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Chapter 1. Introduction and background

1.1 Chapter overview

Sec. 1.2 presents a historical overview of Maxwell's demon and the eld of information
thermodynamics. Sec. 1.3 presents the organization of the thesis, summary of theoretical tools

and a thematic overview of the thesis. Sec. 1.4 summarizes the remaining chapters.

1.2 Historical overview of Maxwell's demon

1.2.1 Maxwell's thought experiment and Szilard's engine

In a thought experiment described in 1867, Maxwell presented the idea that the second
law of thermodynamics can be violated by manipulating a system at the microscopic level. This
thought experiment involves a gas of molecules in a rigid, closed container with adiabatic walls.
This gas starts in thermal equilibrium. There is a partition in the middle of the container, which
splits the system into subsystemAsand B as shown in Figure 1.1. The partition contains a
trapdoor that allows only one molecule to pass from one side to another at a given time. Now
we imagine that there exists a small intelligent being who is able to observe the motion of each
molecule and provide feedback control on the trapdoor based on its observations. This intelligent

being, or “demon”, observes the molecules that are going to hit the trapdoor in the each of the



Figure 1.1: A schematic depiction of the original Maxwell's demon thought experiment. Initially
both subsystem& andB are in thermal equilibrium. The demon creates a temperature difference
between the subsystem by observing the system and providing feedback accordingly.

subsystems and controls the trapdoor based on the following rules:

(i) if a molecule of subsystem approaches the trapdoor then it will be allowed to pass to
subsystenB only if its kinetic energy is higher than the average kinetic energy of the molecules
of subsystenB at that instant of time.

(ii) If a molecule of subsystenB approaches the trapdoor then it will be allowed to pass to
subsystem only if its kinetic is lower than the average kinetic of the molecules of the subsystem
A at that instant of time.

If the demon implements these rules, then with time the average kinetic energy of molecules in

subsystenA decreases and the average kinetic energy of molecules in subdysitecrneases.



Thus, even though we started in a situation where subsygteanslB had the same temperature,

due to the microscopic manipulation of the system by the demon, subspsteithhave lower
temperature than that of subsyst@after some time. In other words the demon has driven the
system from a state with a uniform temperature to a state with a temperature difference without
doing any work, which is a violation of the second law of thermodynamics.

A number of different versions of Maxwell's demon have been introduced since Maxwell's
thought experiment [5]. Among these, an important model is the “Szilard engine” presented
by Leo Szilard in 1929, which is relatively simple to analyse and highlights a deep connection
between information processing and thermodynamics [6]. In this engine, the system is a single-
molecule gas in a container with pistons on both ends (see Fig. 1.2). A thin partition can be
inserted frictionlessly in the middle of the container, The process begins without the partition,
and the container is placed in contact with a heat bath with temperhtufben the partition is
inserted into the container. Now a “demon” measures the location of the molecule with respect to
the partition, i.e. whether it is to the left or to the right of the partition. The demon then slides the
piston that is opposite the location of the particle to the partition and attaches a frictionless pulley
system where a small mass is lifted when the piston moves towards its original location. For
example, the mass is lifted when the piston moves towards the right if the molecule was located
on the left side of the partition as can be seen in Fig. 1.2. The partition is removed to allow the
single molecule gas to expand. Whenever the molecule hits the piston, it transfers some of its
kinetic energy to the piston and this energy in turn gets converted to potential energy of the mass
that is being lifted against gravity. Thus the system performs work by lifting the mass. The loss
in the kinetic energy of the molecule is compensated as it absorbs heat from the bath throughout

the process. If the lifting of the mass and the motion of the piston happens quasi-statically, then
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(a) Schematic of Szilard's engine

(b) Protocol of Szilard's engine

Figure 1.2: The gure above shows a schematic depiction of the Szilard's engine and the gure
below shows its operation protocol. Depending on the result of the measurement the demon
provides two different feedback protocols to extract work out of the system.



the maximum amount of work is extracted from the system. When the piston hits the other side
of the wall, the system gets restored to its initial state completing the cycle. In this cycle, if
performed quasi-statically the heat from a single thermal reservoir is converted to work without
any loss. Thus like Maxwell's original thought experiment, this model also exhibits a seemingly
violation of the second law of thermodynamics.

In both Maxwell's and Szilard's thought experiments the information gathered by measure-
ment is what allows the demon seemingly to violate the 2nd Law. In Szilard's engine, the link
is particularly clear. By measuring whether the molecule is located to the left or the right of the
partition, the demon gathetsit of information (equivalent to answering a yes/no question). The
demon uses this information to push the piston and attach the pulley accordingly in such a way
that work is extracted work over the cycle. Thus heat is converted to work by acqlibin@f

information about the system per cycle, and the amount of heat that gets converted to work is

Z

Vidv
Wexi = kg T ~

v v (1.1)

= kBT|n2

wherekg is the Boltzmann's constant, is the temperature of the heat bath(V;) is the ini-

tial( nal) volume of the container with = 2V;. This calculation of the work is done using the
ideal gas formula for the single molecule gas. See Ref. [7] for a discussion on Szilard engine
with an ensemble picture. Experimental realizations of Szilard engines have also been performed

using single electrons, con rming the extractionkgfT In 2 of work for 1 bit of information [8].



1.2.2 Landauer's principle and Bennett's exorcism

In this section we discuss Landauer's principle, which connects information processing
with thermodynamics. Landauer's principle can be summarised as followsiogioally ir-
reversiblestep in a computational process must be associated with with dissipation of heat
[9][10][11]. The idea of logical irreversibility for an operation implies that it is impossible to
reconstruct the logical state of the input from just the logical state of the output, thus the inverse
of the operation does not exist. For example, considérerasureoperation that always converts
the input bit to0. The output biD can be obtained from two input®; 1g and thus the inverse of
this operation does not exist. This is an example of a many-to-one mapping. Information about
the input is destroyed in these operations.

The memory device on which computation is performed is a physical object and on a classi-
cal level it is governed by Hamilton's equations of motion, under the assumption that the external
environment and the memory device together form an isolated system. A many-to-one mapping
for the logical state of the memory device is always associated with the contraction of phase
space volume of the device. From Liouville's theorem, we know that phase space volume is con-
served for the entire system under Hamiltonian dynamics. Thus, contraction in phase space in the
memory device must be compensated by the increase of the phase space volume in the external
environment. When an erasure operation takes place, both the phase space volume corresponding
to 0 and1 state is contracted to a single state (8py the memory device which means the phase
space volume in the memory device is contracted to the half of its original volurgle For an
isolated system the phase space volume is directly proportional to the available microstates of the

system. Thus reduction of the phase space volume is associated with the reduction of the entropy



in the system. This phase space volume contraction in the system or the entropy reduction in the
system is compensated in the external environment as dissipation of heat at least of the amount
ke T In —% = ks T In2. Here we have assumed that the external environment is a heat bath at
temperaturel . The valuekg T In 2 is the minimum amount of heat that needs to be dissipated
for the erasure of 1 bit of information. It has been argued that even though erasure is a logically
irreversible operation, it can be done in thermodynamically reversible fashion with arbitrarily low
dissipation for the execution of the protocol [12]. There have been a number of recent experi-
mental studies on the veri cation of Landauer's principle, such as those of in Refs. [13, 14].
Charles Bennett used Landauer's principle to propose an explanation of Szilard engine
[12]. The key idea is that the demon should be considered as a physical device and we need
to take account of the demon’'s memory state, along with the states of the single molecule gas.
Imagine the demon has a memory storage where it can store the information about the relative
location of the gas molecule in the container with respect to the partition. The memory register
of the demon can take up three distinct states. It has a Stateich is the default state of the
memory register and two other statesand R correspond to the relative location of the gas
molecule (left and right) with respect to the partition. Now let us reinspect the Szilard's engine
while accounting for the changes in the memory states of the demon. At the start of the cycle the
demon is in stat&, and the gas molecule can be on eitherAher B side of the container with
equal probability. Hence the initial statistical state of the composite system (gas molecule and
demon’'s memory) can be described by saying that the system can be in theStat¢he state
BS with equal probability. The protocol for the operation of Szilard engine and the change in
the demon's memory is schematically depicted in the Fig. 1.3. Now the partition is inserted, and
the demon measures about the location of the gas molecule. If the molecule is on the left side of
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Figure 1.3: A schematic depiction of Bennett's analysis of the operation cycle of Szilard's engine
with the memory register. Possible combined states of the engine and demon memory are shown
in the table in the right upper corner. The rst letter of the two letter description of the state
denotes the state of the particle in gas contaieB g and the second letter shows the state of

the demon memoryS;L; Rg. The state of the register in each step is shown in a circle above
the container pictures. The description of the statistical state of the overall system is depicted
by shading state diagrams. Shaded boxes correspond to the possible state of the overall system.
Note that another additional erasure step is required to take the full system to its initial condition.



the partition then the demon's register switches to dtaé@d if the molecule is on the right side

of the partition then the demon's register switches to d&gtehus this act of observation leads to

two mutually exclusive outcomesL andBR. This switching of the memory state based on the
state of the gas is an example of information copying (the memory state of the demon becomes
correlated with the state of the system). It can be shown that copying operations can be done in
a reversible manner with arbitrarily small energy cost [12]. Now depending on the outcome, the
proper protocol is followed to insert and push the piston to extract work from the system (see
Fig. 1.2). After the work extraction is done and the partition is reinserted again, the particle can
be on either side of the partition and thus bétlandB states equally likely. Clearly, after this

step, both for the left-side protocol and right-side protocol the gas and is back to its initial state
whereA andB has equal probability. However, if we look into the composite system then we
see the overall system has not returned to its initial statistical state. Now, for the case of left-
side protocol the demon memory is in the stiatand for the case of right side protocol the the
demon memory is in the stake whereas in the initial state of the memory was statdn this

con guration the demon is retaining the memory of the result of the measurement operation, and
to reset the memory to the original state statthis information needs to be erased, which is a
logically irreversible operation. Thus, to restore the overall system to its initial state, the memory
of the register is set t& both for the left side protocol and right side protocol and this erasure
operation is associated with the dissipation of minimkgi In 2 amount of heat in the reservoir.

Once we take account of this heat exchange associated with the erasure step, this heat exchange
can compensate for the decrease in entropy associated with the conversion of heat to work. Thus
overall the second law of thermodynamics is not violated when we consider the effect of the

information processing inside the demon.



Figure 1.4: A schematic diagram of information engine that illustrates how empty information
reservoir can act as a thermodynamic resource. Here the system extracts heat from a bath and
directly converts it work, at the cost of randomizing the information reservoir which is depicted

as a memory tape.

1.2.3 Information as a thermodynamic resource

This idea of taking the memory of the demon into consideration automatically leads to the
idea of an information reservoir. Instead of doing the reset of the memaory of the demon in the last
step of the cycle we could have replaced the memory register of the demon with a new register
which is initialized atS. This way the state of the composite system of demon and gas container
is back to its initial state without dissipation of heat for the erasure process, but we end up with
an additional memory register that contains information about the result of the observation step
(the register is in thé or R state). Clearly, if we do this we are able to complete the cycle at the

cost of randomizing the memory register fr@o L or R, that is by writing information to the
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register.

Now we consider a similar situation where we have a memory tape contdinbits (two
state memory register) with every bit initialized at the blank ddatben we will be able to run the
cycleN times at the cost of randomizing the memory tape by writing down the data to it. Clearly
like a heat or work reservoir (mass-pulley) this memory tape is also acting as a thermodynamic
resource where randomizing the tape allows us to convert heat directly to work from a single
thermal reservoir. Such memory tapes are examples @ffarmation reservoif{15, 16]. The
empty information reservoir is a thermodynamic resource, which can be used to rectify thermal
uctuations from a heat bath to work, at the cost of randomization of information reservoir. This
randomization of the information reservoir corresponds to the recording of information about

system (see Fig. 1.4 for a schematic diagram of an information engine).

1.2.4 A physical picture of information reservoirs

So far we have used this information reservoir in an abstract sense, but as pointed out in
the discussion about Landauer's principle the memory register (or the memory tape) is a physical
memory storage device. In this section, we clarify the connection between logical state of the in-
formation reservoir and the microscopic state of the underlying physical device, using a classical
Hamiltonian approach following Ref. [17]. We consider the case where the information reservoir
consists ofN bits and is connected to a thermal bath. We model the information reservoir as a
many-particle classical system containkgparticles. The exact description of the positions and
momentum of all particles together represent classical microgtatef the information reser-

voir. This microstate can be described as single point in 8€ dimensional phase space. We
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assume that for the time scale under consideration, the ergodicity of the phase space of the reser-
voir is broken and it is split up int@" separate ergodic regions. Thermal transitions between
these ergodic regions are almost negligible in the considered time scale due to large free-energy
barriers. Each of these ergodic region correspondddgieal stateor informational statg ) of

the reservoir and can be described by a sequence of bit9(@L§::0010Q containing one of the
possible2N combinations of\ bits. We can construct a function: f g!f g that partitions

the whole phase space into different regions corresponding to different logical states. The logical
states of the information reservoir acts asitifermation bearing degrees of freeddiBD) [18]

which are relevant for the information processing. Under each logical state there are multiple
microstated g that corresponding to theon-information bearing degrees of freedgNBD)

which are not directly relevant for the information processing. The Hamiltonian for the isolated
reservoir isHino( ). We assume that under constrained thermal equilibrium with the heat bath,
the information reservoir exists in the logical state We de ne the constrained equilibrium

distribution of the microstates § under this logical state { as

e Hinfo( )

> (1.2)

P T )= a0

R
where = k% andZ is a normalization constant de ned byd p ¢4 j ) = 1. The Shannon

entropyS corresponding to a phase space distribution) is de ned as

Z
S[ ]= d ()in () (1.3)
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(Note that we have used natural logarithm in Eg. (1.3) for convenience instead of more common
logarithm of base 2). Using these de nitions, we write down the expression for the equilibrium
entropy of the distribution of the microstates conditioned on the the logical state of the informa-
tion reservoir as

Y4
S = dp®(j )inp™(j): (1.4)

Similarly we write down the average equilibrium energy as

Z
Hino( )i®= d p®( j )Hinw( ): (1.5)

We assume that (i) the NBDs of the information reservoir reach their constrained thermal equi-
librium p®a( j ) very rapidly compared to the time scales of our interest over which any change
in takes place, and (ii) the average energy and entropy corresponding to all the possible logical
states of the reservoir are equal when at thermal equilibrium g ( )i® = hHio ()i
andS® = S% forany and ° The assumption (i) implies that for all practical purposes the
NBDs of the information reservoir always remain in thermal equilibrium when connected to an
additional system of interest. If the additional system of interest takes the information reservoir
from one logical state to the another, the equality of average energy criteria in assumption (ii)
implies the change in logical state of the information reservoir does not have any energetic cost.
The equality of the entropy of each logical state in the assumption (ii) leads to the conclusion that
under any transformation of the IBDs the entropy change due to the NBDs can be neglected.

At any timet the full statistical description of microscopic state of the reservoir is given by

p:( ) and it can be related to the conditional distribution of microstates under given logical states
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P
asp( )= p( )pe( J ) wherep( ) is distribution of the logical states of the reservoir and
p:( j ) is the conditional distribution of given microstaté. Using this relation and assump-
tions (i) and (ii) , it is possible to show that at any timehe total entropy of the information

R
reservoirSig (t) = dp¢( )Inp( ) can be splitinto two parts

X
Sir(t)= Siep (1) + p( )SY; (1.6)

whereSigp (t) = P pi( )Inp( ) (see Ref. [17] for details). Her8gp is the Shannon
entropy associated with the logical stafte$. The other part of the contribution to the entropy
comes from the conditional distribution of the microstates given the logical state of the reser-
voir. As we have assumed the conditional distribution of the microstates given the logical state
thermalizes very rapidly an8®9 = S°, we see that the change in the Shannon entropy of the in-
formation reservoir for a protocol comes almost exclusively from the information bearing degrees

of freedom, and in this limit we have
SR= Sip: (1.7)

Thus, the change in Shannon entropy of the distribution of logical states of the information reser-
voir is equal to the change in Shannon entropy of the memory storage device. This justi es the

abstraction of a physical memory-storage device as a memory tape (information reservoir).
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1.2.5 Autonomous and non-autonomous models of Maxwell's demons

In Maxwell's original thought experiment and the Szilard engine, an external agent (the
demon) makes measurements on the system and provides feedback accordingly, to seemingly
violate the second law of thermodynamics. In these models we exclude the details of physical
nature of the agent from our consideration and only focus on the system that is being manipulated.
These models of the Maxwell's demon fall into the paradigmaf-autonomoudemons.

Alternatively, one can ask whether it is possible to replace the agent with a purely mechan-
ical contraption or a physical gadget that is programmed to apply a control protocol to rectify
thermal uctuation to extractable work. We call this paradigm th#onomousiemon [18].
Smoluchowski's trapdoor [19, 20, 21] and Feynman's ratchet-and-pawl [22, 23] are attempts to
design such autonomous gadgets for the recti cation of the thermal uctuations to work. How-
ever, a close inspection on these models shows that they cannot cause a violation of the second
law. For example, Feynman in his ratchet-and-pawl analysis showed that if both the thermal
baths are set at the same temperature the ratchet-pawl contraption will also be affected by ther-
mal uctuations making it ineffective for recti cation of heat to work [22]. Current consensus
in the scienti c community is that such mechanical feedback control system by itself cannot op-
erate so as to convert heat directly to work without any dissipation. However, from Bennett's
analysis, we can see that it may be possible to construct an autonomous systems that can convert
heat to work without dissipation but only with the inclusion of an information reservoir in the
model. Bennett argued that it is possible to convert heat from a single thermal reservoir directly
to work using a mechanical device in a cyclic process, but the decrease in entropy due to this

process must be compensated by randomizing the logical states of information reservoir which
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initially existed in a low entropy state [12]. The construction of such a device is based on the idea
of the physical nature of the information as suggested by Landauer [10]. Thus we can think of
an autonomous version of Maxwell's demon where a device and an information reservoir are in
contact with a heat bath, and the device extracts heat from the heat bath and converts it directly
to work in a cyclic process, while writing information about its physical states in the information
reservoir. We will refer this class of autonomous Maxwell's demonsieshory tape models
information ratchetsas they convert heat to work at the cost of writing information to a memory
storage device. (see Fig. 1.4)

A stochastic model of such an autonomous Maxwell's demon was proposed by Mandal and
Jarzynski (MJ) [15]. The MJ model involves a system which has three states with equal energy,
a pulley system with a mass, and a sliding memory tape contaMiiis. The entire setup is
immersed at a heat bath. The information reservoir, the pulley system and the system are coupled
to each other in such a way that each bit of the memory tape interacts with the system for a xed
amount of time and then it is replaced with the next bit in the memory tape. It was shown that
for proper sets of parameters this system can extract heat from the thermal reservoir to raise the

mass against gravity in the pulley at the cost of writing information to the memory tape.

1.2.6 Information thermodynamics - a transdisciplinary eld

Models similar to the MJ model have been developed for both classical and quantum sys-
tems [16, 24, 25, 26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36, 37, 38]. The computational and
information-theoretic aspects of memory tape autonomous demons have also been explored in

Refs. [39, 40, 41, 42, 43, 44, 45, 46, 47]. Over the last three decades, the eld of stochastic
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thermodynamics [48, 49] has emerged as a key area of research in the mesoscopic physics where
uctuations are prevalent. Investigations of models of Maxwell's demons have led to a better un-
derstanding of the connection between information theory and statistical physics and discovery
of several uctuation relations concerning feedback-controlled systems [49, 50, 51, 52, 53, 54,
55, 56, 57, 58]. These studies now have emerged as sub- eld of information thermodynamics and
also have lead to several experiments [5, 48, 59]. The design and implementation of these models
of Maxwell's demons or information engines also require ef cient engineering of mesoscopic
systems which connects information thermodynamics to the elds of nanotechnology, chemistry,

control systems and quantum technology. [60, 61, 62, 63, 64].

1.3 Organization and thematic overview of the thesis

1.3.1 From feedback-controlled systems to non-feedback systems

A key theme of this thesis is the investigation of the time evolution oftaéstical state
of a system when some form of control is applied to it. The chapters in the thesis are arranged
such that we start our discussion with closed-loop or feedback-controlled systems and progress
towards open-loop or non-feedback systems [62]. Chapters 2, 3 and 4 deal with closed-loop
systems where we have an agent performing measurement-based feedback control on the system
(non-autonomous demon) with the relevant theory presented in Chapter 2 and example toy mod-
els in Chapters 3 and 4 . In Chapter 5 we take the feedback-controlled model (hon-autonomous
demon) from Chapter 4 and convert it to a non-feedback model (autonomous demon) that can
achieve the same behavior as the feedback-controlled model. Unlike previous chapters related

to Maxwell's demons, in Chapter 6 we discuss an open-loop (non-feedback) control system that
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is related to the eld of shortcuts to adiabaticity [65]. In Chapter 7 we conclude the thesis by

presenting future research directions.

1.3.2 Information as fuel in a double quantum dot

A large part of this thesis is related to the “Information as Fuel” (IaF) collaborative project
where the goal is to implement an electronic model of Maxwell's demon [4] in a double quantum
dot (DQD) system [66]. Chapter 2 discusses the theory of continuous monitoring and feedback
control that is required for investigation of the models of feedback-controlled Maxwell's demons
and also presents the multiple-timescale perturbation (MTSP) analysis for studying separation
of timescales in such systems. Chapter 3 discusses a relatively simple toy model of feedback-
control demon and shows how MTSP analysis can be used for analyzing such systems. Chapter 4
introduces a quantum version of the DQD Maxwell's demon and presents trajectory simulations
of the model. Chapter 5 is an independent spin-off from the original goal of the laF project
where | use the same DQD Maxwell's demon [4] but investigate it in the context of information
ratchets to study the connection between non-autonomous and autonomous paradigms of the
Maxwell's demon, and discuss the accounting of consumption of information resources required
for such a model. Chapter 6 contains independent research work that is not related to the laF
collaboration but explores ideas related to non-feedback control of a driven system to achieve

guasistatic behavior.
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1.3.3 Modelling frameworks and theoretical tools

We explore various toy models throughout the thesis which are investigated using a vari-
ety theoretical tools and modelling frameworks. Here | give a brief summary of the modelling
frameworks and theoretical tools used in each of the chapters. Chapter 2 presents the theory
for non-autonomous feedback control [61, 62] primarily using a framework in which both the
system of interest and the control parameter evolve under classical diffusive dynamics [48, 67].
Later in the same chapter, the cases of open quantum systems dynamics [63, 64] and discrete
state stochastic dynamics [48] of the system are discussed. In Chapter 3, the dynamics of the toy
model system are modelled with the framework of classical discrete-state stochastic processes
and the control parameter dynamics are modelled with a classical diffusive process. This chapter
focuses on the application of the master equation framework for such processes. Chapter 4 deals
with a system that is modelled within the framework of open quantum systems and the control
parameter is modelled with classical diffusive dynamics. Instead of using a master equation ap-
proach, this chapter explores a simulation-based approach [68] to investigate the properties of
the system under consideration. In Chapter 5 the framework of classical discrete-state stochastic
process is used to model the system and tools from network theory of master equations [69] and
stochastic thermodynamics are used to analyze it. In Chapter 6 we investigate a toy model of
classical periodically driven asymmetric double well system. The framework of this chapter is
based on classical Hamiltonian mechanics [70, 71] of one degree of freedom system, and we
additionally use tools from chaos theory, ergodic theory and dynamical systems theory [72, 73]

to analyze this model.
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1.4 Summary of chapters

The Chapters 2, 3 and 4 of this thesis correspond to works done in collaboration and the
Chapters 5 and 6 correspond to works done independently by the author. Refs. [74, 75, 76] also
deal with topics similar to the Chapters 2, 3 and 4 of this thesis.

Chapter 2: The key publication relevant to this chapter is Ref. [1]. The modelling frame-
work for continuously monitored feedback controlled system is introduced in this chapter. This
chapter contains a pedagogical review of the continuous measurement framework that is required
to study non-autonomous models of Maxwell's demon. Then, a master equation [1] formal-
ism is discussed for studying continuously monitored feedback-controlled system. The master
equation formalism is presented for feedback controlled classical diffusive systems extending of
the original Quantum Fokker-Planck Master Equation (QFPME) [1] to classical diffusive sys-
tems. The multiple-timescale perturbation (MTSP) analysis for time scale separation is also
presented for the classical diffusive feedback-controlled systems following the Fock-Liouville
space based MTSP analysis of QFPME from Ref. [1]. Finally a comparison of the results for the
classical diffusive system with the cases for quantum and discrete state stochastic systems is pre-
sented. Hence, this chapter presents a uni ed framework for modelling continuously monitored
feedback-controlled classical, quantum and stochastic systems.

Chapter 3: The key publication relevant to this chapter is also Ref. [1]. In this chapter the
formalism introduced in the previous chapter is used to study a toy model of information engine.
This toy model was discussed as an example of the application of QFPME, and two different
analysis methods were presented in Ref. [1]. In this chapter we discuss one of those methods, the

MTSP based analysis, in detail.
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Chapter 4: The key publication relevant to this chapter is Ref. [3]. This chapter discusses
the quantum version of the classical nonatonomous model of DQD Maxwell's demon [4] fol-
lowing Ref. [3]. In Ref. [3], the model was analyzed based on both the master equation and
trajectory simulation methods of which we only discuss the trajectory simulation based approach
in this chapter. The chapter presents the theoretical details of modelling of the quantum version
of the demon and presents methods of implementation details of the simulations. Simulation
results from Ref. [3] are presented in this chapter to discuss different qualitative behavior of the
demon and the emergence of classical model from the quantum model.

Chapter 5: The key publication relevant to this chapter is Ref. [2]. In this chapter we discuss
a simple strategy for constructing an information ratchet or memory-tape model of Maxwell's
demon from a feedback-controlled model. Here, we illustrate our approach by converting the
feedback-controlled double quantum dot model [4] (the classical version of the model discussed
in the previous chapter) to a memory-tape model. We use the underlying network structure of
the original model to design a set of bit interaction rules for the information ratchet. The new
model is solved analytically in the limit of long interaction times. For nite-time interactions,
semi-analytical phase diagrams of operational modes are obtained. Stochastic simulations are
presented to support the theoretical results. This chapter is directly adapted from Ref. [2].

Chapter 6: The results of this chapter are yet to be published. In this chapter the theory of
ow- eld based fast-forward shortcuts to adiabaticity [77] is extended to classical periodically
driven (Floquet) Hamiltonian systems of one degree of freedom. Relevant background theory
relating to the shortcuts to adiabaticity in classical system is presented at the beginning of the
chapter. Then we discuss how the dynamical map for periodic evolution of the angle variable on
the preserved energy shell can be constructed. We analyze a toy model of an asymmetric driven
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double well and show a bifurcation phenomenon in the angle variable map. We also discuss the
transfer operator theory to show how the probability distribution of the angle variable evolves in

the periodic driving using the toy model under consideration.
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Chapter 2:  Uni ed perspective on non-autonomous feedback performed on con-

tinuously measured systems

This chapter is based primarily on work done in collaboration wittrBAnnby-Andersson,
Pharnam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and
Patrick P. Potts, which has been published in the article “Quantum Fokker-Planck Master Equa-
tion for Continuous Feedback Control” [1]. Guilherme De Sousa and | together worked on the
Fock-Liouville space based multiple-timescale perturbation (MTSP) analysis of master equation
to calculate the rst-order corrections to the separation of time scales approximation in Ref. [1].

In this chapter we present the theory of continuous measurement and feedback formalism, the
master equation and MTSP analysis from Ref. [1] in the framework of classical diffusive dy-
namics. Then we compare the classical diffusive case to the quantum and discrete stochastic

counterparts.

2.1 Chapter overview

This chapter develops a theory that describes how the statistical state of a continuously
monitored feedback-controlled system evolves in time. Sec. 2.2 of the chapter reviews classi-
cal measurement theory and the theory of continuous measurements following Refs. [61, 78].

In Sec. 2.3, the feedback-control master equation for classical diffusive and deterministic ow is
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derived following the steps of the original derivation of the Quantum Fokker-Planck Master Equa-
tion (QFPME) [1, 74, 75]. Sec. 2.4 discusses multiple-timescale perturbation (MTSP) analysis
of feedback-lag for the obtained master equation, in the context of the separation of timescales.
Then the relation to linear response theory is explored. In Sec. 2.5, we compare the feedback-
control master equation for the diffusive ow, and its perturbation limits, with their analogues for
guantum and discrete-state stochastic systems.

In summary, this chapter presents a pedagogical discussion of continuous measurement and
feedback-controlled dynamics, extending the results of Ref. [1] to classical continuous-degree-of-
freedom systems, and a comparative analysis with the quantum and stochastic jump counterparts
to illustrate the generality of the formalism across different types of systems. The results from
this chapter will be used in Chapters 3 and 4 for analyzing model problems in the context of

non-autonomous feedback control and Maxwell's demons.

2.2 Review of classical continuous measurement formalism

The classical measurement process in the engineering and data assimilation literature is
often described by the nanstate based Iteringor probabilistic state space modeland in
mathematics asonlinear stochastic Itering theoryHere we present a simpli ed version of the
key ideas of this theory following Refs. [61, 62, 79, 80], and by drawing classical analogues of

guantum weak measurement theory discussed in Ref. [74, 75, 78].
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2.2.1 Evolution without measurement

First we discuss a situation in which a system evolves without being measured by an ex-
ternal agent. With this discussion, we also introduce the distinction between a system's physical
and statistical states.

We consider a classical one dimensional system wipbgsical statas described by a
continuous variable at timet. The dynamics of this state variab¥e can be a deterministic
ow or a Markovian diffusive process, and can be described by an ordinary differential equation
or a Langevin equation (stochastic differential equation), respectively. If we consider an ensemble
of trajectories generated under these dynamics, then the probability density of the state variable
at timet is given by (X;t), which is normalized agdx (X;t) = 1. The master equation for
the time evolution (X;t) is

@(X;t) _ A e
o = D (60 2.1)

Here,[x is a linear operator that acts on the probability densid; t ). The subscripX in x
implies that the operator acts on functions of variafle For example, if the dynamics of the

physical stateX are given by an Ornstein—Uhlenbeck process,

X.= X +; h@®)i=0: h() ()i=2 (1); (2.2)

then the corresponding master equation for the evolutiorfXft ) is

@Xt) . @x (xit)) . @((Xt)).

@t a@x @x (2.3)
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In this case the operatdly is

@ ), @ ) 20

We also consider a time-dependent master equation where the linear ofigréix(t)) explicitly
depends on a time-dependent parambt@):

@(Xit) _

at Cx (D(1) (X;t): (2.5)

First, we consider the case wh@&#ét) represents a predetermined control protocol. Later we will
discuss howD (t) to can be related to measurement outcomes to create a measurement-based,
feedback-controlled system.

To avoid the ambiguity with the@hysical stateof the systemX, we will use the term
statistical stateo refer to the probability distribution that captures our knowledge of the system.
Suppose we start with a prior guess about the initial condition of the physicalétafeour
system. This guess or knowledge about the physical state is captured by the a distribution function

o(X), from which, we assume, the initial conditiofi has been sampled. This distribution
function o(X) is the initial statistical state of the system. UsingX ) as the initial condition,
one can obtain the distribution at timhas (X;t) by solving Eq. (2.5).

If exact knowledge about the initial system state, Xay X, att = 0 is known, then the
initial statistical state is given ag(X) = (X Xj). Now the system evolves froth t <
We assume that the evolution happens without any measurement on the system. However, it is

possible to make a guess about the nal state of the system at time since the statistical state
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(X; 1) has evolved deterministically under the master Eq. (2.5). The nal distribution under this

evolution is formally given as
R
(X; )= Tfeo®x®M (x  Xg)g (2.6)

whereT signi es time ordering in the integral. Similar arguments hold if there is uncertainty in
the knowledge of initial state of the system. For any general initial statistical gfgXe), the

nal statistical state of the system is

R N
(X; )= Tfeodx@®M) (X)g: (2.7)

2.2.2 Evolution with a single purely Bayesian measurement

Now we introduce a single measurement to the setup discussed above. We imagine that an
external agent makes an instantaneous measurement of an obs&@éablef the system's state
at timet® where0 < t%< . The initial statistical state of the system igX ) and let it evolve

without measurement from= 0 tot = t° The statistical state of the systent at t%is
R0 A
(X;tY = Tfeo dxOO) (X: 0)g (2.8)

Suppose the agent obtains the measureme@{Xf) outcomez;o for the instantaneous measure-
ment at timet = t° We emphasize that the measurement process here Hmckection i.e.,
the measurement process does not perturb the systenXstdtethis case the measurement is

a purely Bayesiarmeasurement [61], and the post-measurement statistical state of the system

27



at timetis given by the conditional distribution(X;t9z) if the agent keeps a record of the
measurement outcon®. The post-measurement statistical stat¥;t§z) is related to the
pre-measurement statistical sta{; t 9 by Bayes' theorem:

D w(zojX) (X;t9

(X;t(]Zt): M ZtO[ (X’tcb]: ‘dx tO(ZtOjX) (Xt(b

(2.9)

Here (0(z0)X) is the distribution function of the measurement outcamgiven the system state
is X at timet® We refer to the distribution functionoe(zjX ) as themeasurement modeThe
denominator in Eq. (2.9) is the probability distribution of obtaining the outcasat = t° when
all possible system con gurations are considered. We write the denominator as the distribution
function 0(z0), which can be understood as the expectation value of the the measurement model
(Z:9jX ) when the system stae is sampled from the distributior(X; t9. Hence, we can write
it as
Z
w0(z0) = dX o(zifX) (X;t) = ho(zefX)i (xi9 (2.10)
In Eq. (2.9), we have introduced the functional transformaliop), to describe the measurement
operation on the statistical statéX;t9. Note that this transformation or Bayesiameasurement
map[79] given byM ;, is non-linear due to the normalization terga(z;.0) in the denominator.
After the measurement, the statistical state of the system evolves again under the dynamics
generated by'x (D (t)) from timet = t°tot = . The nal statistical state of the system is

R A
(X; jzo) = Tfedttx®®) (X-tYz0)g

_ _— o (2.11)
=T edtbx®®) 20 T feo dtbx (D) (X; 0)g
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The nal statistical state (X; jzpo) generally differs from the nal state(X; ) in Eq. (2.7)

when the system evolves without any measurement. The evolution of the statistical state with-
out any measurement (Eq. (2.7)) is completely deterministic, but the measurement operation in
Eq. (2.11) introduces stochasticity in the evolution of the statistical state through the measure-
ment outcomezo. In this case, for every realization of the experiment the nal statistical state

(X; jzw) depends on the stochastic quansgy

2.2.3 Evolution with repeated frequent measurements

Now we consider similar dynamics governed by the master equation (2.5); but in contrast
to the single measurement scenario we imagine a repeated measurement process. We discretize
the time intervat = 0 tot = into N small time intervals of duratiort ; thusNt = . We
assume the instantaneous measurement operations take place in a repetitive fashion after every

t interval starting fromt = O to the nal one att = (N  1)t. We describe this series of

ing measurement magpsl ,, gEzol, wherez is the outcome of the measurement performed at

tx = kt. We now introduce the notion of the measurement trajectory as the ordered sequence
(kZ) = (g g

particular realization of the experiment. Between measurements the dynamics are governed by

the master equation (2.5). Due to the time-dependent nature of the ofd€gd@(t)), the evo-

lution operators in different time intervals generally differ from each other. Therefore, we also

(D)

Using the sequencekD we can write the sequence of operatbs (Dk)gt‘zo1 to capture the
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time-dependent nature of the dynamics of Eq. (2.5). Using these notations we describe the time

evolution of the statistical state with repeated measurements as the ordered chain of operations:

(X; J E\IZ) 1) = ett\x (Dn l)M o etli\X (Dn Z)M 2y -"--'etli\x (Dl)M 7 etl:\X (DO)M ZO[ O(X)]'

1
(2.12)

We use the notation to represent functional composition since the measurement maps are non-

linear transformations, in contrast to exponentiated operators which are linear. The iterative state

evolution in Eqg. (2.12) is discussed below in detail.

In the evolution sequence given by Eq. (2.12), at any intermediatettamg with k 1,

we describe the (pre-measurement) statistical state of the system as
(Xt (7)) = @My et PIM et PIM (X)) (2.13)

The post measurement statistical state=att, is given as (X;t,jz; )  (X;tij ?)and
it is obtained from the pre-measurement stgi€; t «j ﬁz)l) by the Bayesian update map ,, ,

following the de nition from Eq. (2.9) as

h i
Xt D)= M, (Xt (;’1)I

. : 2.14
_ gn)(ZkJX; (kZ)l (Xt (2) ): ( )
= X , k 1)
E.Zn)(zkl (kZ)l)

Here, §L")(zij; (kz)l) is the measurement model at timme t, and the normalization factor is

(m)
t

i (2 R (M), s (2) i (2
&g )= dX T (@dX ) (Xt 71). The post-measurement state then evolves

k
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under the master equation (2.5) frams ty tot = tx+; to the state

Xitiea] D)= et CO (X;t,j P)

h i (2.15)
et PIM . (it P

Eq. (2.15) is an iterative functional equation that takes the statistical state of the syXtern (kz) 1)
to (X;tk+1] (kz)) due to the instantaneous measurememt=att, and then evolution for = t,
tot = teq. With Eq. (2.15) the initial stateo(X ) is evolved to the nal state(X; j ()
which is conditioned on the measurement recd@l 1
This discretization scheme mentioned above leads to a trajectory of measurement outcomes
(NZ) , for every realization. Following classical and quantum measurement theory Refs. [52, 55,
74, 78, 80, 81, 82], we introduce the notion of a path integral that corresponds to a sum over all

possible measurement outcome trajectories as,

Z 272 ZZ
D[ f\,z) 1= dzy 1dzy 1:::dzidzo; (2.16)

which will be useful later. Now we de ne the distribution function of the measurement trajecto-

ries, ., 4
1

N
p(m)( (NZ) 1) — (m)(zkj (kZ)l) (m)(ZO); (217)

tk to
k=1

(m) R (m),, (m),,
where (z0) = dX {7(z0jX) o(X), and ¢, ”(zjX) corresponds to the measurement

v 1o

model att = tg. The average over all possible measurement trajectories is then given as

Z
E[():= D[ P1P™( () (2.18)
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which we use later to derive the master equation.

2.2.4 Gaussian measurement model and continuous measurement equation

Next we specify our measurement model by choosing the form of the fundfid¢ejX; 7))

We consider that the agent is monitoring an observaih¢ ) which is a function of the physical
stateX . We also assume that the observable does not change with time. Now we introduce a
measurement rate or measurement strengtimat captures how closg was to the observable
O(X) at timet = tx. A higher (lower) value of t implies more accurate (inaccurate) mea-
surement. Inthe limit ! 1  with a nite t, we expectzy ! O(X). We further assume
that the measurement model at titne ty is independent of previous measurement outcomes:

(m)(zij (kz)l) = (m)(szX) With these considerations, we choose a Gaussian measurement
model [61, 80] in spirit of the Gaussian Kraus operators [78] for the quantum weak measurement

model. For any = t, this measurement model is
M(zjX)= Ne 2t @ 0X)? (2.19)

P — , T :
where,N = = 2 t= . This measurement model implies the signal generated from the mea-
suring device follows a Gaussian distribution centered arddf) and has a spread that is
controlled by t . For a xed value of , if we decrease the value df the spread of this distri-

bution increases. From this we can write,

Z

Mzj &) X M(@zjX) Xt &)
7 (2.20)

=N dXe 2t (x 0(X))2 (X tij (kZ)l)
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We perform a change in the measure of integration and write

4
@i P)=N doe?!® POt ) (2.21)

where the distribution{O; t,j *,) and (X;t\j *),) are related by
Z

do~O;tj )= dX (O O(X)) (Xt ) (2.22)

The variableO should not be confused with the functi@(X). If t is small enough, then
the spread of the distributioN e 2t < 9 js much wider than the spread of the distribution
~O;tj ) in the variableO. Thus,~O;tj ;) can be approximated as a delta function

(O h Oiy ) located at the mean
z
i, 1= dO O ~O;tj P)): (2.23)
With this approximation, we rewrite Eq. (2.21) as
Mz P N exp 2t (z hOix 1)? : (2.24)

Then the Bayesian update rule from Eq. (2.14) can be rewritten as

Xt P)=exp 2t (z O(X)? (z hOik 1)? (Xt y):  (225)
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Sincez, is sampled from a Gaussian distributioﬁﬁ”)(zkj (kz)l) in EQ. (2.24), it has the mean
E[z] = hOix ; and varianc&/ ar[z] = 1=4 t . We can make a transformation of variables and

introduce a hew Gaussian random variabMyy:

p% = 2'OT(zk h Oiy 1): (2.26)

Here W is sampled from a Gaussian distribution wih W] = 0 and varianc&€[ W?] =
t. Since t is a small number we can approximate any realization @ by its mean as
W2 E[ WZ] = t in the spirit of the Ito calculus [48, 78]. Using the expression &

from Eq. (2.26) in the expression fo(X; t k| f(z)), and expanding the exponential terms, we get

. Z p_ . . - V4
Xt P)= 1+2 W (O(X) hOi 1) 2t (MOi, 1 OX)% (Xt )
1 . G
+ 54 WEO(X) hOix 2)* (Xt (71)+ O( W¢)
(2.27)

Since W? t, the terms quadratic in W, become proportional td¢ upon averaging. In
the limit t ! O we treat the measurement as a continuous sigﬁbl z(t), and we replace
hOiy 1 ! h Oi, to denote its instantaneous value. Using Ito calculus, the limiting value/gf
can be identi ed as the increment of Brownian motionMdener incremendW (t) whent ! 0.
The Wiener incremerdW has the following propertie€ [dW(t)] = 0 anddW?(t) = d t where
dt is the in nitesimal differential version ot and,E[A(t)dW(t)] = 0 for anyA(t). Thus, taking

the limit t ! 0, we obtain the Ito stochastic differential equation (SDE)

d (X:tjz(t) = Zp_dW(t)(O(X) h Oiy) (X:tjz(t)): (2.28)
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This equation in classical stochastic Itering theory literature known atrshner Equatioror
Kushner-Stratonovich Equati¢fl, 62, 83] for continuous measurement.
When the measurement is followed by an evolution under the master equation, we use

Eq. (2.27) in Eg. (2.15), and expand the exponential to obtain,

Xt &)
= etlx (Dy) (X: tj (kz))

h i p_
= 1+ tUx D)+ O(t?) 1+2 W (O(X) hOi 1) 2t (M0ix 1 OX)? (Xt )

h [
24 W2 1+ t0 D)+ O(1?) (O(X) hOix 12 (Xituj (7)) + O W):

(2.29)

Inthe limit t ! Olimit the equation above reduces to the following stochastic partial differential

equation (SPDE):
d (X;tjz(t)) = d tlx (D (1)) (X;th(t))+2p_dW(O(X) h Oiy) (X;tjz(t))  (2.30)

which is a variation of the Kushner equation (2.28) with a deterministic part. This equation in
context of gquantum mechanics is known asBetavkin equatioicl, 78], and here we will refer

to Eq. (2.30)as thelassical Belavkin equatiohy analogy with the quantum case. Note that
Eq. (2.30) is a nonlinear-SPDE fo(X;tjz(t)) as the averagkOi; depends on the statistical
state (X;tjz(t)) ashOi; = RdXO(X) (X;tjz(t)). However the non-linearity is attached to
the stochastic part of Eq. (2.30).

We have derived Eq. (2.28) and Eg. (2.30) following analogies with quantum weak mea-
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surement theory [74, 78]. For simplicity we have kept our discussion limited to the case where
the physical state of the systexh, the observabl®©(X) and the control paramet& (t) are
all scalar quantities. The generalization of Eq. (2.28) and Eq. (2.30) to the multivariate case is
possible [61, 62]. A special case of Eq. (2.30) is also of interest: when the opkil@dt))
corresponds to linear diffusion or Ornstein—Uhlenbeck (OU) process, we obtain the equation for

the Kalman-Bucy lter [62].

2.3 Master equation for continuously monitored feedback-controlled diffusive

ows

In this section, we derive a master equation for continuously monitored, feedback-controlled
diffusive systems as an extension of the QFPME to classical diffusive and deterministic processes.
The derivation shown here follows the same steps as the derivation of the QFPME for quantum

systems given in Ref. [1, 74].

2.3.1 Filtering equation for the measurement signal

So far we have considered the case where the control prdio¢dl(or equivalently (ND))
was predetermined. To introduce the feedback control in our model we now make the value of
the control parametdD (t) at timet = t°functionally dependent on the past measurement signal
up to that time instanz(t); 0 t  t°. In the discrete case we write it &5 Dy (kz)].
This also implies that the trajectory of the control parametB? is a function of the trajectory of
measurement signalff), ie. (kD) ff’)[ (kz)]. The choice of this functional relation between

Dy and (kz) de nes a ltering process that converts the measurement signal from the detector
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to a feedback control protocol. For our model, we chose the ltering to be a low-pass Iter

(exponential smoothing) over the measurement trajectory:

X .
Dy D Y1= te Dty (2.31)
i=0

For the continuous case this relation is written as

Z

D(t) = dse & 9z(s) (2.32)
1

This signal Itering protocol mimics a detector with a nite bandwidth [1, 61, 74] where the
control protocol is a smoothed version of the measurement signal. In Egs. (2.31) and (2.32), we
have introduced the signal Itering rate (or bandwidth)which controls weighting coef cients
for the averaging of the measurement signal. A large valueiofplies the Itering kernel dies
out quickly and does not go back much in the past trajectory; and hence the control paiameter
will be very close to the state of the current measurement signal azitpis a result the noise
from the measurement signal will affect the feedback signal more and feedback will be noisy.
In contrast, a small value of implies that the Itering kernel takes account of the long past of
the measurement trajectory. In this case the control parargtevill move slowly compared
to the measurement signal varialzieand thus the feedback signal will be lagging behind the
measurement signal but will be relatively smoother.

Notice that the current control paramel® can be calculated from the state of the control

parameter at the previous time instabi( ;) and the current measurement outcazpneThis can
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be seen by rewriting the Eq. (2.31) as

X1 _
D= tz (+ te (k l)tZi
i=0 (2.33)

= tzgt+te tDkl

Now by replacingz, with W, from Eg. (2.26) and expandireg ' in a Taylor series we get,
Dy Dk 1= t (hOigx 1 Dy 1)“‘59—— Wi+ O(t?): (2.34)

Taking the limit t ! 0, and treatingD (t) as a continuous signal, we obtain the stochastic

differential equation (SDE)
dD(t)= (hOiy D(t))dt+ 5|9—_dW(t) (2.35)

From Eq. (2.35) we see that the control parameter evolves under an Ornstein—Uhlenbeck process
similar to an overdamped Brownian particle under a time-dependent quadratic potential centered

athOi,. [1]

2.3.2 Derivation of master equation

Using the path averaging introduced in Eq. (2.18), we de ne a joint distribution

h i
X;Dit)= E (Xitj Py O P1 D) : (2.36)
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This de nition can be understood as an average of the funci(&nt y| f(z)l) over the distribution

of measurement trajectories up to time= ty, with a constraint that only the measurement
trajectories that result in the feedback variabléty) = Dy at timet = tx contribute to the

average. For the continuous case we denote this joint distribution as

h [
(X; D;t) = E g(D[z(1)]; X; D;t)
h i (2.37)

=E (Xtjz(t)) (Dlz(t)] D)

where we have de ned(D[z(1)]; X; D;t) = (X;tjz(t)) (D[z(t)] D). Notice that the depen-
dence ofg(D [z(t)]; X; D;t) onz(t) is implicit and is encoded by the two functiobgt)[z(t)]
and (X;tjz(t)). We already know the stochastic differential equations (SDE) for the evolution of
these quantities from Eq. (2.30) and Eq. (2.35). From now on we will degidxgz(t)]; X; D;t)
asg; D(t)[z(t)] asD; and (X;tjz(t)) as for conciseness.

We now follow the standard method of derivation of a Fokker-Planck equation from a SDE
[61]. To obtain a stochastic differential equation for the evolutiogef (D D), we rst
need to obtain the SDE for the evolution d© D). Usinglto's Lemmaon Eq. (2.35), we can

write down a SDE of (D D) fora xed D as

. # " #
. . D D 1 2 D D
d (D D)jy=dt (hOi; D) % +dté E[a—_ %
o " o )# D (2.38)
D D
+dW 5|9—_ — @b ]

Now to obtain the SDE fog (for a xed D, we omit the subscripts from now on) we have

dg= (D D)d + d (D D)+d (D D)d (2.39)
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Using the expression fat (D D) from Eq. (2.38), the expression fdr from Eg. (2.30), and
dw(t)? = dt, we write,
#

@@ D) + 2—@ (D_D) +dW(t)[:::]

dg=dt (D D)Lx(D) + (O(X) D)=—gz— +g—@ap5

(2.40)

where we have collected the terms proportionalttanddW (t) separately. We have omitted the
details of the terms proportional W (t) for conciseness here since eventually they will vanish.

We now use some properties of delta functions on the terms that are proportiathalRor the

rstterm, using (x af((x)= (x af(a), we get

(D D)Lx(D)

(D D)x(D)

=Ix(D) (b D) =Lx(D)g:
For the second term we uséx  a)f (x) = (x  a)f (@) and &Y = C&N 10 get the
following simpli cation:
@D D) _ @(D D)
(O(X) D) —ap (O(X) D)——+1—
@" ! (2.42)
= —  O(X D D D .
@ h (X) I( )
@
= —  O(X D
o (X) g
For the third term, usin§ b9 = @ S5, we get
‘@ (D D) _ *@(® D) _ *°@
8§ e 8 @ 8@ (2.43)
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Thus we can rewrite Eq. (2.40) as

A h b2 @g
dg=dt [y (D)g OX) D g+ gl +dWL:] (2.44)

8

SIS

Now we take average over all measurement trajectories (not&fsv (:::)] = 0), and then

de ning € := 9 we get the nal result:
- h I 2 Y-
@(Xl Dat) _ N . : @ . . @ (Xa Dat)
ot~ o) Db+ @ D OKX) (X;D;t) + 5 @
(2.45)

For convenience we de ne the Ornstein-Uhlenbeck operat@r wfith O(X ) as a parameter as

@h i 2 @
F00)= g Do) () + g s () (2.46)
With this we rewrite Eq. (2.45) as
. h [
T = @+ Fo) (D) @47)

This equation can be interpreted as follow$X; D;t) describes evolving statistical state of an

ensemble of physical system stafeand the control paramet&, which is being calculated

by measuring the observabBX ) and then Itering the measurement outcomes by Eq. (2.32).

The operatot’y (D) generates the dynamics ¥f, which depend on the control paramefer
The operatoif\D(X) generates the dynamics of the control paramBtewhich depends on the

the evolution of the state variab} through the measurements of the observa(¥ ). This

equation (Eqg. (2.47)) is Markovian and deterministic in comparison to the Classical Belavkin
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equation (Eqg. (2.30)), which is non-Markovian [since it has an explicit dependence on the past
trajectoryz(t)] and stochastic. Reducing a non-Markovian equation to a Markovian equation by

adding Itering and averaging is an example of Markovian embedding of the dynamics.

2.3.3 Effective coupled Langevin equations for the system-detector dynamics

From Eg. (2.45) we can write down Langevin equations that would generate the given
Fokker-Planck Eq. (2.45). Suppose X obeys a Langevin equation with aR€K¥nD) and a
noise term yx (t) where x (t), is white noise with the propertiels,(t)i = 0 andh x (0) x ()i =
2 (). The associated Fokker-Planck dynamicXddire given byﬁ‘x (D), with D as the control

parameter. Then we consider a coupled Langevin dynamigsaridD':

X_= F(X; D)+ x(t) (2.48)

= (O(X) D)+ (b) (2.49)
where the noise (t) is white noise with the following properties

2

hp(t)i =0; h(0) p(t)i = 4 (t) (2.50)

These coupled Langevin equations will generate a dynamics that correspond to the joint system-
controller master equation (2.45). These Langevin equations can be directly simulated to gener-
ate the statistical properties of the feedback-controlled system without explicitly simulating the

underlying measurement and ltering processes.
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2.4 Separation of timescales using multiple-timescale perturbation (MTSP) ap-

proach

2.4.1 General formal solution

In this section we present a multiple-timescale perturbation (MTSP) analysis [1, 72, 84,
85, 86] of the detector and system dynamics, when the detector dynamics are fast. We start with
the feedback control master equation Eq. (2.45) and introduce two natural timescales - for the
system dynamicg1= (., ), and for the control parameter dynami¢s= ). Now introduce a

scaled Ornstein—Uhlenbeck (OU) operator

Fo(X) = (Lx)@@? D O(X) + %% (2.51)
We rewrite Eq. (2.45) as
GETY = 6@+ TRpx) (D) (2.52)
where is a slowness parameter de ned as
= L), (2.53)
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Next we introduce the two time scalesand , in the spirit of multiple-timescale perturbation

(MTSP) analysis and rewrite Eq. (2.52) as

@@+ }@@ D 1 o)= D (D)+ TP (X) ~X Dt 1 o) (2.54)
1 2

where we have replaced X; D;t) with its two-time analogue<(X; D; 1; ). If we replace
t = 1=, inEQ. (2.54) we recover the original problem given in Eqg. (2.52). Now we

substitute the two-timed perturbation series:

)4_ 0
~X;D; 1 o) = K so(X; D; 1; 2) (2.55)
k0o=0

in Eq. (2.54), multiply both sides byand then collect terms in every power ab get a chain of

perturbation equations. Fdt we get

@

@, Fo(X) ~(X;D; 1; 2)=0; (2.56)
2

for which we have the following formal solution:
~(X; D 15 2) = e2Fo)~(X; D 1;0): (2.57)
Forany K withk 1 we have
@ @

@, o) wXDig)= o U5 (D) ~« 1(X; D5 15 2); (2.58)
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for which the formal solution can be written as,

z
2
«(X; D; 15 2) = 2o 4(X; Dy 1;0) dset 2 9o ) @@ Cx (D) ~ 1(X; D; 1;9)
1
z o
= e X4 (X; D; 1;0) dze™o®) 2= Lx(D) % aXiDi 52 2);
0 1

(2.59)

Setting , = ( ;=) Iin Egs. (2.57) and (2.59) gives us the regular perturbation solutions to the
original problem Eq. (2.47). Replacing = ( ;=) in Egs. (2.57) and (2.59) and taking the
strong separation of the timescale limits 0, ,!1 with nite ;= ,, maylead to secular
or divergent behavior. We seek to avoid this problem by the MTSP method.

Next we simplify our analysis by assuming that we are only interested in the dynamics
happening at the slow timescales. To do this we use the spectral properties of the the operator
F5(X). It can be shown that given a valueXf for the OU operatoF;, (X ), there is an unique

normalized stationary distribution

S

( DjX) = 4—exp 4—(D O(X))? : (2.60)

Thus, the null-spac&er F(X) of the operatoiF;(X) is spanned only by one function

( DjX). We de ne the null-space projection operatﬁgg(x) as

YA
Pe ()= ( DjX) dD () (2.61)
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and the projection operator outside of the null-space is de ned as

O oo=1 P (2.62)

where? is the identity operator. From the spectral propertieF (X ), it can also be shown
that any arbitrary starting distributid?y(X; D) gets projected tker F(X) inthe long-time

limit under the dynamics df;(X), i.e,
lim eFoIPy(X; D) = Pe_(x,Po(X; D) (2.63)
s! D

Now, under a strong separation of timescales we have a nite 1, a nite ,, and
> = ( 1=) 1. Thus, , can be approximated as ! 1  while keeping ; nite and

independent of,. Now we take the limit, ! 1 on the both sides of Egs. (2.57) and (2.59) to

get
oX; Dy 1) = ( DjX)fo(X; 1); (2.64)
Z @
k(X D05 1) = ( DjX)f(X; 1) ”En dzeo ) @ U (D) ~ 1(X;D; 15 2 2)
2! 0 1
(2.65)
where the functionsy(X; D; ;) andfy(X; ;) are de ned foranjk 0Oas
(X D7) = lim (X Dy 4l 2); (2.66)
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m e2FoX)—(X:D; ;0
(Dix) ~«( 1,0)

- (Dljx)lﬁpgm(X; D; 1;0):

fr(X; 1)
(2.67)

Notice that the limit in the second term on the r.h.s. of Eq. (2.65) diverges if the integral has any
term linear in ,. To avoid this divergent (secular) behavior, we impose the condition that the
source term of Eq. (2.58) must be outside ofkke F(X) . Hence impose the condition,

Uk (D) ~ 1(X;D; 1; 2) =0; (2.68)

If}F“D (X) @@

which implies
z

dD

@@ O3 (D) ~ 1% D; 1; 2)=0: (2.69)

1

With the condition above the secular terms in Eq. (2.65), arising due to the null space component

of the source term are avoided. Hence we can rewrite Eg. (2.65) using the condition Eq. (2.68) as

Z

. . 2 @
K(X; Dy 1) = ( DiXO)f(X; 1) !I&n . dzeZPU(X)QFD ) @, Cx (D) ~w 1(X; D5 1 2 2)
(2.70)
Since all the eigenvalues of the operafgy outside the null-space are negative [67], we assume
that any transient generated by the source term almost instantly decays and can be neglected.

With this assumption we rewrite the Eqg. (2.70) as
(%D )= (DXEGG D+ Fp(X) o= L@ waXDi ) (27D
where we have introduced the pseudo-inverse or Drazin inverse [63, 87] of the off&s&X0y
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as
Z

1
F'(X)= i dzezpw(x)(ﬁpn(x) (2.72)

Notice that in this equation the rst term on the r.h.s. of Eqg. (2.71) is completely inside the
ker F(X) andthesecondtermofther.h.s. of Eq. (2.71) is completely outskkr ofF 5 (X) .

Thus, foranyk 0, we have,
Z

fk(X; 1)=  dD «(X; D; 1) (2.73)

If we write the slow-time scale solution under separation of time scale as

R
(X;D; 1) = KOG D ); (2.74)
k=0

then thef  (X; t)'s are null-space projection weights of the operd@r(X ) for the order of the

perturbation expansion:

X
Peyoy XiDi )= Pe oy “ k(X D3 o)
k=0
M (2.75)
= ( DjiX) k(X 1)
k=0

From this equation, we de ne the overall null-space projection facto(®f D; ) as

X
f(X; 1= (X, 1) (2.76)
k=0

Notice thatf (X; ;) is the marginal distribution of the system varialleat the slow time-scale
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1, under the separation of timescales limit:

z
fFX )= dD (X, D; o) (2.77)

To determine the complete expression gfX; D;t) at any ordefk) with k 1, we must solve
for f(X; 1) and the complete expression of the perturbation correction in the previous order,
k 1(X; D; 1). To determind ((X; 1), we use the expression fog(X; D;t), (containing an

unknownf (X; 1)) in the secularity removal condition (Eqg. (2.68)) in the next older 1):

Q@

Pe o) o s (D) «(X; D; 1)=0: (2.78)
Thus for any ( DjX) we have,
Z @
b — Ix(D) «(X;D; 1)=0 (2.79)
@;

Now substituting the expression of(X; D; ;) from Eq. (2.65), we get

£ @
1
yd (2.80)
+ dD @@1 x (D) F“I;(X) @@z O (D) « o(X;D; 1) =0
which can be written as
@ ) -
T’l dDCx (D) ( DjX) fi(X; 1)
1
z (2.81)
W x@) FyX) o Ux@) «i(Di 1) =0
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2.4.2 0Oth and 1st order terms

Next we show the explicit calculation for tif@h and1st order terms in the perturbation

expansion. Using Eq. (2.64) in Eq. (2.79) we get the equatiohgot; 1) as

@6(@;(; 1) _ NOf (X 1); (2.82)

y4
MO = doly (D) ( DjX): (2.83)

Eq. (2.82) can be solved for some given initial conditigtiX; 0) to obtainf o(X; 1).

Now settingk = 1 in Eq. (2.81) and using the expression fg(X; D; 1), we obtain

Z

X; A A " A .
OIS ) porx ) dOxD) FIX) -2 0x(D) (DX 1) =0
@; @;
(2.84)
Since we haV(F”r_TI (X) ( DjX) =0, we get the equation fdr,(X; ;) as:
T = 00106 )+ P10 ) (2.85)
where
Z
LY = dDUx (D)FE (X)x (D) ( DjX); (2.86)

and If§?) is given in Eq. (2.83). Given an initial conditidn (X; 0), and the solutiorfo(X; 1)

obtained from Eq. (2.82) with the initial conditidiy(X; 1), one can solve fof 1(X; 1) in
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Eq. (2.84). Using o(X; 1) andf(X; 1) we write the expression of,(X; D; 1) as

(X Dy 1) = ( DjX)fa(X; 1) FL(X)Cx (D) ( DIX)fo(X; 1): (2.87)

Since we are neglecting the transient dynamics, we choose an initial condition of the joint dy-

namics to be completely inside the null-space of the opef&iqi.e. of the form:

(X; D 0) = f(X; 0) ( DjX) (2.88)

Now we have freedom of choice in how to distribd@iteX; 0) in different orders of perturbation.
It is often convenient to choose

fo(X; 0) = f (X; 0); (2.89)
fk(X;0=0; k 1 (2.90)

such that the initial conditioh(X; 0) is completely captured in tHéth order term of the pertur-

bation.

2.4.3 Effective master equation for system state under fast feedback

Switching back to the original variable ! t, truncating the perturbation series in Eq. (2.76)

at orderk = 1 and using Egs. (2.82), (2.84) we obtain the evolution equatiof #&gX;t) =
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fo(X;t)+ fa(X;t), as

1y
@f (Xt,t) LPOfox:t)+ LOfXt)+ LLio(X;t)
—at (2.91)

= BTHOGH + CRHGH 26

Thus replacing M(X;t) by f (X;t) we obtain an equation that is correct up to the o@ér) as

@fX;t) _ hli\

i
T O+ LY f(Xt)+ 0(? (2.92)

This equation gives us the evolution of the marginal distribution of the system variable under sep-
aration of timescales and can be solvedff@X;t) given an initial conditiorf (X; 0). From the
solutionf (X;t), one can also obtain the joint system detector distribution under the separation

of timescales approximation:

h |
(X;D;t)= 1 F“;II‘X(D) ( DjX)f (X;t)+ O( ?): (2.93)

Finally, we point out that Eq. (2.92) can alternatively be derived using Nakazima-Zwanzig pro-

jection operator methods [1, 74].

2.4.4 Connection to linear response theory

The separation of timescales calculations shown above can be interpreted in terms of lin-
ear response theory. At leading order, the control parameter is in the equilibrium distribution
( DjX) when the state of the systemXs. The operatonfg?) can be then understood as an

averaged omean eldoperator of the family of operator§’y (D) g where the paramet& has
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been sampled from the distributian DjX ). Thus we write,

z
0= dD [ (D) ( DiX) = Wk (D)i ( o, (2.94)
wherelht::i signi es the ensemble average over a distribution

At rst order in , there is a small lag in the dynamics of the control paramBtefThe
effect of the lag is to drive the controller distribution away from its stationary state (leading order
distribution). Hence we considéfy (D) as an observable (or parameterized operatofy pf
whose equilibrium average is given Hﬁ&o). At Oth orderlﬁ‘ﬁ?) generates the dynamics of the
f (X;t). We see thal' captures the response away from this equilibrium avet¥gedue to
a small perturbation to the equilibrium distributignDjX ). We note thaﬂ‘ﬁ}) can be expressed
as,

z Z,
(= dolk (@) — dz @01 P o )I(D) ( DiX) (2.95)
which can be written as

zZ, Z
D = dz  dDIy (D)eFo X (D) ( DjX)
AR y (2.96)

dz dD Ly (D) o ) ( DjX) dD Y (DY ( DYX)
0

This can be written as a linear response type relation

Z

1 .
Y = O dz égxfgx)>(z) (2.97)

Whereééxt(’g;)(z) is the auto-correlation operatordf (D) in the equilibrium distribution( DjX)
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(by analogy with auto-correlation function), i.e.,

Céxfg())(Z) = Wl (D7) Cx (Do)i (ojx) N U (D7) ( DjX)rL/\X (Do)i ( pix) (2.98)

Since the distribution( DjX) is stationary, we usk’x (D%)i ( pix, = N'x (Do)i  pixy = LY
to write

ééxtgér);)(z) = % (D7) Cx (Do) ( DjX) (fﬁ?))z (2.99)

Similar to linear response theory, here we also see that in the presence of a small delay in feed-
back, the dynamics of the system is related to the auto-correlations of the ofetd@) cal-
culated with the stationary control parameter distribut{ojX ) at the fast feedback limit (i.e.,

when there is no delay).

2.5 Comparison with feedback-control equation for quantum and discrete stochas-

tic systems

2.5.1 Comparison with quantum Fokker-Planck master equation (QFPME)

In this section we compare the discussion presented so far for the classical case with the
original quantum Fokker-Planck master equation of continuous feedback control [1, 74]. For a
single realization of the experiment, the statistical state of the quantum system at discretized time
ty is given by a conditional density matri¥X(tx), where the superscrit implies the density
matrix is conditioned on the measurement reco[{’d1 similar to Eq. (2.13) for the classical

case.. In analogy with the Bayesian update rule shown in Eq. (2.14), the update equation for the
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guantum state due to an instantaneous measurement operation tgtisrgeren by,

Mz ()
R@IMIRY(z) (2.100)
Tr R (29" H(t)RY(2)

N ()

Here,M ,, denotes a measurement operation that leads to outpparalK (z,) are correspond-

ing Kraus operators [78, 88]. In contrast to the classical case, which we considered to be back
action free, we consider a general case here with the possibility of back action due to measure-
ment. In the Gaussian weak measurement model [78], for a Hermitian opératoF; JJai s

corresponding to the observable of interest, the measurement Kraus operator is given as

1

2t 1
Rz)= Z— e t@A? (2.101)

The probability density function of obtaining the outcomegiven previous measurement records

(2)
Kk 11 1S

n (0]
Mzj P)=Tr R@z)™ RY(z)

2 t %X 2t (Zk )2 iak 1 .. (2102)
= — e * hej%e “(tk)jal
a

This equation is the analogue of Eq. (2.21) that we have obtained for the classical case. Similar
to theKushner EquatiofEq. (2.30)) in the classical case, one can deriveBilavkin equation

(see Refs. [1, 61, 74, 78] for the derivation) for the quantum case as

dr(t) = dt(D)As(t) + dtD[A](t) +d W(t)IO A h Aig (g (2.103)
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wheref X;Y g = XY + Y X is the anti-commutatohfi. = Tr nA’\CO, (D) is the feedback-
controlled Lindbladian, an®[A] is a dissipator in the eigenbasis of the operaorWe note

that in Eg. (2.103), we have two terms that are proportiondttdorhe rst term on the r.h.s. of

the equation generates the Markovian dynamics of the system due to the LindtigBiarthe
second term dtD[A] ", generates decoherence in the basis of the obserfabilaus the second
term creates hack-actionrdue to measurement in the quantum stgtéNote that for the classical
case withpurely Bayesianmeasurements [61], the back-action term is absent in the Eq. (2.30).
Now using the ltering Eq. (2.32) in the Belavkin equation (Eq. (2.103)), and following the same

steps discussed for the classical case, one can obtain the Quantum Fokker Planck Master Equation

[1]:

22 = (D)D) + DIAIND) + PAD) (2109

whereF is a superoperator form of the OU operator:

FAD) = ng/ﬁ D; ND)g+ 8—2%“(0) (2.105)

and the object(D) is the joint state of the system and the control parameter. FY@m we

obtain the state of the quantum system by marginalizing over the control pardieter
z
N = dD ND); (2.106)

and the distribution of the control paramelerat any time instant, can be obtained as

n (0}
p(D)=Tr ~D) (2.107)
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Similar to the classical case, we can also perform a multiple-timescale analysis for the quantum
problem. This analysis can be performed directly with density matrices and superoperators (see
[74]) or alternatively, we cast the master equation into the Fock-Liouville space where superoper-
ators become matrices and perform the analysis in that space (see [1]). Similar to the Eq. (2.92),
it is possible to obtain a Markovian master equation for the quantum state in the limit of separa-
tion of time-scales of the system dynamics and the controller dynamics. If the fastest time-scale
of the system and the measurement back action is givéh-by , thenwe dene =( =) and

get the Markovian master equation,

—

= (0O + (DyA, (2.108)

where the superoperathf® is de ned as

z
X
LOn = dDI(D) jai ( Dja;a)hej~jalhal (2.109)

aal

with ( Dja; @) is de ned similar to Eq. (2.60) as

S " 2#
( Dja;a) = 4—exp 4 b a+2 O (2.110)
The superoperatdf® is de ned as
N Z AS X .. . .
DA = dDL(D)F*L(D) jai ( Dja;a)haj”jaihal (2.111)

aal
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where the superoperaté‘\r = -F and

Z

1 A
F = dz &7, (2.112)
0

2.5.2 Comparison with feedback-control master equation for classical discrete-
state stochastic dynamics

One can obtain the feedback control equation for a classical discrete state process as a spe-
cial case of the Quantum Fokker Planck Master Equation (Eg. (2.104)) when the dynamics of the
populations are uncoupled from the dynamics of the coherence (see the supplemental of Ref. [1]).
Alternatively, one can consider a classical, discrete-state, continuous-time Markov jump process
under feedback control and follow the steps used for the continuous case to derive a similar master
equation for the feedback control. In this case the statistical state of the system state and the con-
troller state is described by a probability distribution column veB@D; t) = [ P;(D;t)]; ...
where the probability distribution of the system state is obtained by marginalization

z

P(t)= dDP(D;t) (2.113)

and the distribution of the controller stdfeis given by

X
p(D)=  Pi(D;t) (2.114)

i=1

We consider a measurement of an observébtbat gives the valu®(i) = ; when the system

is in the state. If the system dynamics are governed by the rate m& (), then the master
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equation reads

@@f(D;t): R(D)P(D;t) + FP(D;t) (2.115)
whereF is a diagonal matrix of OU operators:
_ @ ‘@
If\ij = @ D i+ 8_@ (2116)

Now if the dynamics generated (D) are of the orde(1=) , then the Markovian master

equation forP (t) up to the rst order of = — can be written as
@ 0\ _
@f(t) =(Ro+ RP(t) (2.117)
where
Z
Ro= dDR(D)( D) (2.118)
and ( D) is a diagonal matrix with elements de ned as
s
2
(D)= 43 —exp — D ; (2.119)
The matrixR; is de ned as
Z N\
Ry = dDR(D)F"R(D) ( D) (2.120)
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N
Here the elements of the matfX" are de ned as

Z

1 A
Fr= 4 dzeQp (2.121)
O 1

whereF = —F.
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Chapter 3: A classical two-state toy model of feedback-controlled information

engine

This chapter is based on work done in collaboration witbrBjAnnby-Andersson, Phar-
nam Bakhshinezhad, Guilherme De Sousa, Christopher Jarzynski, Peter Samuelsson, and Patrick
P. Potts, which has been published as “Quantum Fokker-Planck Master Equation for Continuous
Feedback Control” in Ref. [1]. Guilherme De Sousa and | worked together on the multiple-
timescale perturbation (MTSP) based analysis ofdlassical toy modebf Ref. [1]. In this
chapter we analyze this model using classical stochastic modelling and MTSP methods and show
the results. This model can also be analyzed using full-counting statistics (FCS) methods as
shown in Ref. [1, 74]. At the end of this chapter, in Appendix 3.5, we relate the constants arising
in our MTSP calculation with those arising in the FCS method to show the equivalence of the

results.

3.1 Chapter overview

In this chapter, we discuss a simple toy model of a classical information engine, which
can be considered as a non-autonomous Maxwell's demon and we use the methodologies de-
veloped in the last chapter to analyze the model when measurement error and feedback-delay

are present. A key purpose of this chapter is to illustrate an application of the feedback-control
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Figure 3.1: Schematic diagram of the classical two-state toy model of an information engine.
The two states are labeled @ andjli. The agent (demon) makes continuous measurements
(denoted by the magnifying glass in the gure) on the two-state system to learn whether the
system is in the staj@i or the statgli. The ground state and excited state energies of the system
areEg andEe with Ee Eqg = > 0. When the system absorbs h&gt =  from the

heat reservoir (depicted by the sun in the schematic diagram) to go to the excited state, the agent
instantly provides feedback (denoted by the trident) by switching the Igi]gli) !'j 1i (jOi).

In this process the agent takes the system from excited state diergyhe ground state energy

Ey and extracts worlkVe,: =, which is stored in a work reservoir (depicted by the battery in

the schematic diagram). After this, the demon repeats the process cyclically (see Fig. 3.2)
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master equation and perturbation results developed in the previous chapter.

Sec. 3.2 of this chapter discusses physical setup and modelling of the system. Then the ideal
protocol for the operation of the demon is explained. Next, we consider a feedback-resolved
model for the imperfect protocol in which measurement error and feedback-delay are present.
This imperfect demon is modeled using the framework presented in Chapter 2 for the classical
discrete-state stochastic system with continuous measurement and feedback.

In section 3.3, we analyze of the feedback-resolved model. We use the feedback control
master equation for a continuously monitored classical discrete state stochastic system (see 2.5.2)
and corresponding multiple time scale perturbation results to solve for the steady state probability
distributions of the feedback-resolved model. Then we coarse-grain the feedback-resolved model
to calculate the average steady state work extraction rate in the presence of measurement error and
feedback lag. We see that the system can act either as an information engine or as a dissipator
when measurement errors are present. Then we analyze two limiting scenarios of the model
corresponding to the cases of fast feedback with inaccurate measurement, and lagging feedback

with accurate measurement.

3.2 Physical setup and stochastic modelling

We consider a two-state system that is weakly coupled to a thermal bath at temperature
T (or at inverse temperature = 1=kg T, with kg as Boltzmann's constant). The system can
exchange heat from the thermal bath to go from the ground state to the excited state or vice-
versa. This system is continuously being monitored by an external agent (or demon). First we

consider an idealized feedback protocol, where the measurement process is accurate and there is
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no delay in the response to the measurement. In this protocol, the agent instantaneously changes
the energy level con guration of the two-state system, whenever the system absorbs heat from
the bath (see Fig. 3.1). When changing the energy level con guration, the agent takes the system
from the excited state to ground state and extracts work in the process. This protocol is repeated
in a cyclic fashion. Thus, in this cyclic protocol, the agent recti es thermal uctuations from

the heat bath and directly converts them to work using continuous measurement and feedback.
Hence, this protocol can be considered as a toy system of an information engine. Since we
have an explicit consideration of an external agent doing the measurement and feedback, this
setup represents a non-autonomous Maxwell's demon. Such two-state information engines are
ubiquitous in the stochastic and information-thermodynamics literature and similar toy models

can also be found in Refs. [27, 89, 90].

3.2.1 Stochastic modelling

To create a stochastic model of the protocol, we assign labiendjli to the system's
states (in the spirit of a quantum two-level model) and denote their energieg BpdE; re-
spectively. We also de ne the ground state and excited state energy of the sysfgnardE
withE. Eg= > 0. The two possible energy level con gurations (energy landscapes) of the
system are denoted as ti{e )' con guration: (Eo = Eg4; E; = E¢) and the (+) ' con guration:

(E1 = Eg;Eo = E¢) and we suggestively write them as the HamiltonighsandH . (see Fig.

3.2):

I
I

= Egj0ih0j + E¢jlihdj; (3.1)

I
b
I

Ej0ih0j + Egjlihlj: (3.2)
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The demon makes measurements on the state of the system and then provides feedback by chang-
ing the energy landscape of the system. Hence both the state of the system and the energy level
con gurations, are dynamical quantities. The complete description of the system is provided by
specifying thgoint stateof the system —the system stgi@i (orj1i ) and energy level con guration
(B orH.)together. Thus, there are four possible joint states of the sygeem); (0; +) ; (1; )
and(1; +) . Here the rst entry of the tuple refers to the system state and the second entry to the
energy level con guration. For examplé); ) implies the system is in stajéi and the energy
level con guration is given by the Hamiltoniaf . The energies corresponding to these joint
states ar&€ . y = Eg, E(0.) = Ee, E1. ) = Ee, @andE(1.4) = Eg.

We assume the system is weakly coupled to a thermal bath of inverse temperakoe
thermodynamic consistency, the transitions between the $dateg 1i at any of the energy level
con gurations @ or M) must followlocal detailed balanceWe denote the transition rate for
jOij 2i(jli!'j 0i) underthe energy level con guratidﬁ asR(lO)(R((Jl)) and similarly for
the energy level con guratioft, asR(fo) (Rgl) ) (see Fig. 3.2). Then the local detailed balance

relations are

R( )

10 _— e (Ea; y Ep:)) = e (Ee Eg) — e ; (33)
R()

01
R(+)

(13) = e (Ean Eow) =g (Bg B =gt - (3.4)
ROl

Egs. (3.3) and (3.4) only de ne the ratios of the transition rates but do not completely specify
them. We model the thermal bath as a weakly couplesonic bathwith which the two-state
system exchanges the quantum of energyl'he coupling constant of the system with the bath is

given as , which de nes the natural timesca{é=) of the dynamics due to bath coupling. We
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denote the average number of bosons of energy inverse temperatureas

1
ng = 35
B = o 1 (3.5)
which is the Bose-Einstein distribution function. Now we x the transition rates as
01 ( ng ): Rio Ng; (3.6)
R(+) e . R( ) = + 1 . 3 7
01 Ne; Rig ( ng ): (3.7)

These rates satisfy the detailed balance relations presented in Egs. (3.3), (3.4).

3.2.2 Idealized feedback protocol

In the ideal protocol the agent (demon) continuously monitors state of the system by mak-
ing measurements in the basisfpdi ;jlig with the observablé, = ( 1)j0ihQj + (+1) j1ih1j,
which implies that an error-free measurement will give the outcogrme 1 for the statgOi,
and ; = +1 for the statgli. Based on the measurement outcome, the agent provides feedback
by changing the energy level con guration of the two-state system. The protocol starts with the
system in stat¢0i and the energy level con guration i . Thus, the joint state of the system
is (0; ) (see Fig. 3.2) and the corresponding energids y = Eg. Now due to interaction
with the weakly coupled thermal bath, the system absorbs(Dfé)at: , and goes from0i to
jli with the energy level con guration still af . After this transition, the system statejis,
and the energy con guration i€ | i.e., the joint state i§1; ) and the corresponding energy is

Ew ) = Ee. As soon as there is an excitation of the system (i.e., the measurement outcome of
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Figure 3.2: Stochastic model for the two state information engine. The @apid the corre-
sponding joint states of the systems are shown here. Beside every every Gitie cbrrespond-

ing physical system is depicted in the boxes. The desired behavior (information engine mode)
of the protocol corresponds to counter-clockwise cyClie the networkG shown above. The
transitions(0; ) $ (1, ) and(0;+) $ (1;+) correspond to excitation and de-excitation of

the system due to interactions with the thermal reservoir (depicted by the sun). The correspond-
ing transition rates from Egs. (3.4) and Eq. (3.3) are shown shown by the arrows between the
physical pictures of the joint states. The transiti¢dis ) $ (0;+) and(1; ) $ (1;+) corre-

spond to feedback steps (denoted by the trident) and involves interaction with the work reservoir
(battery). For the feedback-resolved model, the feedback Hamilteh{@") from Eq. (3.8) is
represented here by showing the control paramé&gbglow the corresponding joint states. The
grey colored stated; ) and(0; +) show the situations when the control paramétét) (which

is a Itered form measurement signz(t)) fails to capture the actual state of the system, whereas
white colored state§0; ) and(1;+) are the situation when the actual state of the system is
captured by the control parameta(t).
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A, changes from 1to +1), the agent provides instantaneous feedback to switch the energy level
con guration fromH to ¥, . By doing this the demon extracts wi ()1(2 = , asthe system

at the statgli is taken fromE, to E4. After the feedback step by the demon, the joint state is
given as(1;+) with energyE.+) = E4. Now a similar sequence is repeated, with the setup

@ —
n

going from(1;+) to (0;+) by absorbing hedD; , and thus we havE ., = E.. Then

the demon applies instantaneous feedback by switching the levels, and taking the joint state of
the system fronf0; +) to (0; ) while extracting Work\NéQ = . After this sequence of steps

the system and the energy level con guration both are restored to their initial sf@tes. We
represent this as the cyclic protoc@l: (0; )! (@, )=) @&+ ! (O;+)=) (O; );

where 1 ' signi es a thermal excitation step and) ' signi es an instantaneous feedback.

The cycleC corresponds to traversing the network shown in Fig. 3.2 in the counter-clockwise
(CCW) direction. In one cycle of, in total Q¥® = Q" + Q¥ =2 heat has been extracted

from the heat reservoir and completely converted to bR = W + W2 =2 . Inthe

ideal feedback limit the system spends almost no time at states and(0; +) . Hence, these

two states act as transients (shown as grey circles in Fig. 3.2) for the transitions between two

stable statef); ) and(1;+) (shown as white circles in Fig. 3.2).

3.2.3 Imperfect feedback protocol: the feedback-resolved model

Now we consider the situation where the agent makes measurement errors due to an im-
perfect measurement device and also there is a nite bandwidth of detection, implying that the
feedback response lags behind the actual state of the system. In this situation, the directed nature

of the cycleC s lost because of the possibility of thermal de-excitation and incorrect feedback
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due to nite bandwidth and measurement errors. The system can now spend nite time in the
stateq(1; ) and(0;+) and also can return the stat@® ) and(1;+) against the direction of
the desired protocol i€. Hence, the system executes stochastic dynamics on the corresponding
graph with bi-directional edges: (0; )$ (1; )$ (1;+) $ (0;+) $ (0; ) as shownin
the Fig. 3.2.

To model such system, we introduce faedback-resolvednodel where the change in
the energy level con guration takes place through a continuous control paraihe2eR. We
consider that the energy level con guration of the system is described lilargnshold feedback
[1] HamiltonianH (D):

kD)= (D)H + (D)A. (3.8)

whereD is the control parameter andD) is the Heaviside step function. At any tinbethe
value of the control parametéx(t) is calculated as the low-pass lItered (with a smoothing rate
or bandwidth ) version of the continuous measurement sigr(d) (see Eq. (2.32) and other
details in Sec: 2.3.1)

Z,

D(t) = dse  9z(s): (3.9)
1

Thus, 1= is the natural time-scale for the evolution of the control parameter. To obtain the
measurement signa(t), the agent measures the observdilé/Ne assume that the measurement
signal z(t) is generated through an imperfect continuous measurement device that follows the

Gaussian measurement model (see Sec: 2.2.4):

r

@jiy= 2l e2t@ 2501 (3.10)
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where is the measurement strength.
Since the feedback Hamiltoniah(D) depends on the control parameferthe transition
rates betweef0i andjli are also dependent di. Similar to Eq. (3.8), we de ne a threshold

feedback rate matriR(D) using Eq. (3.6) and Eq. (3.7) as

R(D)=(@1 (D)R+ (D)RW; (3.11)
0 1 0 1
R() = % ne (Mo *+1) §; R®) = % (Mo +1) e § (3.12)
Ng (ng +1) (ng +1) Ng

to describe the control parameter dependent transition rates bg@v&gn 1i. At any timet, the
probability of the system being in stg@ (j1i) and the control parameter at the valdas given

by the joint distribution functiorPy1) (D; t). Following the discussion in Sec. 2.5.2 of Chapter 2,

we describe the master equation for the joint statistical state of the system and control parameter

P(D;t) = [Po(D;t); P1(D;1)]" for the feedback-resolved model as

@@f(D;t) = R(D)P(D;t) + FP(D;t) (3.13)

whereF is a diagonal matrix of OU operators:

5=, 20 )+ (3.14)

> @
8 @b

Now from this feedback-resolved model, we can obtain a coarse-grained description of the model

by integrating the control paramet®rin appropriate domains to obtain the probability vectors
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of system state correspondingtfo and(H. ) energy level con gurations:

1 0 1

0
6~ Z Pomg %

5 k- wa oo k- o eron o
Pa: ) Pa

3.3 Analytical treatment of the model

In this section, we present an analytical treatment of the model in the multiple time scale
approach with the smallness parameter ( = ) using the results from the Chapter 2. We
discuss the analytical expression of the steady state work extraction rate both in strong separation
of timescales(th order approximation) limit when! 0, and then also discuss the corrections
toin the rstorder. From th@th order expression of power we discuss the criteria for information
engine operation mode vs. the dissipator operation mode. Then we discuss the power production
in another limiting case when the feedback delay is captured up to the 1st ordéutrthe

measurement strength (accuracy) is in nite.

3.3.1 Steady state power calculation

We calculate the average steady state work extraction rggeveerasiASqi = (2) J*°,
whereJ** is the stationary current in the gra@along the direction of the desired protocnl
i.e. in the CCW direction. Since there is only one cycle in the gi@pthe current across all

the edges ofs are samdJ*°) due to conservation of probability. Thus, we can calculate the

stationary current (or power) from any edge. We choose to calculate the currentlfré)nto
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(0;+) acrossthe edgd;+) $ (0;+). Hence we have,

RALSL i =2 J°°

=2 Jow @ (3.16)
h (+) (+) |
=2 Ry P(l 'y Rig P(o +)

Next, we discuss how to obtain expressionsRgt,) andPg,, , that are required for the power

calculation by Eg. (3.16). Using the MTSP method (see Appendix. 3.4) we obtain the steady

state solution to Eq. (3.13) as,

0 1 0 1

ps5(D) = oo(D)g %F”ooh(D) § + 0(?) (3.17)
11(D) r"unh(D)

where ¢oa11)(D) is a Gaussian distribution located at(+1) with variance =8 :
s
4 4
i(D)= —exp —(D )’ (3.18)
The functionh(D) is given as

h(D) = %[Rlo(D) (D)  Roi(D) 11(D))]: (3.19)

The operator§°+ are the Drazin inverse [63, 87] of the scaled OU operé\t.or: ( =)F;,and

is de ned in Eq. (2.121) in Chapter. 2 (also discussed in the Appendix. 3.5.2). The expressions

for I"—/'\‘goh(D) andl"—/'\‘flh(D) can be calculated using the eigenfunctionﬁﬁpfwhich are presented

in the Appendix. 3.5.1.
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From EQq.(3.17) and Eq. 3.18, we see that, even in the fast feedbackO limit, the
distributionng(sl)(D) = % ooa) (D) will have some spread in the control parameter sgace
due to error in the measurement process (i.e., due to nite value of. Hence there is a nite
probability of the wrong feedback being applied, characterized beittoe probability , given
in Eq. (3.28) of Appendix 3.4, which represents the stationary state probability of nding the
control parameteD in the wrong feedback regime for a given system stidiedr j1i).

Using Eqg. (3.15) and (3.16), Eqg. (3.17) we can obtain the expressigg pf which we
write as a power series in

M = i+ IS + o( 2); (3.20)

ext

where, thedth-order expression of the power is givertg:s i

M@= [ ng@ ) (e +1) [ (3.21)

Notice that even the Oth-order expression of power contains the error probabilifor the
accurate measurement limit { 0) we get the maximum value 83 as  ng. Eq. 3.21
implies any nonzero error probabilityreduces the power from it due to feedback mistakes. For
a xed and the maximum power production is controlled by the average number of bosons
(ng) of energy in the bath which decreases with decreasing temperature (incregsimgus

we see(WSSY= decreases with as seen in Fig. 3.3.

From Eq. (3.20) we see that the rst-order correction to the steady state work extraction
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rate is RSN where
Z N Z, R
2 ng dD (D)Fiih(D)+(ng +1) dD (D)Fgh(D)
d d (3.22)
[ ng+1)(m+ z+ kng)];

ss;[1]:
xt |

andm; z andk are dimensionless parameters with de ned by EQs.(3.32), (3.33), (3.34) and the
expressions given in Egs. (3.58), (3.66), (3.74). See Appendix. 3.5 for details of the calculation
of these constants. Thus using Egs. (3.20), (3.21), (3.22), we write the power, including the

rst-order correction due to nite bandwidth effect (feedback delay effect), as

i = [ ne(@ ) (ng+1) ] b ?[(2ng +1)(m + z + kng)] (3.23)

3.3.2 Thermodynamic operation modes: dissipator vs. information engine

Since the system under consideration interacts with a single heat bath, the rst law of

thermodynamics at steady state is given as

Qi = ] (3.24)

wherehQ;i is the average heat intake rate from the thermal reservoir at steady stalig/gid
is the average work extraction rate at steady state. NdW/f;i > O, the agent is directly
converting heat from the thermal reservoir to work by measurement and feedback, thus it is
acting as avlaxwell's demoror information engine Whereas iASsi < O, the performs work

on the system, which is converted to heat and is dissipated to the reservoir. Thus in this case
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Figure 3.3: Steady state work extraction rate for the two state toy model in the fast feedback limit
( 0). The vertical axis of the plots represent the ratio. The horizontal axis of the plots
represent . The gure above shows values B\S%i= , (see Eq. (3.21)) i.e., steady state
work extraction by the agent in the fast feedback limit, scaled by the factor

the overall setup is acting asdessipatorwhere the work, a useful thermodynamic resource, is
getting converted to thermal uctuations, i.e. it is being wasted. The dissipator behavior of the

system arises due to the imperfect nature of measurement-feedback by the demon.

3.3.3 Criteria for information engine mode in fast feedback limit (0)

In the fast feedback limit ( or 1), we approximate 0 in the expression for
RS in EQ.(3.20), we can write the criterion for the information engine operational mode of
the modehassi h WS > 0as:

_ Ng _ e
T 2ng+1 e +1

(3.25)
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Figure 3.4: Operation mode phase diagram in fast feedback limit. The gure shows the sign
of MASsi from Fig. 3.3. For the information engine region we h&>%i > 0 and for the

dissipator mode we hav®\%i < 0. The separation between these two operation modes are

captured by the critical ratin,; (see Eq. (3.26)).

where the critical error probability of feedback (in the fast-feedback limit) that leads to a

change in the operational mode from information engine to dissipator once crossed. Note that
is a monotonically decreasing function of the ratio of measurement strength and feedback

bandwidth( = ) (see Eg. (3.29)). Thus the criteria for the information engine operation mode

(for 0 limit) in Eq (3.25) can also be expressed as

2e

erfc ! —
e +1

(3.26)

N

1
— > = 7 erfc 1(2 )2:

wherer,; depends on the inverse temperature of the badhd the energy gap of the two state
model anderfc * stands for the inverse of the co-error function [91]. Hence(fer ) >

It We get the information engine operation mode and,(fer ) < r, we get dissipator
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operation mode. The variation of of with is shown in the Fig. 3.4, wheng, creates

a boundary between the information engine and dissipator regime which can be understood as
follows. For a xed with increasing (decreasing temperatur®)>3® decreases (due to
decreasing ). Hence feedback errors become more costly with increasiagd more accuracy
(stronger measurements) are required to compensate for the decrease in power production to
achieve the information engine regime. This leads to the increasing natygg afith  in the

Fig. 3.4.

3.3.4 Steady state power in strong measurement ( ) but lagging controller
( 60)

When , limit the error probability becomes extremely small (  0) since the
distribution oo1)(D) is sharply peaked at its meari(+1), as re ected in Eq. (3.29). In this
limit, we have (D) o(D) Oand (D) 11(D) O, whichimplym Oandz 0from
Eq. (3.32) and Eq. (3.33). It can also be shown that in this lkmit In 2 (see Appendix. 3.5.4).
Thus in this limit the average work extraction is

MSSi= ng [1 (2ng +1)In2] (3.27)

ext

Thus the lag of the control parameter with respect to system dynamics causes a decrease in the

steady-state average work extraction.
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3.4 Appendix: MTSP solution for steady states

Here we discuss the steady state solution to Eq. (3.13) in the separation of time scales limit
following the results shown in Sec. 2.5.2 of Chapter 2. For convenience we déDég =

1 (D), and using the expression of; from Eq. (3.18) de ne therror probability as

Z,

dD (D) oo(D)
le (3.28)
dD (D) (D)

1

which can be written as

% 1 erf 4 (3.29)

Now we solve for the Oth order effective rate matRy from Eq. (2.118) as

0 1
Z

1 1
Ro= dDR(D)( D)= ( ng+ )% §; (3.30)
1 1

and for the 1st order effective rate matRx, using Eg. (2.120) we get,

1
Z
R1

0
A 11

dDR(D)F*R(D)( D)= (m z knB)% §; (3.31)
1 1
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where,m; z andk are dimensionless parameters that are determined by theratand formally

can be written as

m=- dD (D)Fg (D) oo(D) = . dD (D)Fy; (D) 1(D) (3.32)

2= dD (D)F7; (D) oo(D) = . dD (D)Fg (D) 1(D) (3.33)
Z, R Z, A

k = . dD (D)Fi; oo(D) = ) dD (D)Fg 11(D) (3.34)

Now we de ne marginal distribution of the states of the two-state system when the control pa-
rameterD is integrated out aB (t) = [ Po(t); P1(t)]", and assume that it can be expressed as a

P
series +_, ¥P®(t). Then the equations for tH&© (t) andP ¥ (t) are given as

k=0

©
CIIjdt 2 - RoPO (1) (3.35)

(1)
dpdt (1) - Rop(l) (t) + Rlp(o) () (3.36)

Solving these for the steady-state solution with the normalization condlﬁgﬁsﬁ Pl(o) (t)=1

andPP (t) + PP () = 0, we get

0

1 01
1=2 O
pesiO) = % §; pest) = %§ (3.37)
1=2 0
Thus we havéss = [1=2; 1=2]" + O( ), which implies the distribution ¢j0i andjli remains

the same in the steady state, which is expected from the symmetry of the problem. Using the
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expression oP %, we write the steady state joint system-controller distribution as,

PS(D)= ( D)P® F*R(D)( D)P+ O( ?) (3.38)

h i
where ( D) = diag([ oo(D); wu(D)]) andF* = diag Fi(D);F}(D) . The equation

above can also be written in the form presented in Eq. (3.17).

3.5 Appendix: Evaluation of the dimensionless paramdi®rz; k) arising in

rst order perturbation scheme

3.5.1 Eigenspectrum of Fokker-Planck operator for Ornstein—Uhlenbeck (OU)
process

We denote theath eigenvalue of the OU operaté\r" as ) and the corresponding right

eignevector ag (0] ﬂ)(D) and the left eigenvector dtsﬂ)j “(ni)(D). Where we have
L (i) i _ () d IOIP
i @@ )+ g @ P0)= P P0d)  Pivi (339
i) R i i) ~i 0P
hiFi (D D@+ 5@ (D)= P7VD) h Pj (3.40)

The eigenvalue and eigenfunctions[67] are given as

D= n;n=0;1,23:: (3.41)

80



"s #

0P D)= o H S0 ) )
s "s__ ” (3.42)
- znln! Yy Lo ) dre o
"s #
hOj OD)=H, @ (3.43)

. where,H, is the Hermite polynomial [92] of order. If we de ne the inner-product between
R
two functions asf jgi = dDf (D)g(D), then we have a bi-orthogonality relation among the

eigenfunctions of the OU operatbl‘\rﬁ :
h O Of = - (3.44)

N
We now de ne the null space projector of the operdtyras

Z
P, =j ih i (D) dd() (3.45)

and, for convenience, we de ne a dimensionless quantity

= 4—: (3.46)
The projector outside the null-space can be written as
X e i X1 p_ £ p_
Qg = IR Q] 5@ HoHa T ) dDH, T ) ()
n=1 n=1 )
(3.47)
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andP, andQ. sum to identity operator

ﬁﬁ +0, =1% (3.48)

Fii

3.5.2 Evaluating integrals containing Drazin inverses
To evaluate the constants, z andk, we will evaluate integrals of the form

Z,

l\ - /\+ - -
dDf (D)Fi g(D) hfjFyjgi (3.49)
1

where the pseudo-inverse operator is

N\ Z 1 )
o= dz&"i Q. (3.50)

0 L}

N
Now using the eigenfunction expansion of the oper&tprwe write

X
N

iFjgi = dztf je | Pih Ojg

o}
1
[y

= dze " 2H j Vih Ojgi (3.51)

i Dih Digi
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Expressing the inner-products as integrals we get,

Z, R LR g Za Z
dof D)F;gD)= =

1 n=1 1 1

3.5.3 Series expansion expressionsiipz andk

dbf (D) (D) 1 dD*(D9Yg(D?

(3.52)

We now obtain series sum expressions for the dimensionless constantndk. These

series sum expressions can be used to evaluate the comatanémdk to desired accuracy. We

also relate these constants to three other cons@git€,; andC,, that arises in the Full Counting

Statistics (FCS) based analysis of this model as given in Ref. [1, 74].

3.5.3.1 Expression fan

Using Eq. (3.32), we write

z 1
ZAN
m = dD (D)Fg (D) oo(D)
1
then using Eq. (3.52) we get
pr 1 Z 1 Z 1
m = = dd (D) (D) dD*P (DY (DY oo(DY
= l
n=1 . 7 . p 7 . p
= = dDH, (D +1) (D) dDH, " (D°+1)
by N 2'nt 0
Z, 2
= 1 nl — dDH , IC’_(D +1) e @7
o N 2"n! 0
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00(D9)
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Now substitutingy = P (D +1) we get,

® "z, Z - #2

1 2 2
T dyHn [yle ¥ dyHn [yle ¥ (3.55)
. 0 0

Finally, using the Hermite inde nite integration formula (see Ref. [91])

z

dyH,[yle ¥ = Hy 1(0) e **Hy 1[X] (3.56)
0

we obtain the expression of as

e2HZ "] (357)

changing the sum indedk= n 1, and replacing = (4 = ) we write

hg i
e TR 1 Hi+1 4

m= - kvl DDl - O (3.58)
k=0

where the constar@, is de ned in Refs. [1, 74].

3.5.3.2 Expression far

Before evaluating the constantwe present two integrals involving Hermite polynomials

that will be useful. The rstintegral{™( ) is

Z 1
1M()=  dDH,C (O Dl ® Y= B_( 1) Hy . " (3.59)
0
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which has been calculated in similarly asusing the formula in Eq. (3.56) and the Hermite

symmetry relatioH,, [ y]=( 21)"H,[y]. The next integral é”)( ) is given as

Y4

V() = 01 dDH,[" (D e @’ (3.60)

Now using the Hermite expansion formula [93]

Holx + ]—Xn " eyt N o= M (3.61)
WIS TR e T oy '
we can show:
Z, X0 Z,
Wy=¢ £ doe e+ " Py apH P TD e O
0 k=1 K 0
(3.62)
Now using the de nition of from Eq. (3.28), we get
r— Z
X 1
PO=C Py T T8k o’ e Dle O (363)
k=1 0
Using Eqg. (3.56), and the Hermite symmetry relatibn] y]=( 1)"H,[y] leads to
Z, 0
13()= dDH,[ (D 1l O
0
r_ (3.64)
X
— e n — _
=( ) - e k(4p)”ka1p

k=1
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Now we evaluate using the integral formula with Drazin inverse presented in Eq. (3.52) as

s~ O (3.65)

X
Sl

Substituting the integrals™( ) and!{"”( ) from Eq. (3.59) and Eq. (3.64) and simplifying we
get

Z= Co Cz; (366)
where q_ .
Tax 28 T
Co=2e = — Ho — ; (3.67)
1o (N 1I(n+1)
“ 0 (U Zank i --34_# "34_#
2 o 2T D(k+D) kT K (3.68)

This expression foC, and C, match with the ones obtained using the full counting statistics

(FCS) based calculation presented in [1, 74].

3.5.3.3 Expression fdt

Using Eg. (3.34) we write,

YA 1
N\
k = dD (D)F3; oo(D) (3.69)
1
using Eq. (3.52) we get
s 1 Z 1 Z 1
k = ~db (D) P(D) dD*M(DY 4o(DY (3.70)
n=1 1 1
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which using Eq. (3.59), can be written as

r— Z

1
a0 M P ) W) @7

using the expansion formula in Eq. (3.61), we can write

" #
k= = 1170) (4)* dd(D9Y (D) (372
.n 2”n| k 1
n=1 k=0
From the bi-orthonromality property of the eigenfunctionsl%ﬁ, we haveh (ko)j 0 = KO-
This gives us
" #
)4 1 r— ><1 n p
— = (n) —\n k
= el 0 (e
= . r = (3.73)
_ 1 2 P—n
n 2”nI ) 4
n=1
Finallyy, substituting the expression Ioﬁf”( ) from Eq. (3.59) we get
r_
)4 p n 1
k=2e - E )4 P g (3.74)
i} n'n
where = (4 = ) and this matches with the expressiorQgfin Eq. (3.67).
3.5.4 Limiting value ok for accurate measurements
We introduce a Gaussian distribution functionlpttentered ay as
s
(Diy)= Tel=w® i (3.75)
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If the propagatoe®™ is applied to a Gaussian initial state, the evolved state also remains a

Gaussian with the mean and standard deviation decaying towards their equilibrium values. Thus

we can write
efu (D)= ( D:1 2 %) (3.76)
efo (D)= ( D;2e S 1) (3.77)

Now we evaluate the integrklfrom Eq. (3.34):

Z,

N
k= dD (D)F;; oo(D)
1Z 1 Z 1 R
= dD  dsefu(d ﬁFﬁu) 00(D)
Zo1 Zi (3.78)
= ds dD (D;1 2% 14(D)
0 0
Z In2
ds( 1)=1In2;

0

where in the last line we have made the approximation that the integrand is non-zero only when

the center of the GaussighD;1 2e ®)isintheleftofD =0,i.e.froms=0tos=1In2.
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Chapter 4. Feedback controlled Maxwell's demon in a double quantum dot

(DQD) - quantum trajectory analysis

This chapter is based on the work done in collaboration witbriBjAnnby-Andersson,
Pharnam Bakhshinezhad, Daniel Holst, Guilherme De Sousa, Christopher Jarzynski, Peter Samuels-
son and Patrick P. Potts. A preprint related to this work has been posted as “Maxwell's demon
across the gquantum-to-classical transition” [3]. | worked on the implementation and execution
of the quantum jump trajectory simulations of the DQD Maxwell's demon of Ref. [3] with help
from Bjorn Annby-Andersson. In this chapter we present the quantum trajectory simulation based
analysis of the DQD Maxwell's demon model following Ref. [3] using the same datasets. Pa-
rameters for different characteristic behavior of the simulation were calculated theoretically and
provided to me by Bjrn Annby-Andersson. For master equation based approach to the model

and further details on energetics, see Ref. [75, 76].

4.1 Chapter overview

In this chapter we investigate the qualitative behavior of a double quantum dot (DQD)
Maxwell's demon, by simulating quantum trajectories. This model of Maxwell's demon is based
on a protocol originally introduced by Averin et. al. [94] and later used for DQD system [66,

95, 96] by Annby-Andersson et. al. [4]. The classical version of this Annby-Andersson model
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(AA model) has been analyzed in the Ref. [4] which considers both the ideal and non-ideal
feedback control. In this chapter we focus on the case of this model when quantum effects
are present and the measurement-feedback is imperfect. The model is investigated using the
continuous weak measurement and feedback formalism for non-autonomous (quantum) systems
discussed in Chapter. 2. However, instead of using the master equation approach of Chapter 3,
we use an alternate simulation-based approach to investigate the model. This chapter serves as an
investigation of the non-autonomous Maxwell's demon starting from the microscopic quantum
description. We will revisit this model in Chapter 5 to discuss the connection between non-
autonomous and autonomous Maxwell's demon.

Sec. 4.2 of this chapter discusses the physical setup of the model and presents the details
of modelling. Sec. 4.2.1 discusses a brief overview of AA model [4], which is relevant for both
this and the next chapter in this thesis. The description of the AA model [4] in Sec. 4.2.1 has
been adapted from Ref. [2]. In Sec. 4.2.2 we present the open quantum systems approach based
modelling of the DQD Maxwell's demon following Ref. [3]. Sec. 4.3 discusses the equations of
motion of the joint dynamics of the the DQD and the control parameter. Sec. 4.4 discusses results
from the trajectory simulations to show some of the key features of the model that arise due to
the interplay of coherence generation, weak measurements and feedback delay. In this section we
also present a qualitative discussion on how the classical jump picture emerges from the quantum
coherent transport in this model.

Lastly, we point out that in this chapter we only investigate the trajectory simulations of the
model and its qualitative features. The analytical approach to this model has not been presented
in this thesis. For the master equation based analysis of the microscopic quantum model and dis-
cussion on the emergence of the classical description (AA model, [4]) from the quantum model,
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Figure 4.1: A schematic diagram for the double quantum dot Maxwell's demon (Annby-
Andersson model [4]). The two quantum dots are separated by a tunneling barrier. The agent
(demon) is making measurement into the DQD system and providing feedback accordingly. The
DQD is coupled to two electron reservoitsand R with chemical potentials, and r re-
spectively. The agent transports the electron from lower to higher chemical potential through
measurement and feedback.

we refer the reader to Refs. [3, 75].

4.2 Physical Setup and modelling

4.2.1 Idealized classical protocol

Here we consider a model of Maxwell's demon (information engine) in a system of two
guantum dots coupled in a series (see Fig. 4.1). A quantum dot (QD) is an arti cial nano-scale
structure that can con ne an electron and act as arti cial atom' with tunable energy levels
[95, 96, 97]. The charge state of a quantum dot can be labeled as either empty or occupied
based on the absence or presence of an con ned electron. The physical system in this model

consists of two coupled QDs in series with a tunneling barrier, and each of the QD is connected
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to an electron reservoir maintained at a xed chemical potentialy() and temperaturé ; see

Refs. [4, 94]. We consider a situation where an external agent (demon) controls the energy levels
of each dot, and switches the energy level con guration of the double quantum dot (DQD) among
three possible con gurations;j; o; and , with, | < o< . Due to Coulomb blockade only a
single electron can reside in the DQD system. Hence the possibigation statesf the DQD

are: (i)jLi : the left dot contains the excess electron, ji): the right dot contains the excess
electron, (iii)jOi : both dots are unoccupied. The agent is continuously monitors the DQD system
and applies the feedback protocol accordingly. The electron reservoirs coupled to the left and
right dots are maintained at chemical potentiglsand r. If r > |, transferring an electron

from the left to the right reservoir requires electrical worl( ok L) to be performed against

a voltage bias. Thus, if by the feedback protocol, the agent transfers one electron from the left to
the right reservoir, it is equivalent to charging up an battery with the enerfyzof ).

In the ideal (classical) mode of operation the DQD starts in the empty state, with the energy
level of the left dot at, and that of the right dot at,, where( L=R) ke T andkg is
Boltzmann's constant. The steps of the protocol are shown in the Fig. 4.2. When (a) an electron
enters the left dot from the left reservoir, (b) the agent instantaneously applies feedback to change
the energy levels of both the left and right dots towhere( -r 1) kg T. During this
rst feedback step, the external agent extrgcts ) work. Next, the system is monitored until
(c) the electron tunnels from the left to the right dot, at which point (d) feedback is applied to
change the energy level of the left dot tpand the right dot tog. The external agent performs
(o 1) work during this second feedback step, cancelling the work extraction of the previous
step. Finally, () when the electron jumps from the right dot to the right reservoir, (f) feedback

is applied again to switch the energy levels of the DQD back to their initial values. No work is
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(a) Protocol steps (b) Feedback scheme

Figure 4.2: Schematics of the idealized classical protocol for the DQD Maxwell's demon (AA
model) and the encoding of the protocol in feedback variafesD,). The gure in the left
shows the steps of the ideal feedback protocol of the AA model. The gure on the right shows
the encoding of the protocol in the feedback varial{les; D,). The red dots represent the
eigenvalues of; andA, as( @; @) corresponding to state of the DQD that feedback regions
represent and the arrows show the desired direction of cycle of the control parameters.

performed during this step, as the DQD is empty. This cyclic protocol transfers an electron from
the left to the right reservoir. Since no net work is performed by the external agent, the energy for
this transfer must come from the thermal reservoirs. Thus the feedback-driven cycle ultimately

converts heat into chemical work, of the amoWh; = ( r L); see Ref. [4] for more details.

4.2.2 The feedback-resolved model: quantum model with weak measurement
and nite-bandwidth feedback

Now we present a quantum description of the DQD system and also consider a situation
where the feedback by the agent (demon) can be imperfect, where the measurement by the agent

affects the quantum state of the system (back action). We consider the situation when the demon
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is monitoring the system in a way that can be modelled by weak continuous quantum measure-
ments [63, 78] and the feedback of the demon is also not instantaneous and can have response
delay due to the nite bandwidth detector [61]. We model this system under the formalism dis-
cussed in Chapter 2 following Ref. [1].

The Hamiltonian for the DQD system is,
H( L r)= LiLihLj+ gjRIhR]+ g(jLihR] + jRihLj); (4.1)

where | ( r) stands for energy of the left (right) quantum dot a@nd the inter-dot coupling. The
guantum dot is also weakly coupled with two electron reservoirs with the coupling constant
with the left (right) dot being coupled to the left (right) electron reservoir. Note that this Hamilto-
nian generates coherence betwgenandjRi but does not generate any coherence bety@ien
andjLi(jRi). We label the electron reservoirs by2 L;R for left (L) and right R) reservoirs.
The transition rate for an electron from (to) the reservadio (from) the quantum dot at energy

level isgivenas ()( ()) andthese transition rates can be expressed as
()= f7() (4.2)

O=@a 20 (4.3)

wheref FP () is the Fermi-Dirac distribution:

1
FD — .
(0= 51

3 (4.4)
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Here = 1=kgT is the inverse temperature and is the chemical potential of the electron
reservoir. Note that the ratio of the transition rates satisfy the generalized local detailed balance
relation:

O

— = e

) (4.5)

We model the dynamics of the state of the DQD syst&ny the Lindblad master equation [64]

@ = L( ; r)™, where the Lindbladian superoperakdr . ; r) is de ned as

h i X
L( r)M= 0 H(r); + ( ( )D[ ihg]+ ( )DfiGh j]); (4.6)

=L;R

whereD[MA =AY (1=22)(MYAN+ ANYAN) The rstterm on the r.h.s. of Eq. (4.6) is the von-
Neumann term (with- = 1) that generates unitary evolution and the terms under the summation
are dissipators corresponding to coupling with the electron reservoir that generates transitions of
electron between the reservoir and quantum dots.

Here we consider a situation where the agent is making measurement of two observable:
A, = j LihLj + jRihRj andA, = joih0]  (jLihL]j + jRihR]j). The use of two observables is
required to avoid incorrect interpretation of the state of the system [3, 4, 76]. Aereeasures
which of the QD the electron is located it; and the corresponding outh(ﬁ)ies 1( él) =+1)
corresponds to the electron being in the left (right) dot. The obserdgbieeasures the overall
charge state of the DQD, and the corresponding outccﬁec +1 implies the DQD is empty,
and the outcome(% = 1 implies the DQD is occupied. Note that the measuremerfof

does not give any information about which of the dot in DQD the electron is in. The measure-

ment ofAl causes decoherence in tihe; jRi basis but the measurement/&j does not. The
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Hamiltonian in Eq. (4.1) does not create any coherence bety@eemdjLi (jRi) and we have
hIil(D );,&2I = 0. Thus, the measurement 85 act as a completely classical measurement.
Note that since the observatfg andA, commute with each-othdi;; A,] = 0, we can simul-
taneously measure both the observable and also reduce their uncertainties independently. The
observable€; andA are continuously monitored by the agent, and we model these measure-
ments using the Gaussian POVM for weak measurements, (discussed previously in Chapter 2,
see also Eqg. (4.10) in Sec. 4.3.1 of this chapter for additional details) with measurement strength
1 and , respectively. The measurement signals from these observable are then Itered with
exponential smoothing with bandwidth and , respectively to obtained Itered measurement
signalsD,(t) andD,(t). These Itered signal® (t) = (D4(t); D,(t)) are used by the agent
to estimate the state of the system and to provide feedback accordingly (discussed previously in
Chapter 2, see also Eqg. (4.11) in Sec. 4.3.1 of this chapter for additional details).

The agent provides feedback by changing the energy levels of the DQD. We describe the
feedback protocol by making the energy levels) dependent on the ltered measurement out-
come D) which now acts as the control parameter, i.e.,! (D). Thus, we replace the
Hamiltonian in Eq.(4.1) and the Lindbladian in Eq. (4.6) with their feedback-controlled ana-
loguesiH( 1; r)! H(D) H(L(D); r(D)andL(; r)!L (D) L (L(D); r(D)).

Now in the feedback protocol discussed Sec. 4.2, the energy level con gufatidn); (D))
of the DQD cycles through three energy landscapes( o; ), B : (1; 1) andC : ( 4; o)
and we label the corresponding Hamiltonian and Lindbladiari%jaa;ndLj respectively, where

] 2 A;B;C. We now encode the feedback protocol in the feedback Hamiltonian as:

H(D)= (Dx)Ra+[1 (DL (D)JHs + (DY  (D2)IHc (4.7)
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and correspondingly for the feedback Lindbladian as:

L(D)= (D2)La+[1 (D)1 (D)2JLe + (Di)[1 (D2)]Lc; (4.8)

where (D) is Heaviside step function. The encoding of the feedback protocol can be understood
as follows (see Fig. 4.2). The control paramderis the lItered version of the measurement
outcomes. FoD, > 0 we interpret that the measurement of the observdblas 1, which
implies that the DQD is unoccupied, for this situation we set the energy level con guration of the
DQD toA. ForD, < 0, we interpret that the DQD is occupied by the electron and based on the
measurement of the observaifle we try to determine whether the electron is in the left or right
dot and apply the feedback protocol accordingly. Gizen< O, for D; < 0 we interpret the
outcome of the observabl§, is fl) = 1and the electron is in the left dot and set the energy
level con guration of the DQD td. Similarly, forD, < 0andD; > 0we interpret the location

of the electron to be in the right dot and set the energy level con guration of the D@D to

4.3 Theory and methods

4.3.1 Evolution map of the quantum state

Here we discuss the evolution of the quantum state of the DQD for a single run of the ex-
periment. We model the stochastic evolution of the quantum state of the DQD by the conditional
density matrix".(t), which describe the state of the DQD system at anytime, conditioned on the
entire past measurement record of the observ&blandﬁ?z and the entire record of exchange

of the electron between DQD and the electron reservoirs. Under the measurement and feedback

97



scheme discussed previously in Sec. 4.2, the time evolutiol sbm any timet to t + dt is
described by the evolution map

|
X4 _ '
At + dt) = dN; (DED (D) + dNo()Ewy (D) M 2(za)M 1(z2)"(t):  (4.9)
j=1

The Eqg. (4.9) represents a stochastic quantum map, and details of the each of the operations in
this map are described below. Her#l,,(z;) andM ,(z;) represent measurement operations

corresponding to detector 1 and detector 2, respectively:

|€|(Z)’\|€|y(2) . Ri(2) = 2 dt 1=4e 1tz A')z; l=1;2 (4.10)

Mi()"= rfRY(2)R ()"’

The distribution of the measurement outcoragt) is given byP, " (z) = tr fK)(2)K | (2) .(t)g.
EJ(”(D) andEy; (D) correspond to "Jump' and "No Jump' evolution of the quantum-jump un-
ravelling of the Lindbladian given in Eqg. (4.6). In the evolution map given in Eq. (4.9), the
random variable§z g capture the stochasticity due to the measurement process and the random
variablesf dN; g capture the stochasticity due to the interaction with the electron reservoirs. At
any instant, the value of the control paramdgit) = ( D1(t); D,(t)) is calculated from the past

measurement outcoméz (t); z,(t)) through the Itering relation [1, 61]

Zt
D; (t) = ds je it 9z(s); j=1;2 (4.11)

1
The unravelling of the Lindbladian term in Eqg. (4.6) leads to four possible quantum jumps which
we describe by the jump operatots(D ) = P L( L(D))jLih0j, (D) = P L( L(D))j0ihLj,

&(D) = P rR( r(D))jRIN0j and€(D) = P r( r(D))jOihRj. The corresponding evolution
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of the quantum state is given by

6(D)~¢(D)

() \A = .

=1;:4 (4.12)

where the state of the DQD #&(t) at time instant. Here we usé%(t) instead of? to imply
that the evolution operation are being applied on the conditional density nfatjxwhich is
obtained from\; by applying the measurement operation. The probability of a particular jump
happening during the time interviato t + dt is given byp; (t) = dt trfqy(D )¢ (D )%g, and the
stochastic jump random variabledN; (t);] = 1;::;4g are distributed as

8

21 Py = p o)
dN; (t) = (4.13)

-0 Pr0]=1 p(t);

where Pj0(1)] denotes the probability of observiddy; (t) = 0(1) . The stochastic jump variables
satisfy HdN; (t)] = p;(t), anddN;(t)dN; (t) =  dN;(t), with E[ ] being the ensemble average

over all possible trajectories of jumps. We also de ne a similar stochastic variable

X4
dNo(t) = 1 dN; () (4.14)
j=1

for the "No Jump' evolution during the intervl|t + dt]. FordNy(t), we have the expectation

P
value HdNg(t)] = po(t) = 1 i b (). For the "No Jump' case, the quantum state evolves
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under the effective non-unitary Hamiltonian,

. X4
A. (D)= A(L(D); r(D) = ED)D); (4.15)

j=1

Where,ﬁ( L(D); r(D)) is the feedback Hamiltonian as de ned in the Eq. (4.1). The No-Jump

(NJ) evolution is given by,

i N _i3Y
e iHe (D)dt ~Ce"4e (D )dt

Ew(D)% = (4.16)

trfe e (D)dt2 gl (D)dtg'

4.3.2 Trajectory and ensemble level equations of motion

It can be shown (see Appendix 4.5) that under the continuous weak measurement frame-

work joint dynamics of the quantum statgfrom the map Eq. (4.9) can be written as

d = idt[A(D); ]
|

X dt y N y A AN ) Q(D)Acqy(D) (A
+ . Efqy(D)Q(D), g+ dttrf¢/(D )€ (D) g + dNJ(t)trfqy(D)Q(D)"cg dNj (1)
+ dt D[A] + dWlp L fA h Al Ag+ dWZp fA, h Aic A

(4.17)

wheref dN; g are Poisson jump variables for quantum jumps. For detector vaibalsi€ D 1; D>)

the dynamics be written as

dD; = dt ; (Wi, Dj)+ dvv,-?ej:; j=1;2 (4.18)
i
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where,dW; anddW, are Wiener increments that captures the effect of the measurement of the
observablef; andA, respectively (see Chapter 2). Eq. (4.17) and Eq. (4.18) together form a
set of coupled stochastic differential equations that describe the joint dynamics of the quantum
state of the DQD and the feedback control parameter. Here the rstterm in Eq. (4.17) represents
unitary evolution due to the feedback Hamiltonian. The term under the summation arises from
the quantum jump unravelling [63, 78] of the Lindbladian Eq. (4.6), and represents the effect of
coupling with the electron reservoirs. The rst terms in the third line captures the backaction due
to the measurement of the observalile The last two terms of the equations, containing Wiener
increments, capture the effect of the stochastic kicks in the quantum state due to the measurement
processes.

Equations (4.17) and (4.18) together describe the equations of motion for the model. We
generate the trajectories of the state of our model by using a modi cation of the Monte Carlo
wave function (MCWF) algorithm [68, 98] to incorporate the feedback. For our simulations we
directly use the evolution map in the Eq. (4.9) with an assumption that the charge detection by the
detector-2 is accurate. See Appendix. 4.6 for the details of ideal-charge detection approximation
and Appendix. 4.7 for the details of simulation scheme. In the next section we present the results
of the simulation studies.

Alternatively, one can investigate the model in an equivalent ensemble picture using the

QFPME [1] with the feedback Lindbladidn(D ) from Eq. (4.6):

X 2
@\(D)=LO)"N+ i@, A;(D)N(D)+ g—@ (D) ; (4.19)

j=1,;2 '
whereA; (D))" = (1=2)f Aj Dj; 9. In this chapter we are keeping our discussion limited
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to the study of the qualitative behavior of the model using the trajectory approach only, for the
discussion on the master equation approach and further discussion on the quantitative energetics

of the demon, see Refs. [3, 75].

4.4 Qualitative features from trajectory simulations

By simulating the quantum trajectories of the DQD system we see different interesting
behaviors emerge for different parameter regimes. We set the model in the ideal charge detector
regime thus the detector-2 is accurate, fast and does not cause any decoherence as discussed in
the Appendix 4.6. For our simulations we have taken the parameters: the inverse temperature

= 1.0, the coupling constant with the electron reservoirs0 :1, the chemical potential for
the electron reservoirs ag = 1:5; | = 1.5, and the energy level con gurations of the dots
0=0:0; , =5:0; |, = 5:0. We illustrate the interplay between the interdot-coupling constant
g, measurement strength of the detector-1 and the bandwidth of detector-1 by showing
three different con gurations of these parameters showing three different qualitative features in
n

0
the model. Figures 4.3, 4.4 and 4.5 shows the evolutioD of&i. = Tr ~A; andB (D)

obtained from trajectory simulations.

4.4.1 Delayed feedback effect

For Fig. 4.3 we havg = 25; ; = 10; ; =1, and in this setup we see that the measure-
ment strength is very weak ;=g = 0:04; ;= ; = 0:1). Thus the evolution of instantaneous
expectation value of the detector 1 observbfig. preserves the quantum Rabi oscillation like

behavior with some stochasticity from weak measurements. We also see that thedetector vari-
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Figure 4.3: Detector is lagging behind the quantum state. The gure above shows the evolution
of the feedback variable and instantaneous expectation value of the obsefyabiee gure

below plots the evolution of the feedback Hamiltonian. Parameters:1:0; =0 :1;, g =

15 | = 15 ¢0=0:0, , =5:0; | = 50;,9=25; ; =10:0; ; =1:0and simulation time
stept =10 4
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Figure 4.4: Suppression of interdot tunneling due to quantum Zeno effect. Parameters:
1.0, =0:1;, r=15 [ = 15 (=00, , =50, , = 509g=0:1 ;=10:0, ; =80:0
and simulation time step = 10 *

ableD; and correspondingly the feedback HamiltonHD ) are lag behind the evolution of
the quantum statég=; = 2:5). This can be particularly seen around 26:42in Fig. 4.3,
where we see thd;i . has switched to positive value but the feedback varighlés still uc-
tuating around 1 and the the feedback Hamiltonian is seﬁg instead of the ideal feedback

con gurationH¢.

4.4.2 Quantum Zeno effect

For Fig. 4.4 we havg = 0:1;, ; = 10:0; ; = 80:0, and we observe the quantum Zeno
effect [99] on the trajectory level. For this setup we see that the measurement is streng<
8; 1=g = 800). The feedback is fast compared to the coherence generatieg € 100).
Whenever coherence between the the glateandjRi is generated, it is destroyed quickly by
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Figure 4.5: Suppression of the interdot tunneling due to random shuf ing of the feedback Hamil-
tonain, Parameters: =1:0; =0 :1;, =15, . = 15 (=00, , =50, ;= 50;g=
0:1; ;=10:0; ;= 1:0, and simulation time step =10 *

the continuous measurement, and thus the coherent transport of the electron between left and
right quantum dot is suppressed. This can be seen in the Fig. 4.4 by observingithat 1

as long as the electron is inside the DQD, thus the electron fails to tunnel to the right dot from
the left dot inHg con guration due to strong continuous measurement and eventually jumps
back to the left electron reservoir directly from the energy levahd the feedback then instantly

switchesdz ! K, due to fast feedback.

4.4.3 Phase damping effect due to random feedback

For Fig. 4.5, we havg = 0:1; ; = 10:0; ; = 1:0 we see &eno-like phase damping
effect due to random shuf ing the feedback Hamiltont&gD ) due to a noisy feedback{= ; =
0:1;g= 1 = 0:01). The ratio of measurement strength and interdot couplingsg/= 10, which

105



is higher than the very weak measurement scenario of Fig. 4.3 but lower than the case of the
strong-measurement Zeno-effect scenario of Fig. 4.4. The ratio of the measurement strength and
feedback bandwidth (= ; = 0:1) here is kept the same as in the case of Fig. 4.3. However, in
this situation (Fig. 4.5) we also get a Zeno-like suppression of quantum tunneling between the
dots due to fast switching of the feedback Hamiltonian compared to generation of the coherence
(Note, that for Fig. 4.3 we hag=; = 2:5, wheras here in Fig. 4.5 we hage ; = 0:01). Due

this fast nature of feedback we get a random change in the det{jning rj) of the Hamiltonian
R(D)= Hg $ Hc, whichleads to a decay in the coherence of the the quantum statthout
affecting the population, eventually leading tplase-dampingffect [88]. Due to this phase-
damping, the electron the coherent transport of the electron is suppressed similar to the case of
the quantum Zeno effect. Note that here (Fig. 4.5) this suppression of coherent quantum transport
happens due to quick random shuf ing of the feedback Hamiltonian in contrast to the suppression

of quantum transport in Fig. 4.4, which was primarily due to strong measurement.

4.4.4 Quantum to classical transition

Figures 4.6 and 4.7 show the evolution of the quantum gtaby plotting the population
and coherence parts of the density matrices during and interdot tunneling. For both gures we
haveg = 0:1; ; = 1:0 but for the quantum case (Fig. 4.6) we have taken= 0:6 and for
the classical case (Fig. 4.7) we have, = 6:0. For both plots we see that the population is
transferred from the stafei to jRi. However, for the quantum case this interdot transition
is relatively slow and associated with an oscillation in the coherence (Fig. 4.6). Whereas for

the classical case, we see the change is population is relatively sharp and the interdot transition
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Figure 4.6: Evolution of population (above) and the coherence (below) during interdot electron
transfer. This gure illustrates the quantum nature of the interdot transport of the electron. Pa-
rameters: =1:0; =0:1, =15 [ = 15 ¢0=00 =50, = 50,9g=0:1 ;=

1:0 ; = 0:6 and simulation time step =10 4

happens with a short spike in the coherence (Fig. 4.7). Thus we see that for stronger measurement
( 1= 1=06; 1=g=60) here, the transport of electron from left to the right dot behaves like a
discrete stochastic jump event even though the microscopically the transport is coherent in nature.
It is possible to assign an effective classical jump rate to this transition using the master equation
approach [3, 75] and obtain a classical discrete state model for the DQD demon described in [4]

from this underlying microscopic picture.

4.5 Appendix: Quantum evolution map to the stochastic master equation

Under the weak measurement scheme [78], we model the measurement process by gener-

ating a Gaussian white noise around the instantaneous conditional expectationalde=(
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Figure 4.7: Evolution of population (above) and the coherence (below) during interdot electron

transfer. This gure illustrates the classical jump like behavior of the interdot transport of the

electron. Parameters: = 1:0; =0:1, r =15 [ = 15 =00 , =50, =
5.0,9g=0:1; 1 =1:0 ; =6:0and simulation time stepp = 10 *
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trf A; ~,(t)g) of the observable as,
z(t) = b&ji.+ E|e>17dtdvvj; j=1;2 (4.20)
j

wheredW; anddW, are Wiener increments with the properti&§dW;.,] = 0 and indW,dw; =

j dt, under Ito calculus. After the measurement operations the quantunf'gtatevolves to

AL = Ae(t) + dt (DIA]A(L) + dt DIA]A(t)

P

b (4.21)
+ _1dW1f Al h Alic; g+ _ZdWZf Az h Azic; o]

where,”.(t) = M 1(z1(t))M 2(z2(t))"c(t). The measurement operafs = jOih0j  (jLihLj +
JRIhR)) does not cause any decoherence intheLj | RihRj subspace. Thus we can drop the

back-action term containing[A,] from our consideration; and thus we get,
A P — _ P — ,
(1) = " e(t)+ dt 1DIAA() + 1dWaF Ay h Ajig; Ag+ LdWLf Ay h Asig; Aeg (4.22)

After the measurement, we apply the evolution of the DQD under the effect of the electron to

obtain the nal time evolved stat&,(t + dt) as

x4 . x4 !
A(t+dt) = dNGOEV (D () + 1 dNj () Ew(D (1) ()  (4.23)
j=1 i=1

We expand the exponential in the the no-jump evolution up tdt) and get the following

expression,
() + di(iHe (D) (1) + in(HHY (D))

B0 3 det 1. (D)0 + IOAY (D)g

(4.24)
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Now using the de nition ofH (D) from Eq. (4.15) in the expression above we get,

h P [
A idt[RD ) AM] L FE(D)E(D); (g
Ena(D)7:(t) = h P ! (4.25)
1 dt [, trfg(D)g (D) (t)g
Expanding the denominator and keeping terms @ptdt) we get,
. dt X’ Xt
Eng(D)"(t) = 2o(t) idt[A(D); A(1)] 0 f&(D)g(D); " (t)grdt  trf¢(D)g (D) :(t)g"(t)
i=1 j=1
(4.26)

Note thatdN,dW,;, anddN,dt contribute to evolution terms that are of orc(elrc)% and
(dt)2. Since we are interested in the evolution equation u@(dt), we use Egs.(4.22) and

(4.26) in Eq. (4.23), and by dropping the terms witi, dW, , dW, dt anddN,dt, we get

A(t+dt)  A(t) = idt[F(D); Nt)] + dt 1D[A]A(t)

dtx4 X4

5 fED)GD):ADg+dt  trfe(D)e (D)D)
x4j | : (4.27)
+ dNJ)(EP (D (1) 1)7(t)

j=1

P C1dWiF AL h Al A(t)g+ P L AWof A, h Asig; A(t)g

Finally by replacingd”. = *¢(t + dt)  ~(t) in the equation above we get the stochastic master
equation shown in Eq. (4.17).
4.6 Appendix: Ideal charge detection assumption

Since the detector 2 performs classical back action-free measurement on the system, we
can consider the limit of accurate detector by taking , ! 1  without affecting the sys-
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tem. We assume here that the feedback due to the detectror 2 is fast (responsive) enough in

comparison to the other timescales of the system and the bandwidth of the detector 2 satis es
2 max ;J;] u= oJ; 10. For the fast and accurate measurement of the detector-2 we

get an ideal-charge detection of the DQD. Thus, under these assumptions, whenever an electron

enters or leaves the DQD, the corresponding changes of the feedback Hamiflanans or

B. $ Hc are instantaneous.

To implement this approximation, discretize the Eq. (4.11) in time as a deference equation:

Di(kt)= t jz(kt)+(1 t )D;((k D)t); (4.28)

where t is the time-step antl= k t. Here( j t) is the smoothing factor of the Iter and for
simulating quantum trajectories needs to be chosen such that we h@ve ( ; t) 1. To
achieve the fast limit of the detector we take the maximum possible valugiothe simulation

by setting , t = 1. Thus, for the fast detector 2 we have,

Dok t) = zo(k t): (4.29)

This implies that the measurement sigaglt) from the detector 2 is directly converted to feed-
back variableD ,(t) without any ltering.

For detector 2, (observabld, = + joih0j (% j 0ih0j)) we have the POVM 5(z) in the
measurement basis as

2 ,t =h i

R ,(2,) = e '@ (D %jgihgj+ e 2t (R j oihgj) :  (4.30)
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Next we want to increase the measurement strength of the detector 2 to the in nité lpit
1 ) while keepingt xed to achieve the strong measurement limit in the PO¥M(z,), which

we can approximate as projective measurement POVM:

Kz(zz) =

8
% jOihQj; zo = +1;
% 1 j oihgj);zz= 1 (4.31)

7 0; otherwise

and for a quantum stat&(t), the corresponding distribution @ is given asPét)(zz =+41) =
trfj 0ih0j (t)g andP{?(z, = 1) =1  trfj 0ih0j"(t)g. For the implementation of the effect
of detector-2 measurements in the simulations, we use this ideal-charge detection approximation

(See Appendix. 4.7).

4.7 Appendix: Monte Carlo wave function simulation scheme with feedback

control

Here we implement the quantum jump trajectory [100, 101] simulation under feedback
control by modifying the standard Monte Carlo wave function (MCWF) [68, 98] algorithm to
incorporate measurement and feedback. To study the model under consideration, we implement

a simulation scheme that captures the dynamics of the detector and the quantum state together.

At any time instant, we describe the quantum state of the DQD system by the wave function:
J (OF = co(t)j0i + c (t)jLi + cr(t)]Ri (4.32)
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Here the coef cientd ¢ (t)g;-.re depend on the complete history of the measurement out-
comes. The conditional density matrix corresponding to this quantum statéJ&py j (t)ih (t)j.
We have eithecy(t) = 1; ¢ (t) = cr(t) =0 or, co(t) = 0;jc (1)j? + jer(t)j? = 1. The quantum
state vectof (t)i is represented as& 1 normalized column vector. The control parameter

starts with unupdated state@t(t t)=(D(t t);Dy(t t)).

Detector 1 measuremeo simulate the effect of the measurement, rst arandom variable

2f 1,0;+1gis sampled based on the distribution

8
%jCL(t)jz; = 1

Pr( )= %j%(t)jz; -0 (4.33)
® (D% =41

Then the measurement outcome is sampled from the normal distribution wwian () and

1:(2p ~, t) standard deviation (:

z:(t) N = “= : (4.34)

Then using the sampled value zift), the matrix representation & (z,(t)) is calculated. We

then modify the quantum stage(t)i to a intermediate new state as

E . .
) = K\l(zl(t))J. (t)f : (4.35)
Ki(zi(t)j ()i
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Next the updated control paramel2(t) is calculated using the measurement outcan(® as:

Di(t)= t 1z (t)+(1 t 1)Da(t t): (4.36)

Detector 2 measurementhe second detector performs projective measurements in the system.

Thus, we have,(t) 2 f 1; 1g and the distribution of,(t) is given as

8

Eihoj T(0)ij 2% (1) =1;
Pr(zy(t)) = (4.37)

1 jh 0 T)ij% ()= L

Now the updated control parameter is given as
Da(t) = z5(t); (4.38)

since we are working at the ideal detector limit whesé 1 . The post measurement state after

detector 2 measuremgnt{t)i is given as

8
o EJ’Oi;Zz(t)=1;
i i = (4.39)

T (1 j aing)j ()i () = L

E
Since we are working in the ideal charge detection approximation, the quantum Xtgteis

eitherjOi or of the formc (t) jLi + cr(t) jRi, and thus the post-measurement stafé)i remains
E
unchanged from the staté(t) under the measurement by detector 2.

State Update:
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The nal time-evolved stat¢ (t + dt)i can be obtained by the stochastic evolution equa-

tion

X4 . i i
e 0= dngp XOi0D) ] Wi

T CHORRO) SO

(4.40)

where6, = P “L()jLhoj, & = P “L(L)johLj, & = P “r(Rr)jRNOj, & = P " r( Rr)jONR]

and&, = e tHe where, & L=k (D1(1); D(t)) and the effective non-unitary Hamilto-
nianHe (D1(t); D»(1)) is given by Eq. (4.15). The matrix representation of the operitds
calculated numerically by direct exponentiation of the matrixH . (D4(t); D»(t)). Each of

the stochastic variables are de ned by the Egs. (4.13) and (4.14). To simulate this step, rst the

stochastic variable corresponding to No-Jump evoludiNg(t), is sampled as

8
Etpiﬂh%WQQJ%ﬁmmo:o
2

Pr(dNp(t)) = (4.41)
P VA .
1t g h Wi q1)i; dNo = 1:
If the sampling results idNg(t) = 1, then the updated state is calculated directly as
: . G Q)i
t+ t) = —— ! 4.42
J ey jCj ADij (4.42)

If the sampling results idNg(t) = 0 then another Monte Carlo step is made to determine which
jump is happening by sampling the variaBlewherek 2 f 1;2;3;4g. The distribution ok is

given as,

o N ADIG & ] A
KO ATEED]

Pr(k )= ck 2f1;2:34g: (4.43)
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Then the quantum state is updated by applying the corresponding jump opetat@sto

(s = 60 W1

= TN (4.44)
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Chapter 5: From the feedback-controlled DQD demon to autonomous informa-

tion ratchet

This chapter is adapted from an independent research project that has been published as the
paper “From a feedback-controlled demon to an information ratchet in a double quantum dot”
[2]. This project started as a spin-off of the laF project related to the DQD Maxwell's demon.
Here we convert the classical version of the model discussed in Chapter 4 to an autonomous

Maxwell's demon and and identify and analyze its modes of operation..

5.1 Chapter overview

In this chapter we use the double quantum dot (DQD) electronic Maxwell's demon model
from Ref. [4], which we refer to in this chapter as the Annby-Andersson (AA) model, to develop
and illustrate a general strategy for converting a non-autonomous, feedback-controlled model
of Maxwell's demon into an autonomous, memory-tape model, or information ratchet, as illus-
trated schematically in Fig. 5.1. A number of authors have previously explored the connections
between feedback-controlled and memory-tape models [27, 33, 89, 102, 103]. Hozbaltz
[89] designed a feedback-controlled information motor based on the system-bit interactions of
Ref. [15]. Barato and Seifert [27, 28] discussed a stochastic-thermodynamics [49] framework that

encompasses both feedback-controlled and memory-tape models. Shatab[i03] showed
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Figure 5.1: Two paradigms of Maxwell's demon. The left gure depicts the AA model, a
feedback-controlled model. On the right we show the corresponding memory-tape model or
information ratchet. In both cases, heat from a thermal reservoir is converted to work, either
through measurement and feedback, or through interaction with an information reservoir. We
explore a strategy to convert a feedback-controlled model to a memory-tape model. The gure is
taken from Ref. [2].
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that the measurement-feedback model introduced in Ref. [89] can be reduced to the simpli ed
MJ model of Ref. [26, 27, 28]. Strasbeegal [33] described a system with a spin-valve and a
guantum dot that can mimic the thermodynamic behaviour of the MJ model and can be mapped to
a Brownian ratchet. They also presented a feedback-controlled model that captures the effective
dynamics of the corresponding memory-tape model, and they compared how the second law of
thermodynamics applies to these two paradigms.

Our approach uses network-based modelling [49, 104] of a system of master equations,
originally introduced by Schnakenberg[69], to show how a non-autonomous demon with a seem-
ingly complicated feedback protocol can systematically be modi ed to construct a memory-tape
model that mimics its behavior. We then present a theoretical analysis of the resulting memory-
tape model. Our model has distinct regions in parameter space where it operates either as an
information engineor as aLandauer eraserWe solve the model exactly in the limit when each
bit interacts with the DQD for an in nite amount of time, obtaining analytic expressions for
thermodynamic quantities and critical parameter values. We also semi-analytically explore the
nite time bit-interaction situation and construct the corresponding phase diagrams. Lastly, we
discuss a scheme for the stochastic simulation of memory-tape models and use it to simulate our
model and to verify our semi-analytical results. We limit our discussion to a completely classical
stochastic model and leave quantum models as a future avenue for research.

This chapter is organized as follows. Details of network-based stochastic modelling [49,
69, 104] are presented in Sec. 5.2. In Sec 5.2.1 we map the AA model to a nine-state network by
converting its control parameter to a stochastic variable. In Sec. 5.2.2 and Sec. 5.2.3, we discuss
how to couple the DQD with incoming bits to mimic the behavior of the feedback-controlled

demon. A summary of the general modelling scheme is presented in Sec. 5.2.4. The analysis of
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Figure 5.2: States of the double quantum dot system (; ) and the protocol@, ) for the

AA model. Feedback steps (changes ini.e, steps (b), (d) and (f)) are shown using double
arrows, and electron jumps (changes in.e, steps (a), (c) and(e)) are shown using single arrow.
The gure is taken from Ref. [2]

memory-tape models is discussed in Sec. 5.3.1. In Sec. 5.3.2 we discuss the thermodynamics of
our model and solve for analytical expressions of thermodynamic quantities in Sec. 5.3.3. Phase
diagrams of operational modes are discussed in Sec. 5.3.4 and the stochastic simulation scheme
for the model is presented in Sec. 5.3.5. Finally a discussion of the content of this chapter and

some related future research directions are discussed in Sec. 5.4
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Figure 5.3: Reduced netwoi® = (V;Ey). Energies of the states M, are shown to the

right of the network. Edges shown in red correspond to the feedback steps of the original AA
model, and involve the ipping of the bit in the memory-tape model. The edges shown in blue
correspond to the transitions where the electron hops into (out of) the DQD from (to) an electron
reservoir and the dotted arrows show the corresponding energy exchange. The gure is taken

from Ref. [2]
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5.2 Memory-tape model of Maxwell's demon in DQD system

The (ideal classical) protocol of the AA model has been reviewed previously in Sec. 4.2.1
and here we show it again in Fig. 5.2, where electron transition events are indicated by single
arrows, and feedback steps by double arrows. The labels of the arrows in Fig. 5.2 refer to the
steps of the protocol discussed in Sec. 4.2.1. The states in Fig. 5.2 that are not included in the
ideal protocol for the AA model are relevant for the memory tape model, as discussed later in

this chapter.

5.2.1 DQD demon with thermal feedback control

5.2.1.1 DQD+controller joint state space: the reduced network

We now construct a network representation of the states of the AA model, as a rst step
toward designing a corresponding memory-tape model. In the AA model, the DQD occupa-
tion state is a dynamic variable with three possible state® = fL;E;Rg, as described
in Sec. 4.2.1. (Here the state E correspondet) of Chapter. 4). The DQ2nergy con g-
uration acts as a control parameter, also with three possible statés: = fA;B;Cg
where A (o; v); B (; ) andC ( u; o). Combining the energy con gurations
and the occupation states leads to nine possible states f@xQRestate variable x 2 V, =

= fAL; AE; CRg. The ideal cyclic protocoCaa , described above, follows the path
AE! AL =) BL! BR =) CR! CE =) AE, where double arrows signify
feedback steps; see Fig. 5.2.

We now consider a situation in which the energy con guratiors no longer a control
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parameter, but instead is a dynamical variable on the same footing as the occupation ktate
our model, the entire system is maintained at a temperdtuising a thermal bath, andis
now a stochastic variable that evolves under the effect of the thermal noise from the bath. The
system-variablex  (; ) evolves among the nine states\Miy as a continuous time Markov
jump process. We justify the Markov assumption by assuming that the system-bath coupling
is weak and the correlations between the system and the bath decay on a timescale faster than
that of the jumps. We make the following assumptions about our model: (i) The elementary
transitions in our process involve a change in eithesr , but not both simultaneously, i.e., the
system isbipartite [104]. (i) If = B, then the excess electron cannot hop into or out of the
electron reservoirs; thus, the transitidd& $ BL andBE $ BR are not allowed. (iii) Direct
transitions betweeA andC states are forbidden. These assumptions are modelling choices, but
all of the forbidden transitions can be justi ed physically by assuming suf ciently high energy
barriers between corresponding states.

Under these assumptions, we obtain a netwark (V; Eyx) whereV, V(G) is the
set of 9 vertices an#Ey, E(G) is the set of 11 bidirectional edges (see Fig. 5.3), describing
the stochastic dynamics [49, 69, 104] of the variable (; ). The subscript in G indicates
areduced9-state network, in contrast withfall 18-state networks to be de ned later. As the
control parameter is now converted to a stochastic variable which evolves under the thermal
noise, the statg  (; ) will not in general follow the protocoCya and is free to explore all

the states in the netwofg .
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5.2.1.2 Dynamics in the reduced network

We set the energies of the empty sta#ds; BE; CE to zero and assign energies to all
other states based on the energy level of the dot that contains the electronB&tades BR
have energy; statesAL andCR have energy,; and state®\R andCL have energy,, with
1< o< yasinSec.4.2.1. We impose the condition of local detailed balance on the transition
rates for the thermal transitions $ x; with x;;x; 2 V(G), when there is no exchange of

electron with the left or the right reservoir:

XX _ o (B[ E)) . (5.1)

where = (kgT) !is the inverse temperature, and the superscragain refers to the reduced
network. E{ (E[) is the energy of the statg (x;) and R;ixj is the transition rate for the jump
Xj ! Xi. The right-hand side of Eq. (5.1) is the ratio of probabilities of the system being in state
Xij andx;, in the canonical ensemble. Strictly speaking, the DQD system is quantal in nature
and the tunneling events of the excess electron between two dots (kel, $ = R) are
coherent transfers, a purely quantal phenomenon (see Chapter 4 for discussion on the quantum
model). However, in our model we treat these events as classical thermal jumps in the spirit of
Ref. [4]. Thus, we assume the local detailed balance relation Eq. (5.1) for the etlge$:
AR; BL $ BRandCL $ CR.

When an electron jumps from the right reservoir, maintained at the chemical potentaal
the energy levely of the right dot, there is an energy cost{(af  r) and similarly if an electron

jumps from the level, of the left dot to the left electron reservoir set at the chemical potential
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L the energy exchange(s, ). Thus for the transitiondL $ AE andCR $ CE (shown

in blue in Fig. 5.3), we can write the local detailed balance relations as,

r
RAE AL —e (L 0

R,I’AL AE (52)

Rorce _ o (0 )

REIE CR
The coupling with the electron reservoir creatiesrmodynamic forcegl9, 69, 105, 106] i
and leads to violation of global detailed balance whené r. When Egs. (5.1) and (5.2) are
satised and | 6 R, the dynamics ok in G reach a non-equilibrium steady state (NESS)
[49]. In this state, electrons ow in the thermodynamically preferred direction, i.e., from the
right (left) reservoir to the left (right) reservoir wher > | ( | > Rg), resulting in an overall
counterclockwise (clockwise) ow (which we will abbreviate as CCW (CW) ow throughout the
article) of probability current iz . This ow is in contrast with the feedback-controlled model,
which transfers electrons against the thermodynamically preferred direction. Therefore we next
consider how to couple the DQD to an information reservoir, in the form of a stream of bits, so

as to make the evolution of the DQD mimic that of the AA model.

5.2.2 Conversion to autonomous demon: bit-coupling strategy

Our information reservoir is a memory tape containmglassical bits. Each bibf can be
in one of the two states iB = f0; 1g. The energies of the two bit states are degenerate, and we
set them to zero. As in Ref. [15] the DQD interacts with a bit for an interval of duratiadfter
which the next bit arrives. We can visualize this process by imagining that the bits are placed,

equally spaced, on a tape that moves frictionlessly past the DQD, which interacts with the bit that
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is nearest to it at any given time.

In our model the coupling between the DQD and the bit occurs along the four edges of
G that correspond to instant feedback steps in the AA model. These edges are shown in red in
Fig. 5.3. (Note that we have splittieE =) AE feedback step of the original AA model
into two steps:CE $ BE andBE $ AE in our model.) Speci cally, the DQD transitions
corresponding to these four edges can occur only when the state of the interadbiatpoitips.
We set up the coupling rules so that CW ow of probability current al@ag is favoured when
b ips from Oto 1, and CCW ow is favored wheib ips from 1to 0. For example, the transition
AL ! BL must be accompanied by a bit p! 1, and the reverse transiti®dL ! AL occurs
only if the interacting bit ips from1 to 0. Similar comments apply to the edgB® $ CR,
CE $ BE andBE $ AE. These DQD-bit coupling rules are indicated by curved red arrows
in Fig. 5.3. With this coupling scheme, an exces®'sfin the incoming bit stream biases the
ow of probability in the CW direction. This bias opposes the thermodynamic direction of the
probability current wheng > . Similarly, if | > g then an excess dfs opposes the

thermodynamic direction of the probability current.

5.2.3 Details of the memory-tape model

5.2.3.1 DQD+controller+bit joint state space: full network

The joint evolution of the DQD statex) and the nearest bibf occurs in thebit-coupled
networkG = (Vy; Ey), which call as théull network see Fig. 5.4. Her¥y V(G)= Vy
B is the set of vertices representing the 18 possible states of the variable;b) (; ;b ),

andEy E(G) isthe setof 18 bidirectional edges that re ect on the bit-coupling rules described
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Figure 5.4: Full networks = (V; Ey) showing all 18 states of the combined DQD and bit. The

full network G is obtained from Fig. 5.3 by accounting for the bit-coupling3n The states in

the full network are given by, = V, B and the edges follow directly from the edges of the
networkG , and the mapping of the edges is described in the Sec. 5.2.3.1. Equation (5.6) governs
the dynamics of the variable ('; ;b ) in this network. The gure is taken from Ref. [2]
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in Sec. 5.2.2. Each edge Gf that does not involve bit coupling is represented by two different
edges ofG, corresponding to the two possible bit states. That is, an gdde x; 2 E(G)
corresponds to the edgés;0) $ (x;;0) and(xi;1) $ (x;;1)in E(G), whenx; $ Xx; does
not involve bit coupling. An edgg? $ xj0 2 E(G) that is coupled to the bit transitich$ 1
is mapped to only one edgéx%0) $ (x%1) 2 E(G). There are four such edges @:

BEO$ AEL1 ALOS$ BL1, BRO$ CR1, andCEO$ BE1; see Figs. 5.3 and 5.4.

5.2.3.2 Dynamics in the full network and repeated bit interaction

As theb =0 and1 bit states are energetically degenerate, the transition rates for the edges
in E(G ) obey the same detailed balance conditions as the corresponding e@igé€3)nEdges

yi $ y; in E(G) with no electron reservoir coupling satisfy

o= e (Ei Ep. (5.3)

whereE; andE; are the energies of the statgsandy; respectively (compare Eq. (5.3) with
Eq. (5.1)). When there is coupling with the electron reservoirs, the local detailed balance relations

are given as,

RagoaLo _ RAElALl_e D)

RaL 0 AEO B RaL1AE1 (5.4)

Rcroceo _ Rcricer _ _ (4 &)

Rceocro Rceicri

(compare Eq. (5.4) with Eq. (5.2)). Equations (5.3) and (5.4) ensure the thermodynamic consis-

tency of the model, but do not yet completely specify the dynamios diVe assume that the
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timescale of the stochastic dynamicsyodue to thermal jumps is on the order of unity, and our
choice of the transition rates consistent with Egs. (5.3) and (5.4) are shown in Table 5.1. Ap-
pendix 5.5 presents a detailed discussion of the choice of the transition rates and corresponding
timescales.

During every interaction interval of duration the joint dynamics of the DQD and bit are
described by a Markov jump process for the state varighbte( x; b) in G, with transition rates
shown in Table 5.1. In a continuous time Markov jump process, the jump times follow a Poisson
distribution as discussed in detail in Appendix 5.7. At the end of each interaction interval, when
a new bith, arrives, the state of the DQBremains unchanged, and the state of the interacting
bit btakes on the value of the incoming bit . Thus when the outgoing and incoming bit states
differ, there is an effectiveirtual jump, due to the fact that the “old” interacting bit is replaced

by the next bit in the memory tape.

5.2.4 Summary of the modelling strategy

Here we summarize our approach for creating an autonomous, memory-tape model of
Maxwell's demon from the non-autonomous, feedback-controlled AA model. We rst create
a network representation of the states of the feedback-controlled model by identifying the dy-
namical states of the systefm 2 ) and the states of the control paramdter2 ). We then
convert the control parameterto a stochastic dynamic variable that jumps among the states of

. The joint state of the system and parameter is giver by (; ) 2 V. The next step is
to identify a networkG = (V; Ex) whose edges correspond to possible transitions. For ther-

modynamic consistency, the transition rates must satisfy Egs. (5.1) and (5.2). There is no unique
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way to construct the netwoi® and different choices of the allowed transitions lead to different
memory-tape models. For our DQD system, we focused on designing a model that mimics the
feedback-controlled model's behavior, and is simple enough for analytical and semi-analytical
treatment.

Next, the DQD is connected to a sliding memory-tape (information reservoir). By inter-
acting with only the nearest bit on the tape, the DQD interacts with each bit for a xed time
During that time, the coupling between the DQD and the interactingy bitcurs along those
edges in the networlg that correspond to the instantaneous feedback steps of the AA model.
The bit coupling rules are chosen so that incoming bits irDteiate bias the resulting current in
one direction (CW in our model) and incoming bits in thetate bias it in the other direction.

In this way a memory tape with a surplus@$ or 1's generates an effective force, which can
be harnessed to oppose the thermodynamic forces arising from reservoirs at different chemical
potentials.

The joint state of the DQD and interacting bit is described by a varigble (x; b) that
evolves by a Markov jump process in the netw@&k= (V;Ey,). As we assume the bit states
0 and1to be energetically degenerate, the transition rates iGgtHellow from those inG ; see
Egs. (5.3) and (5.4).

While we illustrate our strategy with the AA model and a speci ¢ network structure of
its dynamics, this approach can be implemented with other feedback controlled models where
an underlying network structure can be identi ed and then modi ed in a similar fashion as our

approach, to obtain a memory-tape model.

130



Table 5.1: Transition rates for jumps of the variaplen G . Ry,,, denotes the transition rate

fromy; toy;. Here we have taken= e

construct the matriR which is shown in Eq. (5.34) in Appendix 5.6

RagoaLo = €

Rag1aL1= €

Rceocro= €

Rceicr1= €

with = ( 4

RcLocro =T
RcrocLo =1
ReLicri =
Rcricr1 =1
ReLocro=1
RcLosLo = I?
ReLicri=1
ReLipLr = r?
ReLosro =1
ReroBLo =1
ReLisr1=1
Rerier1=1
RaroBro = I'?
Reroaro =1
Rar1BR1 = I'?
Reriar1=1
RaLoaro =1
RaroaLo =T
Rati1ar1=1
RARlAle(r
L

RaLoaeo =1
(L
Rat1ae1=1
Rcroceo=1
(R

Rcrice1=1
(r
Reeoae1 =1
Rae1Beo =1
Rceose1 =1
Reei1ceo=1
RatosL1=Tr
ReLiato=1
Rerocr1=1
RcriBro =T
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5.3 Analysis and results

5.3.1 Methods

Following Ref. [15], letp(t,) be a column vector with nine entries that describes the prob-
ability distribution of the states of the DQD state variaklen G (in the orderAE, BE, CE,
BL, BR, AL, CR, AR, CL) at timet, n that marks the start of an interaction interval.
Each incoming bit is independently sampled from the same probability distributionpyvthr
p:) denoting the probability of the bit to arrive in stdl€or 1). It is convenient to specify this
distribution by the single parameter= p,  p1, which measures the excessQsd among the
incoming bits. The statistical state of the variaple (x;b) in G attimet, (just after the arrival

of then'th bit) is given by the 18-dimensional vector

0 1

Pol
Pi(tn) = Mp (tn); M = % §; (5.5)
Pl

with | being a9 9 identity matrix. The rst nine elements gf; (t) correspond to the bit state
b = 0 and the last nine elements to the the state 1. Fromt = t, to t,.; the probability

distribution inG evolves under the master equation

Sipi = Roy (0 56)

whereR isthel8 18rate matrix whose off-diagonal elements are the transition rates listed in

Table 5.1, and whose diagonal elementsRyg = Ry, v ; see Eq. (5.34) for an explicit

Yi 8Yi

expression foR. At the end of the interaction interval, just before the next bit arrives, the joint
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probability distribution is obtained from the solution of Eq. (5.6), namely

pr(th + ) = eR Mp (tn): (5.7)

To obtain the probability distribution of in G at the end of the interaction interval, we

project from the 18-state netwofk to the 9-state networts ,

pthn+ )= PpeR Mp(t,); Po= | | : (5.8)

Equivalently,

p((n+1) )=Tp(n); T =Ppe® M: (5.9)

This transition matrixT (which depends on the parametgrevolves the probability distribu-
tion of x in G over a single interaction interval. The evolution ovesuccessive intervals is
described by the transition matrix". From the Perron-Frobenius theorem [107] it follows that

any distributionp in G evolves asymptotically to a unique periodic steady state

Qpss = rI\i!rln T"p (5.10)

The periodic steady statpssis a function of the interaction interval and can be calculated by

solving for the invariant vector of the matrix,

T 0 pss= Qpss (5.11)
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Once the periodic steady state for the DQD has been reached, the joint state of the DQD
and bit at the start of every interaction interval is givenNdy ,ss and the joint state at a time

t, + t,withO t< ,is

pf(tn + t) = eR th pss - (5.12)

For the remainder of this chapter, when analyzing the behavior of our model, we will assume that

the periodic steady state has been reached.

5.3.2 Thermodynamics of the memory-tape model

5.3.2.1 Calculation of work

Let thecirculation () denote the average number of electrons transferred from the left
to the right reservoir during each interaction interval. The average chemical work performed by

the DQD system per time intervalis then

W()=( r L) () (5.13)

If the sign of g L is the same as that of ), then electrons ow from the lower to higher

chemical potential, that is against the thermodynamic force. From Fig. 5.3 we see that

Z Z

( )= dtJcri ce = dtJce, e
z° z° (5.14)

= dtJge, ae = dt Jag: aLs
0 0
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whereJ, | . Jy, is the probability current along; ! X; in G, projected from the corre-
sponding currents it . We can determing ) by calculating any one of these integrals.

The probability current along ! vy; of G is

Jyiyi = Ryy By (1) Ry, yipy (1). (5.15)

When two edgeg;0$ x;0andx;1$ x;lin G correspond to the edgg $ X; in G, we have

‘])I;in (t) = JXiO X O(t) + JXil X; l(t); (516)

but when the transitior; !  x; is coupled with a bit ipl®! % we have

3550 (8) = o (1)- (5.17)

Since theCE $ BE transition is coupled to the bit iD$ 1, the edgeCE $ BE in G

corresponds to a single edggE0$ BE 1in G, hence

Y4 Z

( ): dt JI;E CE — dt JeE1cEO: (518)
0 0

Moreover, sincdBE 1 is connected to only one edgeEO0$ BE 1, we havepge 1 = Jge 1 ceo;

see Fig. 5.4. Therefore,

()= dt pge1 = [pee1( ) Pee1(0)]

= el I MQ pss y=BE 1 ; (5.19)
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where we have used Eq. (5.12) to get to the second line. We will use this result in Sec. 5.3.3.1.

5.3.2.2 Calculation of entropy change of the bit

Let pJ andp denote the probabilities of the outgoing bit to be in the statasd1. These
values are determined by summing over the appropriate statex; b) in G at the end of an

interaction interval:

X
Po = (ef Mq ps9y=( x;0)

XZ;(G” (5.20)
p? = (ef Mg ps9y=(x1)
x2V(G)
The parameter
°=p P (5.21)

speci es the distribution of the outgoing bit. The entropy corresponding to this distribution is
S0 = i iz0.1 PYIn p’, while that of the incoming bit iS = i izo P Inpi. Thus in the
periodic steady state, the changesingle-symbol entrop{89] of the interacting bitis S =

S% S. Because S does not account for correlations that develop between successive outgoing
bits, it provides only an upper bound on the net entropy change (per bit) of the information
reservoir. We discuss this point in detail in the next section (5.3.2.3), in the context of the second

law of thermodynamics.
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5.3.2.3 The rst and the second laws of thermodynamics

In the periodic steady-state, the change in the internal energy of the DQD over one inter-
action interval is zero, on average. If chemical work is performed by the ow of electrons from
low to high chemical potential, then the energy required for this process must be extracted as heat
from the thermal reservoir that maintains the entire system at a xed tempefatée write

the rst law of thermodynamics at the periodic steady state for this model as

QU)=W()=(r () (5.22)

whereQ( ) is the average heat extracted from the thermal reservoir, per interaction interval.

In Refs. [39, 40], a general form of the second law for information ratchets, called the
Information Processing Second L&WPSL), was derived. In the periodic steady state the IPSL is
written as

(In2) h W, (5.23)

where h is the change in th8hannon entropy ratésee Refs. [39, 40]) and/ is the average

work extracted during one interaction interval. The entropy rdte includes the effect of corre-
lations among the bits in the incoming and outgoing bit-streams. In our model we have assumed
that incoming bits are uncorrelated with each other and have been generated thnoeigitory-
less[40] process. For nite , the outgoing bits become correlated with each other, and thus the
output ismemoryful[40]. However, in the limit ! 1 these correlations become lost, and the

Shannon entropy rateh reduces to the change in single-symbol entrofg~In 2), hence for
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our model Eqg. (5.23) becomes (in that limit)

S W (5.24)

Equation (5.23) is a general result for any memory-tape Maxwell demon and Eqg. (5.24) is a
limiting case of the IPSL when correlations are neglected. When correlations are non-negligible,
Eq. (5.23) can identify functional modes of operation that are not indicated by Eq. (5.24); see
Refs. [39, 42, 44]. However, it is common to use the single symbol entropy for the analysis
of memory-tape models [15, 16, 26, 27, 33] and Eq.( 5.24) has been derived previously in the
context of Hamiltonian dynamics [17] and stochastic dynamics [28]. In our model, we ignore
the effect of the correlations among the bits for simplicity and assume the validity of Eq. (5.24)
as an approximation to Eq. (5.23) even for nite The analysis of the effect of correlations
among the bits and calculation ofh is outside the scope of this chapter; see Ref. [44] for
the h calculation in context of the MJ model. Henceforth, by “entropy” we always refer to

single-symbol entropy unless otherwise speci ed.

5.3.3 Analytical results for ! 1

5.3.3.1 Thermodynamic quantities

There are two relevant time scales in our model. We have taken the time scale associated
with the thermal jumps iz , which are governed by Eq. (5.6), to be of order unity. The other

time scale is the parameterthat de nes how long the DQD interacts with each bit. From the
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