g, where k = 0, .., L, with ¢o = ¢%4()\) and
qr, = ¢4 (\) = max,{¢|H(¢,p',\) = E*()\)} and for a fixed value of \. The corresponding
values of S(g, \) at these points are given as Sy = S(qx, A). We now evaluate the function
q(S,\) for M + 1 uniformly spaced points {.S,, }m—o. n Where So = 0 and Sy = 27/, by
nearest-neighbor interpolation with the data set {(Sk, gx) }x—o,....- We denote the value of ¢(S5, \)

for {S,,} by {¢n}. The flow fields at g, are defined as

. dGm
3Gy \) = (f—A, (6.44)
2~ ~ ~
(G, \) = G _ 00, OV (6.45)

2 = og" + 50
Now we repeat this set of calculations for NV + 1 values of uniformly spaced points A = A,
which go from —A to A to evaluate ¥ and a over a grid of values (g, A,) with m = 0,.., M
and n = 0,.., N. We then calculate any arbitrary value of ¥ and a for any given (¢, ) by
interpolation using these data sets, where we use nearest-neighbor interpolation for the ¢ axis and

linear interpolation for the A axis. For our calculations, we took L = M = 4999 and N = 1999.
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For time integration of the system, we calculate the explicit time-dependent flow field a(q, t) as

;

SOalakA0), ) + ABBLAD). N, ¢ < da(A(®)
a(0:8) =  At)alg, N) + MOD(a 1), ¢ € la(MD), a5 AD)] (6.46)

AMB)alazy (A1), 2) + AB3(afa(N1),A), @ > afs(A(1)),

\

where we have taken the flow fields to be the same as at the boundary turning points when ¢ is

outside the energy shell.

6.7 Appendix: Numerical construction of the angle map @51[*}0]

To construct the angle map @5}1["}0] we generate a set of M points distributed under the
microcanonical measure for the Hamiltonian H (g, p, A(0)) at the energy shell corresponding to
energy FEjy. This is done by taking an initial condition on the energy shell £(0) and evolving

it under the frozen Hamiltonian H (g, p, A(0)) by a 4th order symplectic integrator [115, 120]

while recording the coordinates z(()j ) = (q((]j ), p(()j )) of the evolving point at times ¢; = (j7"/M ) for

.....

and the corresponding angle coordinate for z(()j ) is given as Qéj ) = 27j /M. Now we evolve the

points in the set Sy from ¢ = 0 to t = T under the time-dependent Hamiltonian Hgr(q, p, A(t))

using the symplectic integrator to obtain a new set of points S; = {zfj ) }i=o....m—1, Where zéj )

,,,,,

has been mapped to zgj ) under /\/l%[}'}o}. We find the approximate value of the angle coordinate

09 ) by locating the point in S that is closest (in the sense of Euclidean distance in phase space)

to the point 2 (") (). ()

. Say, we find that the point z; ’ from S is closest to the point z;"’; and z;

has the corresponding angle coordinate value Qéj *). For large enough M approximate that zéj 7
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and z(()j*il)

will be co-linear and we approximate the value of 09 ) by linear interpolation using
the points {(z{”,687), (z§™*",09=)}. We repeat this calculation to the angle coordinates
{ng )} for all the points in the set S;. Now, we construct the map @’{;ﬂo} numerically by using
a smooth spline interpolation from the angle coordinate pairs in the set {(9(()j ), 99 ))} Once the
smooth map @%FIO] is obtained, we calculate its derivative function 3@?% and also the inverse

function 0;1 numerically.

184



Chapter 7: Future directions

7.1  Stochastic, quantum and information thermodynamics

In Chapter 2 of this thesis we presented the formalism of feedback-control in continuously
monitored systems when the control parameter is obtained from the measurement signal follow-
ing Ref.[1]. The quantum and discrete stochastic case of the formalism have already been used
for different projects related to feedback-cooling of quantum system [122], entanglement genera-
tion [123] and thermometry [124]. In general this formalism can be used to study various devices
in the context of quantum and nanotechnology where measurement-based feedback control is
useful. Studying the corresponding stochastic and quantum thermodynamics of such systems is
also an interesting area of research. Investigations of the thermodynamics for systems modeled
under the QFPME framework of Ref. [1] on both the trajectory and ensemble-level pictures are
required for better applicability of the framework to practical problems in quantum technology.
Preliminary work related to the thermodynamics of QFPME can be found in [125]. Investigating
the energy contributions arising from each of the terms in the jump trajectory master equation
discussed in the Chapter 4 can give us interesting insights about trajectory level quantum thermo-
dynamics. Simulations from the Chapter. 4 (Ref. [3]) can be particularly useful for this.

A connection of Maxwell’s demon to quantum error corrections is discussed in Ref. [88]. It

will be interesting to see if the ideas related to the Maxwell’s demons discussed in this thesis can
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also be extended to problems related to quantum error corrections. Another possible research di-
rection could be studying different models of autonomous demons similar to the one discussed in
Chapter 5 in both classical and quantum contexts. Investigating quantum versions of autonomous
thermodynamic device might lead us to better understanding of how quantum correlations present
in an information reservoir can be harnessed for thermodynamic and computational applications.

The simple, two-state model presented in Chapter 3 required a perturbative analysis. Find-
ing similar toy models where QFPME is exactly solvable would also be an interesting project.

The feedback-control master equation for the classical case can be useful for analyzing
experimentally relevant information thermodynamic systems similar to the one discussed in
Ref. [126].

Classical Hamiltonian systems have been previously investigated in the context of informa-
tion thermodynamics in Ref. [17, 121]. In Chapter. 6 we explored the evolution of a distribution
function of angle variables when a system is being driven by periodically driven classical Hamil-
tonian system. Studying the change of entropy of the angle variable distribution under Floquet
dynamics can be interesting research avenue. Also connecting the ideas from shortcuts to adi-
abaticity to the inclusive Hamiltonian formalism of information processing [17] is also another
potential research direction.

Lastly, investigations on fluctuation theorems and for quantum Maxwell’s demons under
the measurement-based feedback framework is an active area of research. See Refs.[127, 128]
for discussions on thermodynamics of continuous measured quantum systems, which might be

useful starting point for further investigations.
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7.2 Chemical physics, biological physics and complex systems science

The classical cases (discrete and continuous) of the modelling framework presented in
Chapter. 2 can be particularly useful in the context of chemical and biological physics. Biological
and artificial molecular motors and chemical reaction networks are often modelled using discrete
state dynamics. Studying the effect of feedback-control on such systems with the consideration
of different measurement models can be an interesting area of research. Thus the discussions
presented in this thesis can be particularly useful for modelling different systems relevant to
chemical and biological physics. Relating these models to autonomous demons can give us better
understanding of information processing in such systems.

In the fields of ecology, network sciences, finance, system biology or more generally in
complex systems sciences interplay of stochasticity, measurement accuracy, and feedback-control
play a key role. Investigating different problems from these fields with the modelling frameworks
discussed in this thesis can give us fundamental insights about such complex systems. Efficiently
modelling the control of high dimensional dynamical systems with possibly chaotic behavior is
an active field of research in the field of control systems. Extension of the discussions presented in
this thesis to this problem could also be a potential avenue of research. Chapter. 5 is an example
of engineering of automated feedback control on a network system to achieve a desired task.

Further studies in this avenue will also be interesting [129].
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